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Analysis of convergence for initial condition estimation
of coupled map lattices based on symbolic dynamics∗
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A novel approach to the inverse problem of diffusively coupled map lattices is systematically investigated by

utilizing the symbolic vector dynamics. The relationship between the performance of initial condition estimation and

the structural feature of dynamical system is proved theoretically. It is found that any point in a spatiotemporal

coupled system is not necessary to converge to its initial value with respect to sufficient backward iteration, which is

directly relevant to the coupling strength and local mapping function. When the convergence is met, the error bound

in estimating the initial condition is proposed in a noiseless environment, which is determined by the dimension of

attractors and metric entropy of the system. Simulation results further confirm the theoretic analysis, and prove that

the presented method provides the important theory and experimental results for better analysing and characterizing

the spatiotemporal complex behaviours in an actual system.

Keywords: coupled map lattices, convergence, symbolic dynamics, initial condition estimation

PACC: 0545

1. Introduction

Chaotic signals, generated from nonlinear sys-
tems, are a class of very important signals, and
have a wide application in various engineering con-
texts such as signal processing, communication and
weather forecasting.[1−6] To investigate the charac-
teristics of the spatiotemporal signals, coupled map
lattice (CML) is widely used to model practical sys-
tems. The CML can reproduce the essential features
of spatiotemporal phenomena, in which space–time
discretization and continuous state variable are used.
Some special high-dimensional chaotic systems are
produced by lower-dimensional chaotic units interact-
ing with each other in different coupling ways, such as
globally coupled, two-way coupled and one-way cou-
pled manners, i.e. spatiotemporal chaotic systems.[7]

The CML is greatly conducive to the study
of the spatiotemporal complex phenomena. Based
on the symbolic dynamics techniques, spatiotempo-
ral dynamical behaviours can be further simplified
for many purposes. Symbolic vector dynamics, in
which the infinite number of finite-length trajecto-
ries of the dynamical system is partitioned into a
countable number of trajectory-sets in terms of sym-
bolic dynamics,[8] has been an effective tool for un-

derstanding and analysing chaotic phenomena. Re-
cently, with the deep research on dynamical char-
acters of the CML systems, the applications cover
several aspects of representing quantity of informa-
tion with symbolic entropy,[9−10] determining pseudo-
random properties of chaotic systems[11] and ergodic
properties of CML.[12]

Recently, symbolic dynamics has received much
attention for estimating the initial condition of CML.
In Ref. [13], the algorithm for one-dimensional (1D)
chaotic signal estimation was proposed based on the
relationship between symbolic sequences and the ini-
tial condition of the chaotic system, which was com-
putationally efficient and had the universality. The
one-to-one correspondence between the global orbit
and the set of admissible codes by taking the Lo-
gistic map as a typical example was proved, but no
method was given of estimating the initial condition
from the spatiotemporal chaotic system. In Ref. [14]
was proposed a method which could roughly recover
the initial condition from CML without space cou-
pling in terms of statistical properties such as the
mean and the variance of the global orbit of CML.
The results were further confirmed in Ref. [15] by in-
troducing time-varying parameter into local dynamics
in CML. In order to obtain the initial value in each site
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of CML system, Wang et al.[16] presented an algorithm
in which the inverse of chaotic map was regarded as
being contraction. In Ref. [16] it was demonstrated
that any point in the Logistic-CML system could con-
verge to its initial condition with respect to sufficient
backward iterations. In Refs. [17] and [18], the conclu-
sion in Ref. [16] was extended to the cases of Skews-
tent-CML, Piece-linear-CML and Chebyshev-CML. In
Ref. [19], the precondition in Ref. [16] was proved not
to hold true. In addition, any point in state space
was not necessary to converge to its initial condition,
which is directly relevant to the coupling coefficient
and local mapping function.

Notice that the bound condition was assumed to
be open in Refs. [16]–[19]. However, we are not sure
of the bound condition in an actual system, which
is definitely much more complex than this hypothe-
sis and has a broad variety of forms existing. There-
fore, this assumption is replaced with another form to
study whether the conclusion in Ref. [19] still holds.
Meanwhile, the error bound for estimating initial con-
dition in CML is proposed, which is relevant to the
dimension of attractors and metric entropy of CML.
Moreover, the bound gradually weakens exponentially.
Simulations show that error of the estimator in each
backward iteration process is reliably less than the er-
ror bound.

The rest of the present paper is organized as fol-
lows. In Section 2, a computationally efficient algo-
rithm with symbolic dynamics is developed for es-
timating initial condition of spatiotemporal complex
system. In Section 3, both convergence and diver-
gence in backward iteration process are analysed for
different CMLs. In Section 4, the error bound for ef-
fectively estimating initial condition is proposed. In
Section 5, the performance is estimated and investi-
gated. Finally, the conclusions drawn from the present
approach are given in Section 6.

2. Inverse problem

The typical diffusive CML model is described as

xi
n+1 = (1− ε)f(xi

n) +
ε

2
[f(xi+1

n ) + f(xi−1
n )], (1)

where xi
n denotes the observable state, in which n rep-

resents the time step and i (i = 1, 2,. . . , L = system
size) with periodic boundary conditions is the spatial
site, i.e.,

xi+L
n = xi

n. (2)

The local dynamics function f : I → I is a unimodal
map, where I represents the phase space. ε indicates
the coupling strength.

Let P = {P0, P1, . . . , Pm−1} be a finite disjoint
partition of a phase space I, i.e.,

⋂m−1
j=0 Pj = ϕ, and⋃m−1

j=0 Pj = I, the time series S = {0, 1, . . . , m− 1} is
defined as a symbol set of the given system. Con-
sequently, if xi

n at time n of the system trajec-
tory is in the jth element of the partition, a sym-
bol si

n = j, j ∈ S can be assigned based on the
following some partition rules. Then Eq. (1) pro-
duces the symbolic vector sn = [s1

n, s2
n, . . . , sL

n ]T

at nth iteration and the symbolic vector sequences
{s0, s1, . . . , sn, . . . } from 0th iteration, which de-
scribes the orbits of the global complex system at
different times. Let xn = [x1

n, x2
n, . . . , xL

n ]T, and
f(xn) = [f(x1

n), f(x2
n), . . . , f(xL

n)]T, then Eq. (1) can
be concisely described as xn+1 = A × f(xn), where
A is an L× L coupling matrix given as

A =




1− ε ε/2 0 . . . 0 ε/2

ε/2 1− ε ε/2 . . . 0 0

0 ε/2 1− ε . . . 0 0
...

. . . . . . . . .
...

...

0 0 0 ε/2 1− ε ε/2

ε/2 0 0 . . . ε/2 1− ε




L×L

. (3)

When A is nonsingular, then f(xn) = A−1xn+1. Be-
cause f is a monotonic function in each interval re-
spectively while symbol si

n is known, we have

xn = f−1
sn

(A−1xn+1)

= f−1
sn

◦A−1(xn+1)

= H−1
sn

(xn+1), (4)

where H−1
sn

= f−1
sn

◦ A−1: IL → IL. In this paper,
both Logistic map fL(x) = 4x(1 − x)(x ∈ [0, 1]) and
tent map fT(x) = 1 − 2 |x− 0.5| (x ∈ [0, 1]) as lo-
cal mapping functions in CML are mainly discussed.
H−1

Lsn
and H−1

Tsn
denote the inverse maps of Logistic-

CML and Tent-CML respectively.
First of all, we introduce the definitions of con-

traction maps and the concepts of the whole conver-
gence (WC) and the whole divergence (WD) in order
to understand the convergence and divergence (CD)
in backward iteration of CML.

Lemma (i.e., contraction mapping theorem):
Let T : X → X such that d(Tx, Ty) ≤ γd(x, y),

where 0 < γ < 1 for all x, y in a complete metric space
(X, d), then there will be a fixed point x̄ in X for T .
Thus, for any initial value x0 ∈ X, limn→∞ Tnx0 = x̄.
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The γn in d(Txn, T yn) = γnd(xn, yn) is defined as
a convergent or divergent factor. When 0 < γn < 1,
γn is regarded as a convergent factor, and T is taken
to be convergent at the nth iteration. Otherwise, γn

is called a divergent factor, while T is divergent at
nth iteration. Therefore, if 0 < γn < 1 exists for
any n, T is thought as a contraction map. Letting
E = {e1, e2, . . . , eI} and G = {g1, g2, . . . , gJ}, where
n ∈ G and γn ≥ 1, we know that T is convergent
in some subsets of phase space X and divergent in
other subsets. As the convergent strength is much
higher than the divergent strength, T is WC. Other-
wise, T becomes WD. Only if the inverse of CML is
a contraction map or WC, can the initial conditions
of the complex system be recovered according to the
proposed algorithm.

3. CD

In this section, we discuss the CD of H−1
sn

, which
is determined by both f−1

sn
and A−1. The CD of f−1

sn

has been investigated in detail in Ref. [19] and was
found that the inverse map of unimodal chaotic Lo-
gistic map is WC, whereas Tent map is globally con-
tracting. Therefore, we need to investigate only the
CDs of A−1 and H−1

sn
.

3.1.CD of inverse matrix A−1

For any xn,yn ∈ IL, where xn =
[x1

n, x2
n, . . . , xL

n ]T,yn = [y1
n, y2

n, . . . , yL
n ]T, define

d(x,y) = ‖xn − yn‖ = max
1≤i≤L

∣∣xi
n − yi

n

∣∣ . (5)

When |A| 6= 0, define A−1 = (aij)L×L, and∥∥A−1
∥∥ = max

1≤i≤L
(
∑L

j=1 |aij |). Meanwhile, let x′n =

A−1xn = [α1
n, α2

n, . . . , αL
n ]T, y′n = A−1yn =

[β1
n, β2

n, . . . , βL
n ]T, then

d(x′n,y′n) =
∥∥A−1xn −A−1yn

∥∥

= max
1≤i≤L

∣∣∣∣∣∣

L∑

j=1

aij(xj
n − yj

n)

∣∣∣∣∣∣

≤

 max

1≤i≤L

L∑

j=1

|aij |

 . max

1≤j≤L

∣∣xj
n − yj

n

∣∣

=
∥∥A−1

∥∥ d(xn,yn). (6)

Because ‖A‖ = 1, the distance of two points in phase
space, IL, can also be expressed as

d(xn,yn)

= d(Ax′n,Ay′n)

= ‖Ax′n −Ay′n‖
≤ ‖A‖ ‖x′n − y′n‖
= d(x′n,y′n),

i.e., d(A−1xn,A−1yn) ≥ d(xn,yn). (7)

From inequalities (6) and (7), we obtain

d(xn,yn) ≤ d(x′n,y′n) ≤ ∥∥A−1
∥∥ d(xn,yn). (8)

Due to
∥∥AA−1

∥∥ = 1, then

1 =
∥∥AA−1

∥∥ ≤ ‖A‖
∥∥A−1

∥∥ ≤
∥∥A−1

∥∥ ,

i.e.,
∥∥A−1

∥∥ ≥ 1. (9)

According to the contraction mapping theorem,
from inequalities (8) and (9), it follows that A−1 is
not a contraction map, but a divergent map. Fig-
ure 1 shows the values of

∥∥A−1
∥∥ at different values

of coupling coefficient ε and the system size L. Fig-
ure 1 gives the relationships between

∥∥A−1
∥∥ and cou-

pling coefficient under different numbers of site L. We
can see from Fig. 1(a) that

∥∥A−1
∥∥ slowly increases as

the coupling coefficient increases when ε < 0.5. For
ε < 0.5,

∥∥A−1
∥∥ changes fast with ε, and is affected

by the number of sites in CML. In addition, when
ε ∈ [0.4, 0.5), the value of

∥∥A−1
∥∥ also has a relation

with the number of sites L. Figure 1(b) clearly shows
the relationship between L and

∥∥A−1
∥∥ for small values

of coupling coefficient, such as ε ∈ [0, 0.3]. The results
in Fig. 1 indicate that when L < 10,

∥∥A−1
∥∥ is related

with L. When the number of sites increases,
∥∥A−1

∥∥
is not affected by L. Meanwhile, it can be found that∥∥A−1

∥∥ ≥ 1 as given in Eq. (9).
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Fig. 1. Relationships between
∥∥A−1

∥∥ and the coupling

coefficient under different values of L, with (a) ε evalu-

ated in a range of 0–1 (ε ∈ [0, 1]) as A is nonsingular and

(b) 0–0.3 (ε ∈ [0, 0.3]).

3.2.Analysis of CD of H−1
sn

3.2.1. CD of H−1
Lsn

A unimodal chaotic Logistic map can be de-
fined as fL(xn) = 4xn(1 − xn). The inverse map in
state space IL is given as f−1

Lsn
(xn) = [1 + (2sn −

1)
√

1− xn]/2. We obtain that

xn = H−1
Lsn

(xn+1)

= f−1
Lsn

◦A−1(xn+1)

= [1 + (2sn − 1)
√

1−A−1(xn+1)]/2. (10)

The CD of the inverse map H−1
Lsn

of Logistic lattice is
investigated first. Define

d(H−1
Lsn

(xn),H−1
Lsn

(yn))

= d(f−1
Lsn

(x′n),f−1
Lsn

(y′n))

= max
1≤i≤L

∣∣∣
√

1− α′n −
√

1− β′n/2
∣∣∣

≤ max
1≤i≤L

[
1/

(
2

∣∣∣
√

1− α′n +
√

1− β′n
∣∣∣
)]

× ∥∥A−1
∥∥ d(xn,yn), (11)

and let λn = max
1≤i≤L

[1/(2|
√

1− αi
n −

√
1− βi

n|)]. It is

assumed that λn achieves its maximum value if i = p.
We can conclude that the inverse of Logistic map is
a convergent map and A−1 is divergent. Moreover,∥∥A−1

∥∥ ≥ 1 holds. As the value of ||A−1|| gradually
increases, γH−1

sn
= γA−1 · γf−1

sn
continuously increases.

When the coupling is weak interaction, ||A−1|| is rel-
atively small and γH−1

Lsn

< 1 holds in the major part
of the whole inverse iterations. In this case, the in-
verse mapping H−1

Lsn
of CML system is WC, accom-

panied by a little scattering behaviour. The initial
conditions of the complex system can be recovered by

iterating (10) infinitely. As the coupling coefficient
grows bigger, the value of

∥∥A−1
∥∥ increases quickly.

Consequently, there exists a case where the strength
of γH−1

Lsn

≥ 1 is far more than that of γH−1
Lsn

< 1.

In other words, the coupling is strong, H−1
Lsn

may be
WD, and the initial conditions of the system cannot
be recovered by the proposed algorithm in this contri-
bution.

3.2.2. CD of H−1
T sn

Tent map is described as fT(xn) = 1 −
2 |xn − 1/2|. The corresponding inverse map in phase
space IL is defined as

fTsn
(xn) = [1 + (2sn − 1)(1− xn)]/2, (12)

where

sn =





0,

1,

xn ∈ [0, 0.5],

xn ∈ (0.5, 1].

Therefore, the inverse map of Tent-CML is given as

xn = H−1
Tsn

(xn+1)

= f−1
Tsn

◦A−1(xn+1)

= [1 + (2sn − 1)(1−A−1(xn+1))]/2. (13)

Similarly, the CD of the inverse map H−1
Tsn

of Tent
lattice can be defined as

d(H−1
Tsn

(xn),H−1
Tsn

(yn))

= d(f−1
Tsn

(x′n),f−1
Tsn

(y′n))

= 1/2d(x′n,y′n)

≤ 1/2
∥∥A−1

∥∥ d(xn,yn), (14)

with

d(xn,yn) = d(Ax′n,Ay′n)

= ‖Ax′n −Ay′n‖
≤ ‖A‖ ‖x′n − y′n‖
= ‖x′n − y′n‖
= d(x′n,y′n). (15)

From inequalities (14) and (15), we obtain that
1/2d(xn,yn) ≤ d(x′n,y′n) ≤ 1 / 2

∥∥A−1
∥∥ d(xn,yn).

Obviously, the convergent and divergent factor
kH−1

Tsn

(n) of H−1
Tsn

belongs to [1/2,
∥∥A−1

∥∥ /2], which

is determined by
∥∥A−1

∥∥. When
∥∥A−1

∥∥ < 2, we
have 1/2 ≤ kH−1

Tsn

(n) < 1, for any n ∈ N . Obvi-

ously, H−1
Tsn

is a contraction map. On the other hand,
when

∥∥A−1
∥∥ ≥ 2, both convergent and divergent be-

haviours may exist for H−1
Tsn

. That is to say, H−1
Tsn

is not a global contraction map. However, when the
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convergent strength is far greater than the divergent
strength, H−1

Tsn
is WC in the backward iteration pro-

cess. Otherwise, H−1
Tsn

is WD, and estimating initial
condition of CML is unfeasible in this case. As H−1

Tsn
is

a contraction or WC map, we can recover the initial
condition by using Eq. (13).

4. Analysis of error bound

If the ergodicity is preserved by the coupling, any
point in the coupled chaotic system is labeled differ-
ently under the generating partition. Thus any two
points on the attractors can be represented by dif-
ferent semi-infinite symbol sequences.[20] Meanwhile,
when the number of the successive iterations increases,
the

⋂N−1
n=0 H−nPsn

will provide us more accurate in-
formation about x0. The average rate of information
production is given by the metric entropy h for the
generating partitions. Assuming that the error of es-
timation is uniformly distributed on

⋂N−1
n=0 H−nPsn

,
correspondingly, it can be written as

− 1
N

N−1∑
n=0

ln

∣∣∣∣∣∣∣∣

n−1⋂
i=0

H−iPsi

n⋂
i=0

H−iPsi

∣∣∣∣∣∣∣∣
≈ h, (16)

where |.| represents the size of a set. Therefore, the
estimated error can be bounded by

error =
N∑

i=1

(x̂i
n − xi

n)2 ≤
∣∣∣∣∣
N−1⋂

i=0

H−iPsi

∣∣∣∣∣ ≈
√

D e−hN/2,

(17)
where the constant D is the attractor size. It can
be seen from Eq. (17) that the proposed method con-
verges exponentially fast in the noise-free case. h is
also called KS-entropy density, which is equal to the
average of the sum of all the positive Lyapunov expo-
nents. It can be described as[21]

h =
1
L

∑

λi>0

λi, (18)

where (λ1, λ2, . . . , λL) is the corresponding Lyapunov
spectrum for the CML system, which is defined as

λi = ln β + ln[1− ε + ε cos(2πi/L)], (i = 1, 2, . . . , L),
(19)

where ln β denotes the Lyapunov exponent of local
dynamics function in CML. For unimodal chaotic Lo-
gistic map and Tent map, their Lyapunov exponents
are both equal to ln 2. Therefore, when the system pa-
rameters (i.e. ε and L) are the same for Logistic-CML

and Tent-CML, they have the same Lyapunov spec-
trum. Furthermore, their metric entropy h according
to Eq. (18) and the dimension D of attractors defined
as Eq. (20) are the same.[21]

D =





0, if there is no such k,

k +
1

|λk+1|
k∑

i=1

λi, if k < L,

L, if k = L,

(20)

where k is the largest integer such that
∑k

i=1 λi ≥ 0.
The Lyapunov dimension furnishes an estimation of
the information dimension of the attractor embedded
in the L-dimensional phase space of the CML system,
which is the dimension associated with the most rep-
resentative part of its nature measure. Hence, D pro-
vides an important indicator for measuring the com-
plexity of the phase space of such a spatiotemporal
chaotic system.[21]

Figure 2 shows the relationship between metric
entropy and coupling strength under different values
of system size. It can be seen that the system size ba-
sically has little effect on KS-entropy density when the
coupling intensities of CML systems are the same be-
cause KS-entropy density is the average of the sum of
the positive Lyapunov exponents and augments with
the increase of the total positive exponent. When the
coupling strength becomes stronger, the local reaction
of the system decreases whereas the spatial diffusion
reinforces, which leads to the decrease of the inten-
sity contrast between the spatiotemporal chaos and
the site diffusibility. In this case, more positive expo-
nents become small rapidly, and the KS-entropy den-
sity therefore declines with the increase of the space
coupling, as shown in the case of ε ≤ 0.25 in Fig. 2.
When the coupling strength continues to increase, i.e.,
for the case of 0.25 < ε ≤ 0.5, the KS-entropy density
gradually decreases.

Figure 3 displays the relationship between the di-
mension of attractors D and coupling strength ε under
different values of system size L, which indicates that
the dimension of attractor is directly related with the
number of the sites in CML. For ε ∈ [0, 0.4], we have
λ1 + λ2 + · · · + λL > 0 and the dimension of attrac-
tor is equal to the system size. When 0.4 < ε ≤ 0.5,
some positive Lyapunov exponents turn into negative
values, which leads to λ1 +λ2 + · · ·+λL < 0. So there
exists such a maximum integer k that

∑k
i=1 λi > 0

and
∑k+1

i=1 λi < 0. In this case, we have the dimension
of attractor D = k + (

∑k
i=1 λi)/|λk+1|. Furthermore,

with the increase of the number of sites, k will change
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faster and the value of D goes down faster correspond-
ingly as shown in Fig. 3.

Fig. 2. Relationships between KS-entropy density h and

coupling strength ε under different values of system size

L.

Fig. 3. Relationships between dimension of attractor D

and coupling strength ε under different values of system

size L.

5. Performance characteristics

All the initial values are randomly selected from
[0,1]. We continually iterate Eq. (4) according to the
chosen initial condition, and obtain the symbol si

n and
state value xi

n in the ith site of the CML system. Ac-
cording to xn = H−1

sn
(xn+1) with respect to symbolic

sequence length increasing, the estimated value x̂i
n of

each site can be obtained at each iteration. The vari-
ance of the estimator for x(0) can be calculated as

lg (error) = lg

(
L∑

i=1

(
xi

n − x̂i
n

)2

)
. (21)

The convergent rates of the algorithm for Logistic-
CML and Tent-CML are depicted in Fig. 4(a) and 4(b)
respectively. The total number of sites is L = 20, and
the total iteration length is N = 20. These two fig-
ures show that the weaker the coupling strength ε is,
the better the whole convergent performance for the
estimator is and the faster the convergence is. The
divergent strength becomes stronger when the cou-
pling coefficient continuously increases. Meanwhile,
the global convergent performance becomes worse and
the convergent rate gradually diminishes. This is con-
sistent with the theoretic analysis given above. The
performance of the estimator is related not only to the
symbolic sequence length, but also to the comparable
strength between the convergence and the divergence.
When the inverse system is globally contracting or
WC, the initial condition of CML can be recovered
with respect to sufficient backward iteration.

Fig. 4. Convergent performances of (a) Logistic-CML and (b) Tent-CML.

By comparing Fig. 4(a) with Fig. 4(b), it can be found that the error of the Logistic-CML estimator is
greater than that of Tent-CML estimator under the same iterations when the system parameters (i.e., L and ε)
of Logistic-CML and Tent-CML are the same. Meanwhile, the global convergent performance of the former is
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better than that of the latter. This is because when the coupling coefficient is no longer more than 0.25 and the
system size is 20, Fig. 1(b) indicates that

∥∥A−1
∥∥ < 2, the inverse map of Logistic-CML is globally contracting,

yet that of Tent-CML is WC. In addition, it can be seen from Figs.4 and 5 that the error is always less than the
error bound (i.e.,

√
D e−hN/2) in each iteration, and gradually tends to zero as the symbolic sequence length

increases.

Fig. 5. Values of error bound (
√

D e−hN/2 ) in backward iteration process for different values of coupling strength

ε: ε = 0.10 (a), 0.15 (b), 0.20 (c), and 0.25 (d).

6. Conclusion

The convergence for the inverse problem of CML
system is investigated in this paper. It is found that
the convergence is related not only to the coupling
strength, but also to the selected dynamic mapping
function. The strength contrast between the two fac-
tors determines the CD of global iteration process.
The coupling coefficient plays a key role in the CD.
When the inverse map of CML system is not a con-
tracting map or it is undeterminable, WC and WD
are taken as a foundation to determine whether the
initial conditions can be recovered. Simulation results
show that the initial condition of CML systems can
be estimated with making sufficient backward itera-
tions when the coupling strength is not very strong.

Moreover, the error of the estimator in noiseless envi-
ronment is less than

√
D e−hN/2 which is determined

by the dimension of attractors and metric entropy of
CML system. The feasibilities of the initial condi-
tion estimation in different CML systems and the er-
ror bound in each backward iteration are analysed.
It is noticeable that the error caused by noise is not
taken into account, however, the noise always exists
actually. Therefore, it will be the key point in the
next study that the initial condition of CML is esti-
mated in noise cases. In summary, the feasibilities of
the initial condition estimation in different CML sys-
tems and the error bounds in different time steps are
investigated in noiseless environment. The proposed
approach provides important results for better under-
standing the practical spatiotemporal chaotic system.
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