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Synchronization between different motifs

*

Li Ying(%# #%)»1 and Liu Zeng-Rong(X| 8 %)P)

a) College of Information Technology, Shanghai Ocean University, Shanghai 201306, China

b)

Institute of Systems Biology, Shanghai University, Shanghai 200444, China

(Received 6 February 2010; revised manuscript received 5 July 2010)

In this paper, we study the synchronization between different motifs. First, the synchronization between two

networks with different topology structures and different dynamical behaviours is studied. With the open-plus-closed-

loop(OPCL) method, conditions for two different networks to realize synchronization are given. Then based on the

theoretical results achieved, the synchronization between different motifs is studied, which verifies the effectiveness and

feasibility of the synchronization scheme.
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1. Introduction

Up to now, complex network has become a
common topological structure to describe many real
systems.!!! Complex networks are often modular in
nature, collaborating with groups of individual nodes
This has led
researchers to look for patterns on the basis of sta-

to carry out some specific functions.

tistical significance. To determine statistical signifi-
cance, one compares the network to an ensemble of
randomized networks. The randomized networks are
networks with the same characteristics as those of the
real network, (e.g., the same numbers of nodes and
edges as those of the real work), where the connec-
tions between nodes and edges are made at random.
Small subgraphs that occur in the real network signif-
icantly more often than in randomized networks are
called network motifs.[>3] Motifs are suggested to be
elementary building blocks that carry out key func-
tions in the network, and they have been found in
networks of biochemistry, neurobiology, ecology, engi-
neering, and so on.! Many kinds of researches have
been carried out thereby become an important aspect
of network research. Motifs shared by different net-
works are distinct from each other; besides, they can
determine a broad class of networks, each with specific
type of elementary structure.[®! Motifs are important
because they reflect the underlying processes that gen-
erate each type of network to a degree.

The reasons why network motifs occur more of-
ten in a special network is still poorly understood. Up

to now, some researches have been carried out from

4 In our

a dynamical point of view for the question.
previous paper,®! we studied the dynamical property
We obtained

the conclusion that network motif was a basic and

of genetic regulatory network motifs.

stable structure and the combinations of motifs could
exhibit complicated properties. Moreno et al.l stud-
ied the fitness for synchronization of network motifs.
With the Kuramoto model, it was concluded that the
higher the interconnection between motif constituents
The
synchronization threshold was also in agreement with
the natural conservation ratio(NCR). The NCR is a
quantity proposed in Ref. [7], to measure the conser-

is, the lower the synchronization threshold is.

vation of a given motif in evolution across species. In
Ref. [8], the authors proposed an analytic method to
measure the stability of the synchronous state(SSS)
displayed by motifs. They observed a general increase
in SSS as the number of the edges in motif increased,
which was in accordance with the decrease of the syn-
chronization threshold in Ref. [6]. The SSS’s were also
in good accordance with the NCR. These accordances
of the synchronization threshold and the SSS with the
NCR indicate that motifs are preserved during evolu-
tion with a higher probability.

Considering that motifs occur very often in com-
plex networks, we can take motifs as basic elements
to synthesize a complex network. Numerical simula-
tion of network synchronization shows that the syn-
chronization of a whole network is usually achieved
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through the cluster synchronization by extending clus-
ter gradually to the whole network. One possible pro-
cess is probably realized by motifs’ synchronization.
So it is important to study the synchronization be-
tween motifs. However, motifs in different networks
are different, and different motifs in the same complex

[9.10] 1t is a natural

network have different functions.
question whether the synchronization between differ-
ent motifs can be achieved. Take society networks
as examples. Before a decision-making, there may
be many different viewpoints from different groups.
Among all these groups, there is generally one influ-
ential group which plays a crucial role in decision mak-
ing. First, the influential group has to achieve accor-
dant points, which is regarded as the ‘inner synchro-
nization’ as it is a collective behaviour within a net-
work; then the other groups are influenced and achieve
the same points with the influential group, which is re-
garded as the ‘outer synchronization’ which illustrates
the synchronization between two or more complex net-
works. Thus the decision-making is obtained. If we
take motifs as the basic elements, it is a problem about
the synchronization between different motifs.

This problem can be reduced into the synchro-
nization between different networks with both differ-
ent topology structures and different dynamical be-
haviours. Although there are many studies on the syn-
chronization of nodes in all kinds of networks,[*1—13]
few of them focus on the synchronization between

networks.[14]

Recent work of synchronization between
two completely the same networks were carried out in
Ref.[15], but no researches were carried out to solve
the problem mentioned above. In the present pa-
per, we will give some discussion on this question and
prove that the synchronization between different net-
works can be obtained with the help of OPCL control
method. Then we apply our theoretical results to the
synchronization between different motifs. Numerical

simulation verifies the theoretical results.

2. Synchronization between two

different networks

In 1995, Jackson and Grousul'® offered a control
method of open-plus-closed-loop (OPCL) for the first
time. Consider a general system

),

g, ", 1
1 r€eR (1)

The original OPCL method offers a driving for system
(1) to achieve a desired ‘goal’ behaviour, g(t) € R".
The driving has the following form:

D(mvg):Dl(g)+D2(x’g)’ (2)

where Dq(g) = dg/dt — f(g) is an open-loop driv-
ing, Da(z,9) = (H — 9f(9)/99)(x — g) is a closed-
loop(feedback) one, and H is an arbitrary constant

Hurwitz matrix. The driven system

&~ (&) + Dia, ) 3)
has an asymptotic behaviour z(t) — g¢(t), if ||z(0) —
g(0)|| is small enough.[*6:17]

The matrix H can be chosen in such a way that
Dy(x,g) is as simple as possible. When (9f(g)/99) ik
is constant, we can choose H;, = (9f(g)/0g)ir and
(D2(x,9))ir = 0, otherwise we can introduce one or
several parameters into the matrix H to guarantee
that matrix H is a Hurwitz matrix.!'8! From this we
can conclude that Ds(x, g) will be simpler if f(g) has
fewer nonlinear terms.

Now we consider the synchronization between two
different networks X and Y. These two networks may
be undirected or directed, and the dynamic behaviours
of nodes in different networks are quite different. With
the OPCL control method, the equations of motion

read
Ny
@;(t) = F(mi(t) +p Y awDiag(t),
k=1
i=1,2,..., Ny, (4)
Ni1+N-2
9i(t) = Gys(t) +¢ > buTy(t)
k=N1+1

+ D(yi(t), (1)),

= ]\71—|—17...,]\71—|—]\727 j€{1727---7N1}

with
D(yi, i) = Di(w;) + D2(yi, i)
= F(x;) — G(x;)
+ (H = 0G(=;)/0w;)(y; — @), (6)
where x; = (z},...,2")" € R" and y; =
(y},...,y")T € R™ are n-vectors containing the co-

ordinates of the ith node in networks X and Y, re-
spectively; N1 and N are numbers of nodes in X
and Y networks respectively; F : R™ — R"™ and
G : R — R™ are continuously differentiable func-
tions which determine the dynamical behaviours of
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the nodes without coupling; 4 > 0 and € > 0 are
coupling strengths; Iy and I' are matrices that are
determined by the variables with which the nodes are

coupled. For clarity, we shall consider the diagonal
s1

matrices It = diag(1,1,...,1,0,...,0)pxn and I' =

diag(1,1,...,1,0,...,0)pnxn. Let A = (aij)n, xn,
and B = (bi;)n,xn, be respectively the inner con-
nectivity matrices of networks X and Y, which are
both irreducible, and assume them to be symmetric
or asymmetric and to satisfy zero row-sums. The en-
tries a;;(bij) are defined as follows: a;; = 1(b;; =
1), if there is a connection from node i to node 7,
i # j; otherwise, a;; = 0(bj; = 0), © # J; ay =
- Zj‘v:ll,j;éi aj(bi; = — ij:lefvﬁ,j#i bij)-

As far as the synchronization of driving network
(4) is concerned, many researches have been carried
out."9723] We say network X to achieve synchroniza-
tion if limy— 4 ||z; — x|l =0, ¢, 7 =1,...,N1. The
synchronous state of system (4) is defined by the linear
invariant manifold M = {21 = 29 = --- = zn, }. This
invariant manifold has a dimension n x (N7 — 1) and
is often called the synchronization manifold. For the
conditions of the nodes for system (4) to achieve syn-
chronization, one can consult Ref. [21] for undirected
networks and Ref. [22] for directed networks with node
balance.

From the previous papers, we know that the syn-
chronous state of network X can be obtained, no mat-
ter whether the network X is directed or undirected.
The dynamics of the synchronous state can be de-
scribed by the following system:

(1) = F(x(t)). (7)

Under the precondition that network X reaches
synchronization, system (7) can be regarded as a driv-
ing system, and the corresponding response network
(5) can be described by the following system:

Ni+N2

git) = Glyi(t) +e D buLyw(t) + Fla(t)
k=N1+1

—G(x(t)) + (H — 0G(z)/0x)(yi(t) — =(t)).
(8)
Defining the following errors

9i(t) = i(t) — x(t),

and noting ZkN:lfvjlvjl b;r = 0, one obtains the lin-

=Ny +1,...,Ny + Ny

earized error system around x by taking the Taylar ex-
pansion G(y;) = G(z+06;) = G(z)+(0G(x)/0x)d;+. ..

as follows:
Ni1+N2
0y = G(x) + (0G(x)/0x)d; +2 Y bixTyx
k=N;+1
+F(z) — G(z) + (H — 0G(z)/0x)d; — F(x)
N1+Na
=Ho+e Y bipIdy. (9)
k=Ni+1

Letting = [0n,41,0N,42,- -+, ON;+N,], one ob-

tains the vector form of system (9)
§=Hbé+ceI'6B. (10)

The stabilities of the synchronous solutions of Egs. (7)
and (8) are determined by the variational equation
of Eq. (10). For matrix B, there exists an invert-
ible matrix P of the generalized eigenvectors of B,
which transforms B into Jordan canonical form as
P 'BP = J, where

0
Ly
J = ,
Ly
Aj
1 X\
L= ’ , (11)
1)

and A; is one of the (possible complex) eigenvalues of
matrix B. The first zero-eigenvalue is derived from
the zero row-sums of matrix B. By applying the
change of variable ¢ = P~ ", one obtains

E=H¢4eleJ'. (12)

Each block of the Jordan canonical form corre-
sponds to a subset of equations in Eq. (12). For the
first block, the zero solution is asymptotically stable
because H is a Hurwitz matrix. Then we take the mth
block as an example. If the L,, is k X k in dimension,
then it takes the form

& = [H + pIéy, )
& = [H + pIé + pI'éy, 14)

: )
& = [H + pI'&e + pTép_1, )

where p = e\, and &1, &3, ..., &, are errors in the gen-

eralized eigenspace of eigenvalue \,, of matrix B.
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Consider the stability of &, first, and take the
Lyapunov function

V=66, (17)

then the derivative of the Lyapunov function with re-
spect to Eq. (13) will be

V= .1T§_1 + el &)

§(H +pD)" + (H +pI))&

& {(H + e(Re(A) + jlm(\) )

+ (H + e(Re(\) +jIm(N\)) )]y

N [(H 4 eRe(N )T + (H + eRe(N\) D))y,
(18)

where j is the imaginary unit.

If (H+q,I"" +(H +¢,I') <0, where g,,, =
eRe(Am), the zero solution of Eq. (13) is asymptoti-
cally stable, i.e., & — 0 exponentially as t — +oc.

As the norm of I' is bounded, the second term on
the right-hand side of Eq. (14) is exponentially small.
Then the same condition (H+<,,I') " +(H+s,I") <0,
now applied to Eq. (14), guarantees the stabilizing
effect of both the first and the second terms, re-
sulting in the exponential convergence & — 0 as
t — +o0o. The same argument applied repeatedly
shows that &3, ..., & must also converge to zero if
(H + ¢, )" + (H + ,I') < 0. This shows that
(H+6,I')T+(H+s,,I') < 0is a necessary and suffi-
cient condition for the linear stability of the equations

corresponding to each full block L;. This condition is
valid not only in diagonalizable networks(??! but also
in nondiagonalizable networks. Thus we obtain the
following Proposition.

Proposition 2.1. The networks X and Y
achieve synchronization if (H +<¢I') " + (H +<I") < 0,
where H is a Hurwitz matrix, ¢ = eRe(}\), and A is
the nonzero eigenvalue of matrix B.

Remark: There is a crucial difference between
the diagonalizable and the nondiagonalizable cases. If
B is diagonalizable, then all Jordan blocks are 1 x 1
in dimension, so there would be no equations like
Eq. (14) or Eq. (16), and each error is decoupled from
the others.
curs independently and simultaneously. On the other

Thus, the exponential convergence oc-

hand, if B is not diagonalizable, some errors may suf-
fer a long transient.

3. Synchronization between dif-

ferent motifs

There are 13 types of three-node motifs (see
Fig. 1) and 169 four-node motifs! (see Fig. 2). Taking
these motifs as the basic elements, one can synthesize
many kinds of complex networks. So it is important
to study the synchronization between different motifs.
In this section, we will study the synchronization be-
tween different motifs with the theoretical results of
last section in a numerical way.

M,

Fig. 1. Three-node motifs.
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My Ms

Fig. 2. Two of 169 four-node motifs.

In order to show the difference between motifs,
we take several representative examples with differ-
ent topological structures and different dynamical be-
haviours. For example, motifs Mg and M5 have differ-
ent topological structures with different connections
between nodes; motifs My and M;is with different
numbers of nodes and different connections between
nodes. For the different dynamical behaviours of mo-
tifs, we use the familiar Lorenz system and two other
chaotic systems of the Sprott’s collection!'®24] to de-
scribe the dynamics of motifs Mg and M5, M5 respec-
tively. Chaos is now thought to be rather common in
nature and the dynamical behaviours of many kinds
of real systems can be described by chaotic systems.
So here, we choose the chaotic systems to describe the
dynamics of motifs’ nodes. Other dynamical systems
can also be used and the conditions of synchronization
can also be obtained similarly.

In the following, we take two three-node motifs
and one four-node motif as examples and give the con-
ditions for them to achieve synchronization. The syn-
chronization of other motifs(including three- or four-
and even five-node motifs) can be achieved similarly.
Thus the synchronization of the whole network syn-
thesized by motifs can be easily achieved.

Taking Mg as the driving network, M5 and M5
as the responding networks, respectively. By these
examples, we show that the synchronization can be
reached between networks with the same numbers of
nodes or networks with different numbers of nodes. In
My, the dynamics of individual node is described by

Lorenz system which is coupled by the first variable

as follows:
3
&1 = o(zi2 — xi1) + 1 E aiTj1,
j=1
Tip =TT — Ti1T43 — T42,
Ti3 = Ti1Ti — brys, 1=1,2,3, (19)

where ¢ = 10, » = 28, b = 8/3, and the coupling

matrix is
-1 0 1
A= 1 =10
0 1 -1
The individual uncoupled Lorenz system(y = 0)
is eventually dissipative.[?!l From Refs. [21] and [22],
we know that Mg achieves the synchronization when
c_2 (b(b+1)(r+a)2

2% <>
oo 16(b — 1)

— = 32.56.
373 0)356

When p = 38, Fig. 3 indicates the time evolution of
errors, showing the synchronization within motif My.
The synchronization manifold is described as follows:

j?l = U(l‘g — 1‘1)7
Ty =TT — T1X3 — T2,
i’g = T1To — bZL’g, (20)

where o, r, and b have been defined above. Figure 4
gives the time evolution of Lerens system (20).

50

40

30
ke

20

10

U ~— )

Fig. 3. Lorenz system (20).

Errors

0 2 4 6 8
t

Fig. 4. Time evolutions of errors x11 — 21 and 11 — =31
of system (19) with p = 38.

In motif M5, we use one of the chaotic systems

[18.24] t6 describe the dynamics

of Sprott’s collection
of uncoupled individual nodes without driving as fol-

lows:

Yil = Yi2lYi3,
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Yio = Yi1 — Yi2,
Jis=1—yh, i=1,23. (21)

Figure 5 gives the time evolution of system (21).

Yi3

] g -
Yi2 0 _?// ~100 vi1

Fig. 5. Chaotic system (21).

The coupling matrix of motif Mjy is

00 O
B=|1-10 [,
11 -2

the eigenvalues of which are A =0, —1, —2.
Here we set I' = diag(1,0,1) and H to be in the

following form:

0 p —1
H=|1-10 |,
10 0

where p is a parameter. When p < 0, H is a Hurwitz
matrix.[18]

It is easy to find that when (p + 1)? < 4e,
(H + <" + (H +<I') < 0 holds. Figure 6 gives
the time evolution of errors with p = —1 and € = 1,
which illuminates the synchronization between motifs

Mg and M5.

100

£
o 0
-
m

—100

0 10 20 30
t
Fig. 6. Time evolutions of errors =1 — y;1, ¢ = 1,2,3,

between motifs Mg and M5, with p = —1, e = 1.

In motif My5, the dynamics of uncoupled individ-
ual nodes without driving is described as follows:
Yi1 = —2Yi2,
Yiz = Yi1 + Yis,
yi3 = 1+y12 _2yi37 1= 1,27374' (22)

Figures 7 gives the time evolution of system (22).

ot
)

Yi3

yi2 — 10\\\Y/—/—/j'”/: 0
—20 —30 20 Yil

Fig. 7. Chaotic system (22).

The coupling matrix of motif M5 is

00 0 O

1-10 0
B =

11 -20

11 0 =2

the eigenvalues of which are A =0, —1,
Set I' = diag(1, 1,0) and

—2,-2.

0-2 0
H=|10 p |,
01 =2

where p is a parameter. When p < 0, H is a Hurwitz
matrix.[18]

It is easy to verify that when p = —1 and € > 0.5,
(H +<I" + (H +<I') < 0 holds. Figure 8 shows
the time evolution of errors with p = —1 and ¢ = 1,
illuminating the synchronization between motifs My
and Mis.

10

Errors

_5 . . . . . . . . .
0 10 20 30 40 50

t
Fig. 8. Time evolutions of errors =1 — y;1, ¢ = 1,2,3,4,

between motifs Mg and Mi5, with p=—1,e = 1.
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4. Conclusions and discussion

In this paper, we give the method and conditions
to achieve the synchronization between different mo-
tifs. In order to study the synchronization between
different motifs, we have first studied the synchro-
nization between two networks with different topology
structures and different dynamical behaviours. Specif-
ically, under the precondition that the driving network
achieves the synchronization, we obtain the conditions
for the synchronization between two different networks
by using the OPCL method. Then, taking three-node
and four-node motifs, the basic elements for synthe-
sizing networks, as examples we study the synchro-
nization between different motifs which verifies the ef-
fectiveness and the feasibility of the synchronization
scheme.

Here, the two networks are taken as driving and
responding systems respectively. After synchroniza-
tion, the responding system has the same dynamical
behaviour as the driving system. In other words, after
synchronization, the nodes in two different motifs have
the same dynamic behaviours as those in one of the
original motifs. However, in many practical networks,
some new dynamical behaviours are often required af-
ter synchronization. For example, in society networks,
individual groups study merits from each other and
avoid shortcomings of each other, and make a new
progress together. This practical problem is reduced
into the synchronous state which is different from any
of the original states. In our further work, we will
study the case that after synchronization of two dif-
ferent networks, a new dynamical behaviour different
from those of the original networks emerges.
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