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The harmonic stochastic resonance-enhanced signal detecting in Newman-Watts small-world neural network is

studied using the Hodgkin–Huxley dynamical equation with noise. If the connection probability p, coupling strength

gsyn and noise intensity D matches well, higher order resonance will be found and an optimal signal-to-noise ratio will

be obtained. Then, the reasons are given to explain the mechanism of this appearance.
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1. Introduction

Noise-induced and resonance-enhanced weak sig-
nal detection and transduction in neural network
with electrical or chemical synaptic coupling have be-
come an attracting field in recent years, in which
the phenomena of coherence resonance (CR)[1−3] and
stochastic resonance (SR)[4−6] are two common sub-
jects widely studied. SR or CR induced by noise in a
neural network can not only promote the synchroni-
sation of neurons but also enhance the ability of de-
tecting weak signals. A neural network with many
spontaneously oscillating neurons can show the action
of spiking with the characteristics of threshold divided
into two domains: subthreshold and suprathreshold,
and this feature can be simulated by such theoret-
ical models as: Hodgkin–Huxley (HH),[7,8] Chay,[9]

Morris–Lecar (ML),[10] FitzHugh–Nagumo (FHN),[11]

Hindmarsh-Rose (HR),[12] Integrate-and-Fire (IF),[13]

etc. Researches showed that it was more efficient to
detect weak signal by way of SR, and an optimal noise
intensity Dopt with the best detecting ability can be
achieved.[14,15]

It is generally believed that the network’s topol-
ogy with different coupling neurons is able to deter-
mine the detecting ability. The study of CR glob-
ally coupled HH neurons shows that the coherence
and synchronisation of the system can be optimised

by noise.[16] The authors have studied the SR globally
coupled HH neurons, and given the frequency sensi-
tivity in the neural network, by way of which they
can enhance the detecting ability for weak signal.[17]

The research of living neural networks with global cou-
pling represents that the giant component disintegra-
tion is independent of the balance between excitatory
and inhibitory neurons.[18] Wang and Lu[19] studied
the Newman–Watts (NW) small-world[20] neural net-
work theoretically and numerically, and found that the
phase synchronisation can be obtained by increasing
coupling strength.

From another point of view, harmonic stochastic
resonance (HSR) in neural network has also attracted
extensive attention. When the input signal frequency
is f , if the stochastic resonance frequency is (2f , 3f ,
. . .), the phenomenon is HSR. Reference [21] studied
a Watts–Strogtz (WS) small-world neural network by
using a method of super-harmonic SR, and found an
optimal amplitude. In a noisy environment with weak
signal, special message can be found by HSR.

It is well known that our human brain is a sys-
tem with many neurons connected with one another
by way of small-world topology which can transmit
a great deal of information.[22] When it comes to the
neural network, for example, the NW small-world neu-
ral network, how it works and detects weak signal with
HSR may give us some help to understand the subject
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stated above. The rest of the paper is organised as
follows. In Section 2, we describe the HH neural net-
work model, NW small-world and signal-to-noise ratio
(SNR) in HSR. The results, discussions and reasons
are explained in Section 3. Finally, the conclusions
are given in Section 4.

2. Model and SNR

2.1.HH neural network model

In order to achieve an authentic result, the fa-
mous HH model, which can describe well the spiking
behaviour and refractoriness of a real neuron, is em-
ployed in this work; and we use it as the basic dynam-
ics of the cell node. The model is described by four
nonlinear coupled equations for the membrane poten-
tial V , the gating variables: m, n and h; and they
read

Cm
dV

dt
= Iext(t) + Iion(t), (1)

dm

dt
= (m∞(V )−m)/τm(V ), (2)

dh

dt
= (h∞(V )− h)/τh(V ), (3)

dn

dt
= (n∞(V )− n)/τn(V ), (4)

with

Iext(t) = I0 + I1 sin(2πfst) + Inoise,

Iion(t) = −gnam
3h(V − Vna)− gkn

4(V − Vk)

− gl(V − Vl).

The ionic current Iion(t) includes the usual currents
for sodium (Ina), potassium (Ik) and leak (Il). The
parameters gna, gk and gl are the maximal conduc-
tances for the ions and leakage channels; Vna, Vk and
Vl are the corresponding reversal potentials. While
m∞, h∞, n∞, and τm, τh, τn represent the saturated
values and the relaxation times of the gating variables
respectively. Detailed values of parameters and mean-
ing of variables can be found in Ref. [7].

The dynamical equations for the network consist-
ing of HH neurons can be presented as follows:

Cm
dV i

dt
= Ii

ext(t) + Ii
ion(t), i = 1, 2, 3 . . . , N, (5)

where Ii
ext(t) is assumed to be composed of

Ii
ext(t) = I0 + I1 sin(2πfst) + Inoise(t) + Ii

syn(t).

In this simulation, we have I0 = 2 µA/cm2 and
I1 = 1 µA/cm2. All the neurons are beyond the firing
threshold (6.2 µA/cm2).[23]

Here Inoise represents the noisy component of the
stimulus to a neuron from external fluctuations or in-
trinsic fluctuations of the neuron itself. The noisy
current can be obtained from an Ornstein–Uhlenbeck
(OU) process,

τd
dInoise

dt
= −Inoise +

√
2Dξ(t), (6)

where ξ(t) is Gaussian white noise with 〈ξ(t)ξ′(t)〉 =
Dδijδ(t − t′), D and τd are the noise intensity and
the correlation time of the OU noise respectively,
τd = 2 ms is used in simulation. The synapse between
two neurons is in effect if (ti(fire) − tj(fire)) ≤ 2 ms.
The synaptic current[24] Ii

syn(t) reads

Ii
syn(t) = −gsyn

N

N∑

j=1,j 6=i

aij(V i − V j), (7)

where gsyn is the coupling strength and aij is the cou-
pling matrix with aij = 1 if there exists a connection
between the ith and the jth neurons (i 6= j), and
otherwise aij = 0. In simulation, we set up the NW
small-world neural network with parameters N = 101,
K = 5.

Average synaptic current input to the neurons is
given by

〈Isyn(t)〉 = −gsyn

N2

N∑

i=1

N∑

j=1,j 6=i

aij(V i − V j). (8)

The output of the network is defined as

V out(t) =
1
N

N∑

i=1

θ(V i(t)− V ∗), (9)

where V ∗ is a membrane potential threshold, we set
V ∗ = −20 mV. In Eq. (9), θ(x) = 1 when x > 0 and
θ(x) = 0 when x < 0. In this way we can consider the
average of the firing activities of all neurons as the
output of the network, which may encode the input
signal.

2.2. SNR of harmonic stochastic reso-

nance

The SNR is a traditional physical term used to
depict the stochastic resonance, which can reflect the
detecting ability of a nonlinear system in noise envi-
ronment. A high SNR value means strong detecting
ability. Usually, the SNR used is defined as

SNR = 10 · log10(S(f0)/B(f0)), (10)
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where S and B represent the peak value of the input frequency and the average noise intensity in system’s
power spectrum density (PSD) respectively. In the same way, SNR of HSR can be defined as

SNR = 10 · log10(S(k · f0)/B(k · f0)), (k = 2, 3, 4, . . .), (11)

where we use k = 1, 2, 3, 4, . . . to denote the 1st, 2nd, 3rd, 4th, . . . order of HSR.
In order to achieve a good result, we make ten simulations and obtain an average PSD for V out(t), we also

use the second-order Runge–Kutta method[25] to solve the stochastic HH equations, taking 0.02 ms as the time
step.

3. Simulation and result

3.1.The HSR

The HSR in the NW small-world neural network is determined by a few crucial parameters, for instance,
noise intensity D, input frequency fs, connection probability p, and coupling strength gsyn. In order to obtain the
relationship between HSR and each parameter, we use sophisticated signal algorithm and carry out simulations
by adjusting one parameter while fixing the other parameters.

First, the parameters fs, p and gsyn are fixed. It is found that the spatiotemporal firings and the averaged
synaptic current 〈Isyn(t)〉 vary greatly when the noise intensity D changes. With such a noise intensity D, the
HSR with the ordered spatiotemporal firings and the regular averaged synaptic current 〈Isyn(t)〉 will appear,
and lots of sharp peaks will appear in the PSD as shown in Figs. 1(a), 1(b), and 1(c) respectively. Hence, the
noise intensity D plays an important role in the occurrence of HSR.

Fig. 1. For parameters gsyn = 1.0 ms/cm2, p = 0.1, D = 5.0, fs = 52 Hz, (a) the spatiotemporal firings, (b) the

averaged synaptic current 〈Isyn(t)〉, (c) the PSD (in 10 · log10 scale), represented by P (f).

According to the classical stochastic resonance theory,[4] the maximal value of SNR will appear at the
optimal noise intensity Dopt. For different orders of HSR, we calculate the SNR, represented by rSNR, versus
noise intensity D. It is found that all the curves are similar in Fig. 2. When 2 ≤ D ≤ 5, the SNR increases
significantly and when D > 5, the SNR decreases flatly. Apparently at D = 5.0, the SNR value is at its
maximum, this noise intensity is called an optimal noise intensity Dopt.
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Fig. 2. The SNR versus the noise intensity D for differ-

ent orders of HSR with parameters gsyn = 1.0 ms/cm2,

fs = 52 Hz, and p = 0.1.

Secondly, as the neural network is sensitive to the
input frequency, we then let the input frequency fs in-
crease from 0 to 80 Hz with fixed parameters of Dopt,
p and gsyn. Figure 3 shows the PSDs with 4 differ-
ent input frequencies. In Fig. 3(c), it can be seen,
only when fs = 52 Hz, that the regular sharp peaks
will appear in the PSD. So, 52 Hz is the resonance
frequency(fr). Only when the input frequency fs gets
close to or equals fr, will the HSR appear.

Fig. 3. The PSD (in 10 · log10 scale) of the system when

the parameters are gsyn = 1.0 ms/cm2, D = 5.0, p = 0.1.

From top to bottom, the input frequency fs is (a) 0 Hz,

(b) 10 Hz, (c) 52 Hz, (d) 80 Hz.

Finally, under the fixed condition of optimal noise
intensity Dopt and resonance frequency fr, the effect
of connection probability p is investigated through
changing connection probability p. It is found that the
number of sharp peaks in the PSD increases with p,
e.g., when p ≥ 0.05, the number is larger than 4, which
can be seen in Fig. 4. This indicates that the con-
nection probability p which determines the network

topology plays a critically important role beyond the
common sense.

Fig. 4. The PSD (in 10 · log10 scale) of the system with

parameters gsyn = 1.0 ms/cm2, D = 5.0, fs = 52 Hz. The

connection probability is (a) p = 0.0, (b) p = 0.01, (c)

p = 0.05, (d) p = 0.1.

Then the peaks in Fig. 4 are selected, and the
peak value versus its corresponding frequency f is
plotted within the skeleton of semi-logarithmic coor-
dinate in Fig. 5. After numerical fitting, it is found
that the curves follow the power law which plays an
important role in the energy distribution.

Fig. 5. Corresponding to Fig.4, the peak value versus

the frequency. The symbol of square stands for p = 0.0,

circle for p = 0.01, inverted triangle for p = 0.05, upward

triangle for p = 0.1.

3.2.Optimal match

In addition, it is found that the parameter gsyn

also plays a special role. When keeping other param-
eters fixed, one can see that the PSD changes greatly
as gsyn changes from 0.1 to 2.0 as shown in Fig. 6.

110515-4



Chin. Phys. B Vol. 19, No. 11 (2010) 110515

Fig. 6. The PSD (in 10·log10 scale) of the system versus frequency with parameters p = 0.1, D = 5.0, fs = 52 Hz.

for different coupling strength, (a) gsyn = 0.1 ms/cm2, (b) gsyn = 0.5 ms/cm2, (c) gsyn = 1.0 ms/cm2, (d)

gsyn = 2.0 ms/cm2.

Then the dependence of SNR on the coupling
strength gsyn for different order of HSR is displayed
in Fig. 7. Though the connection probability p is dif-
ferent, the curves for the 2nd, 3rd, 4th orders of HSR
have the same trend. When the coupling strength gsyn

changes from 0.0 ms/cm2 to 2.0 ms/cm2, the SNR
value increases first and then decreases. Compared
with the study[21] in the WS small-world, the curves
shown here can support part of its conclusions.

Fig. 7. The dependence of SNR of different orders on

the coupling strength gsyn with parameters D = 5.0,

fs = 52 Hz. Figures from left to right stand for the con-

nection probabilities p = 0.1, 0.3 and 0.5, respectively.

In order to study the behaviour of the different or-
der of HSR in greater detail, the SNR values are plot-

ted when p and gsyn changes at the same time. With-
out loss of generality, we choose the 3rd order HSR and
calculate its SNR value versus p and gsyn. For p = 0.1,
when 0 ms/cm2 < gsyn ≤ 0.7 ms/cm2 the SNR value
will increase and when gsyn > 0.7 ms/cm2 it will
decrease as gsyn increases. The largest SNR value
(22.1 dB) can be gained when gsyn = 0.7 ms/cm2. For
this connection probability p, it is an optimal gsyn.
More optimal gsyn can also be found in Fig. 8, e.g.,
when p = 0.2, the optimal gsyn is 0.5 ms/cm2 and
when p = 0.3, the optimal gsyn is 0.4 ms/cm2. For a
fixed p there exists a corresponding optimal gsyn.

Fig. 8. The dependence of the 3rd order SNR on the

coupling strength gsyn for D = 5.0, fs = 52 Hz. The con-

nection probability is p = 0.1, 0.2, 0.3, 0.4 and 0.5. There

is an optimal gsyn for different p.
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So, if the connection probability p and the cou-
pling strength gsyn matches well, the largest SNR
value, i.e. the best detecting ability, will be achieved
in the neural network.

Furthermore, the SNR value of the 4th order HSR
has been also calculated when p and gsyn varied as
shown in Fig. 9. Obviously, their characteristics of
the SNR are the same.

Fig. 9. The dependence of the 4th order SNR on the

coupling strength gsyn for D = 5.0, fs = 52 Hz. For each

connection probability p, there is an optimal gsyn.

To summarise, the appearance of HSR in the neu-
ral network is due to the match of the system param-
eters. Under the appropriate condition of the opti-
mal noise intensity Dopt and the resonance frequency
fr, the subthreshold neurons in the neural network
will start firing. As there is an cooperate mechanism
for the small-world network in nature, for a proper

connection probability p, most neurons are synchro-
nised, so they can show an action of dynamical clus-
ter synchronisation based on the resonance frequency,
causing the input power to pile up to times of reso-
nance frequency, and thus HSR happens. But when
the connection probability p increases and the cou-
pling strength gsyn changes, the small-world cooper-
ating mechanism may be broken up. Then the net-
work changes from temporal order to chaos, which
may restrain the resonance. The results show that
the power distribution for different orders is more co-
herent when connection between neurons is large, and
the phenomenon will turn more complex. With more
neurons, the result will become much more accurate.

4. Conclusion

We have studied the phenomenon of HSR in the
NW small-world neural network system using the HH
neuron as the basic node dynamics. Numerical simula-
tion shows that there are four important parameters
for the phenomenon of HSR, i.e. the optimal noise
intensity Dopt, resonance frequency fr and the con-
nection probability p, and the coupling strength gsyn.
As for the 3rd and 4th order harmonic, if the con-
nection probability p and the coupling strength gsyn

matches well, the largest value of SNR will be ob-
tained. Although the result presented here have not
been found in the realistic neural network, we believe
it may provide another point of view for the complex
neural network and enrich the study of HSR.
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