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A theory of (1+1)-dimensional gravity is constructed on the basis of the teleparallel equivalent of general relativity.

The fundamental field variables are the tetrad fields e;* and the gravity is attributed to the torsion.

A dilatonic

spherically symmetric exact solution of the gravitational field equations characterized by two parameters M and Q

is derived. The energy associated with this solution is calculated using the two-dimensional gravitational energy—

momentum formula.

Keywords: teleparallel equivalent theory of (1+1)-dimensional gravity, two-dimensional spherically

symmetric dilatonic black hole, energy

PACC: 0420, 0420J

1. Introduction

Since the work of Hawking,[! =% the classical and
the quantum analyses of singularities in gravity have

[7-16] on some fundamental

led to many discussions
physical problems that are expected to arise in the
theory of quantum gravity. Technical difficulties have
precluded this problem especially the perturbative
non-renormalizability of quantum gravity from being
solved.

Witten et al.l'™'8] have discovered a (1 + 1)-
dimensional model of gravity with non-trivial dy-
namics which contains many features of the four-
dimensional gravitational theory, in particular, the
formation and the evaporation of black holes and
naked singularities. Now one has a potentially useful
model in examining some of the interesting physics
underlying the problems posed by Hawking’s work.
With this motivation, a lot of effort has been made to
understand the (1+ 1)-dimensional dilaton gravity.[**]

Semiclassical physics of black holes, combining is-
sues of spacetime, thermodynamics and quantum the-
ory, is one of the most interesting areas in physics.
In our real four-dimensional world high mathemat-
ical complexities obscure the analysis of interplay
This explains why (1 + 1)-

dimensional black hole physics has became so popular

among these aspects.
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in the last decade.?”) In addition (1 + 1)-dimensional
gravitational models are much simpler because of a
lesser degree of freedom than the higher-dimensional
counterparts in studying black holes and cosmol-
ogy. In fact, enormous studies related to the intrigu-
ing gravitational issues have been conducted in this
lower-dimensional regime (see Ref. [21] and references
therein). The (1+ 1)-dimensional gravitational theory
has attracted considerable attention recently.[22=2% In
particular, the extension of the spacetime geometry
by including torsion has encompassed a class of in-
teresting models with rich mathematical and physical
contents (see Ref. [30] and references therein).

The (1 + 1)-dimensional gravity models retain
many properties of their higher-dimensional counter-
parts but are considerably simpler and thus can be
used as toy models for tackling the conceptual prob-
lems of quantum gravity while at the same time
avoiding the technical difficulties that arise from the
non-linear dynamics of gravity theories in higher di-
mensions. The most prominent one of them, the
Schwarzschild black hole, is not merely a toy model
but of considerable interest for general relativity in
four (or higher)-dimensions. 3!

At present, teleparallel theory seems to be pop-
ular again. There is a trend of analysing the ba-

sic solutions of general relativity with teleparallel
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theory and comparing the results. It is considered
as an essential part of generalized non-Riemannian
theories such as the Poincaré gauge theory32—44 or

[45] Physics relevant to geome-

metric-affine gravity.
try may be related to the teleparallel description of
gravity.[*6-59 Within the framework of metric-affine
gravity, a stationary axially symmetric exact solution
of the vacuum field equations is obtained for a spe-
cific gravitational Lagrangian by using prolongation
techniques (see Ref. [51] and references therein). A
teleparallel approach is used for positive-gravitational-
energy proof.2 A relation between spinor Lagrangian
and teleparallel theory was established.®3] In metric-
affine generalization of teleparallelism, Obukhov!3"!
have shown that there is an inconsistency in the cou-
pling of spinors. Mielkel®® demonstrated the consis-
tency of the coupling of the Dirac fields to the TEGR.

al55=57] have shown that

However, Andrade and Pereir
this demonstration is not correct. They®®=57 have
also studied the general teleparallel gravity model
within the framework of the metric affine gravity the-
ory. Nester et al.l’8 have considered the quasilo-
cal centre of mass (COM) in tetrad-teleparallel grav-
ity. They have used the covariant Hamiltonian for-
malism, in which quasilocal quantities are given by
the Hamiltonian boundary term, along with the co-
variant asymptotic Hamiltonian boundary expres-
sions. Consideration of the COM not only gave the
most restrictive asymptotic conditions on the vari-
ables but also presented strong constraints on the
acceptable expressions.[’®=69 Mielke et all5Y have
demonstrated the complete integrability of a two-
dimensional teleparallel theory of gravity in vacuum.

For a satisfactory description of the total energy
of an isolated system it is necessary that the energy
density of the gravitational field is given in terms of
first- and/or second-order derivatives of the gravita-
tional field variables. It is well-known that there exists
no covariant, nontrivial expression constructed out of
the metric tensor. However, covariant expressions that
contain a quadratic form of first-order derivatives of
the tetrad field are feasible.
to conjecture that the difficulties regarding the prob-

Thus it is legitimate

lem of defining the gravitational energy—momentum
are related to the geometrical description of the grav-
itational field rather than an intrinsic drawback of
the theory.[62:63] Mgllerl4 has shown that the prob-

lem of energy—momentum complex has no solution in

the framework of gravitational field theories based on
Riemannian space-time. In a series of papers,[64-67]
he obtained a general expression for a satisfactory
energy—momentum complex in the teleparallel space-
time. Xu and Jing!%®¥! derived the field equation with a
cosmological term and studied the energy of the gen-
eral four-dimensional stationary axisymmetric space-
time in the context of the Hamiltonian formulation of
the TEGR.

It is well known that TEGR[M6-63 provides an
alternative description of Einstein’s general relativity.
In this theory the gravitational field is described by
the tetrad field e,. In fact the first attempt to con-
struct a theory of the gravitational field in terms of
a set of four linearly independent vector fields in the
Weitzenbock geometry was made by Einstein.[09—71]

A well-given mathematically consistent ex-
pression for the gravitational energy has been
developed.l%3] Tt arises in the realm of the Hamilto-
nian formulation of the TEGR!™ and satisfies sev-
eral crucial requirements for any acceptable definition
of gravitational energy. The gravitational energy—
momentum P [63.73] obtained in the framework of the
TEGR has been investigated in the context of several
distinct configurations of the gravitational filed. For
asymptotically flat space-time P° yields the ADM en-
ergy (short for Richard Arnowitt, Stanley Deser, and
Charles Misner).[™ In the context of tetrad theories of
gravity, asymptotically flat space—time may be char-

acterized by the asymptotic boundary condition

1
eau gna/t+ ihau(l/r)v (1)

and by the condition d,e%, = O(1/r?) in the asymp-
totic limit » — oo, with 94, = (—=1,+1,+1,+1) being
the metric of Minkowski space—time. An important
property of tetrad fields that satisfy Eq. (3) is that in
the flat space-time limit one has e®,(t,z,y,2) = §%,,
and therefore the torsion tensor T¢,, = 0. Maluf et
al.™® have extended the definition P for the gravita-
tional energy-momentum!(%3-72] to any arbitrary tetrad
fields, i.e., for the tetrad fields that satisfy T, # 0
for the flat space-time. The redefinition is the only
possible consistent extension of P%, valid for the tetrad
fields that do not satisfy Eq. (3).

It would be significant to develop various theories
of gravity also for (1+ 1)-dimensional case, which will
bring toy models to examining basic concepts in theo-

ries of gravity. The purpose of this paper is to develop
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a teleparallel equivalent of general relativity (TEGR)  The fields e;, = e#,0/0z*, which are the dual to e,
(1 + 1)-dimensional gravity. In Section 2, we give a  are the dreibein fields. The field strength of e* PRt
brief review of tetrad fields. The theory of the TEGR  given by

in two-dimension is given in Section 3. In Section 4,

two exact solutions are derived. In section 5, the cal-

culations of energy for the two solutions are given. Tk/w = Fk[;w}v with Fk/w = aueku- (2)

Final section is devoted to discussion and conclusion. ) o )
We define the covariant derivative of the Lorentzian

vector field V¥ as
2. Dreibeins, covariant derava-
. . V,VF =et0, V. 3
tive and teleparallelism : e ®)

For the world vector fields V' = v#9/0x*, the covari-

The two-dimensional space-time M is assumed L . .
) . ) ) ant derivative with respect to the affine connection
to be a differentiable manifold endowed with the 6 . is o b

v Is given
Lorentzian metric g, dz" @ dz” (u,v = 0,1) related A8 Y

to the fields eF = gk#dx“, (k = 0,1) through the YV, VHE = 8, VF 4 Iy VA, (4)
relation g, = mn;;€'pe’, with n;; = (—1,1). Here
{z*;u = 0,1} is a local coordinate of the space—time. The requirement
|
v, VE = e”lekuV,,V“, for VH=el,VF leads to "y, = epd,e", (5)

and hence we have the relations

Tkp,u = ek/\TAuV; Ruux\p = aAFMVp - 8p[1ul/)\ + FHT)\FTVP - F“TpFTV)\ =0, (6)

v)\guv = a/\guu - Fpu)\gpv - Fpukgup =0, where T)\pu = F)\[;,LIJ]' (7)

The components 7> wv and R, 5, are those of the torsion and of the curvature tensor, respectively. Equation (5)
implies the teleparallelism and it together with (6) means that M is the Weitzenbock space—time. Also from
Eq. (6) we obtain

. 1
F)\;w = 2y} + K)\,uua with {/);y} = 59)\,0 (augl/p + augyp - 8pgup) ) (8)

and the K* uv denotes for the contorsion tensor

1 A A A
K)\,uy = *5 (T)\/LV *jjp, v Ty H) = 7K/L v (9)
In what follows, the field components €, and e”j are used to convert Latin and Greek indices, similar to the
case of V# and V*. Also, rasing and lowering the indices k, 1, m ... are accomplished with the aid of Nij = (nth)~1

and 7% respectively.

3. Lagrangian density and gravitation field equation

In this paper we follow the notions given in Ref. [63]. The Lagrangian density for the gravitational field in

the TEGR, in the presence of matter fields, is given by?2)[62]

1) We will denote the symmetric part by (), for example, A(,,) = (1/2)(Auv + Avy) and the antisymmetric part by the
square bracket [ ], Af,,] = (1/2)(Apw — Aup) -
2) Throughout this paper we use the relativistic units, ¢ = G = 1.
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Log=ee 2Lg=—ee % (Tub;Tabc + Tab;Tbac - T“Ta> — Ly, = _%ZabcTabc — Ly, (10)

where e = det(e®,) and ¢ is the dilaton. The tensor 3% is defined by
spabe def. i (Tabe 4 Thac _ eab) 4 % (eeT® — nobTe) . (11)

T and T* are the torsion tensor and the basic vector field defined by
T, L e\ T, = 0,e%, — 0ye,y, T S ete /T, T 10" (12)

The quadratic combination X aberp o is proportional to the scalar curvature R(e), except for a total divergence

term.[52] L, represents the Lagrangian density for matter fields.

The electromagnetic Lagrangian density L., isl767"]

1
Ee.m. =€ 6_2¢ Lem. = ie e_qugupguaFlJ«VFpoa (13)
with F),, being the Maxwell field associated with a U(1) subgroup of Eg x Eg and is defined by!)

F, Y 9,4, —0,A,.

Finally the dilaton Lagrangian density Lp is!"®]
Lp =ee 2 Lp =4e e 2? (v¢)2. (14)
The gravitational, electromagnetic, dilaton and the cosmological constant A = —2\? field equations for the

system described by Lg — Le.pm. + Lp + 4e72¢ )2 are as follows:

1 1
eaxepuOy (eEbA”) —e (Z‘b”awa — 4eWTbcd2de) —€equ A2 = —§€€2¢Tau,
V. (e72?F*) =0,
1
AN? +2V2¢ — 4 (V¢)® + ZF2 =0, (15)

where

4

with T}, being the energy-momentum tensor. It is possible to prove by explicit calculations that the left-hand

1 1
62¢T,u1/ =2 {Vu¢vu¢ + Guv (gpgvp¢va¢ - Vg(b) - <guanpFUp - 4g,uuF2> } )

side of the symmetric field equation (15) is exactly given by62

e

3 [Rw(e) — éewR(e) —2eq, )\2] )

4. 2-dimensional spherically symmetric dilatonic black hole solution

The tetrad space having two unknown functions of radial coordinate with spherical symmetry, can be
written as

b (A0
=1 5 | (16)

Applying Eq. (16) to the field equation (15) we obtain simple algebraic equations that have the forms

272
2¢ = —
(& TOO A2 (T’) 5

1) Heaviside-Lorentz rationalized units will be used throughout this paper.
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272
27y, = : 17
e 11 B2 (,r,) ( )
From the above equations, we obtain
1
A) = —— —
—27rA —4rA
\/1 — Te + we
M —2rA Q2 —4rX
B(r):\/l—)\e +we 5
Fip = Qe 2™, b= —r\ (18)
Solution given by Eq. (18) satisfies Eq. (15). The tetrad (16) takes the form
—2rA —4rX
(ei") = ¢ e et : (19)
M —2rX Q2 —4rX
0 1 — Te —+ @e
with the associated Riemannian metric
d 2 M 2
ds? = —mdt? + 77—71, where m= {1 — Te*%)‘ + SQWe*M)‘ , (20)

which is a static 2D dilatonic spherically symmetric black hole solution.?324 In this coordinate system the

metric approaches the flat space—time when the radial coordinate, i.e., 7 — co. There is no singularity as r — 0

1| 2MAME207 | o
Ix J

and when r — X

q. (20) will suffer a singularity.
Now we discuss the singularity of the above space—time by calculating the scalar concomitans of the torsion
and the curvature tensors. Using Eq. (18) we have the non-vanishing components of the Riemann Christoffel

curvature, Ricci tensor, torsion tensor and the basic vector in the following forms:

Roi01({}) = Rioio({}) = e (2MX — Q%)

e—2r)\ (QM)\ _ QZG—ZT)\) (8)\2 _ SM)\G—QT)\ + Q2e—4r>\>
Roo({}) = 32 ’
Ru((y = e T A SO T

8M)\6727‘)\ — 82 — Q2674r>‘ ’
e—2r/\ (4M)\ _ QZE—ZT/\)

Too1 =

4\ ’
2\ —2rA AM N — 2.,—2r\
7y = 2 M- Qe ) (21)
8MMAe=2rX — 8A2 — (Q2e—4rA

The scalars of the Riemann Christoffel curvature tensor, Ricci tensor, Ricci scalar, the torsion tensor and
the basic vector in the following forms:

B2 (0) R (1) = 28 ({1 R ({}) = 4™ (M = Q% ™2)?,
R({}) — 726727“)\ (2M)\ _ Q2672r)\) ’
e—4rA (4M)\ . QZeer’)\)2

T Ty = 21Ty = o5 i35 1 e T 807 (22)

We can conclude from Eq. (22) that as r — 0 solution (18) does not suffer any singularity which can be confirmed
from Eq. (22) as r — 0 we have

RMP7({H) Ryuwpo ({3) = 2R ({H R ({3) — 42MA - Q%)?, R — —2(2MA - Q?),
(4M ) — @2)*

T e =200 = e — a8
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When the radial coordinate r — oo we can see from Eq. (22) that solution (18) will be the flat space-time.
From Eq. (22) we see that the scalars of the Riemann Christoffel curvature tensor, Ricci tensor, Ricci scalar, the

torsion tensor and the basic vector are vanishing, conforming with the fact that solution (18) when r — oo is

4M2-2Q2

N

a flat space-time. When r — i In {QMJF

} we see that the torsion tensor and the basic vector suffer
this singularity.
5. Energy associated with spherically symmetric solutions

Now we are going to calculate the energy content of the tetrad field (19). Before this we give a brief review

of the derivation of the gravitational energy-momentum in a four-dimensional background.

Multiplying the symmetric part of Eq. (15) with the appropriate inverse tetrad field yields!3.7%]
ap
0y (—ez™) = — (45" Ty = 02 B Thoa) — dme, T (24)

In order to restrict the spacetime index A, we assume only spatial values. Then Eq. (24) takes the form![63]

. . ap . . .
B (eZ°V) + Oy (37 = - (459 Ty — 9, BTy ) — dmect, T (25)
Note that the last two indices of $%¢ and T9° are anti-symmetric. Taking the divergence of Eq. (25) with
respect to j yields

1 a0y 1 a bej j bed a j
—900; <47Te2 0]) = -0, [ee z (42 Ty — 07,5 Tbcd) — 16m(ee #Tﬂ“)} . (26)

In the Hamiltonian formulation of the TEGR,[*9=4272] the momentum canonically conjugated to the tetrad
components eq; is given by
Haj _ 7i62a0j7
47

and the energy contained within a volume V of the three-dimensional space-like hypersurface is defined by[40—42:68]

. 1 .
P'=FE=— /V d?z0,11% = & /V d®z0;(eT). (27)

If no condition is imposed on the tetrad field, P* transforms as a vector under the global SO(3,1) group. It
describes the gravitational energy-momentum with respect to observers adapted to e*,. We assume that the
spacetime is asymptotically flat. Therefore, the energy of the gravitational energy-momentum for a physical

system for a two-dimensional gravitational background is given as
1 ,
PO —F= 3 / d'zd;(eT?). (28)

In order to evaluate the energy distribution of the exterior two-dimensional black hole of Eq. (19) we use

Egs. (28) and (12) to evaluate the nonzero components of 77. The non-vanishing components of 77 are as

follows:
T _6_2’\7' V8A2Z — 8M e~ 23 4 Q2e—4r (4M)\ — QQe_”‘") S (20)
- 8)\2 9 - 9
using Eq. (29) in Eq. (28) we have
0 iy [ - L2 G (12— e
oxt 2/ or 32 A2
m
= oh3 Upto O(1/R?). (30)
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Therefore, the energy associated with a two-
dimensional Schwarzschild black hole in a sphere of

radius R will be
1

As we see from Eq. (31) that the energy of two-
dimensional Schwarzschild black hole is distributed to

its interior as well as its exterior up to O(1/R?).

6. Main results and discussion

In this paper we have constructed a two-
dimensional TEGR, theory. The field variable in this
theory is the dreibein field e;* and the gravity is at-
tributed to the torsion. The gravitational Lagrangian
of the TEGR is given by Eq. (10).

A static spherically symmetric black hole solution
is obtained, which represents the 2D dilatonic black
hole. To study the physics of this solution we have
calculated the scalars accompanied by this solutions
like the scalar of Riemann-Christoffel, the Ricci ten-
sor, the torsion tensor and the basic vector. Mielke

et al.139] have obtained exact wave, charged black hole

and dilaton solutions. They!%! have proved in the
vacuum, the integrability of general two-dimensional
Poincaré gauge theory. The solutions given in Ref. [61]
are characterized by the non-vanishing of the curva-
ture tensor as well as the torsion tensor.

We first, obtain the exact expression of the gravi-
tational energy-momentum in two-dimensional gravi-
tational background given by Eq. (28). We have found
the explicit expression for the energy distribution as-
sociated with a two-dimensional dilatonic black hole.
It is shown that the energy is distributed in its interior
as well as its exterior.

As seen clearly from Eq. (30), the exterior energy
begins from O(1/R?). Therefore, the exterior energy
of O(1/R) does not appear in the two-dimensional the-
ory! This is in discrepancy with the 4-dimensional
gravity theory. This may be due to the fact that
Eq. (28) depends mainly on the basic vector T% and
from its definition as given by expression (12) its con-
struction will behave as the solution given in Eq. (18)
like O(1/R?) and O(1/R?). This case does not hap-
pen to the 4-dimensional gravity theory because the
construction of Eq. (28) will behave like O(1/R).[™!
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