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Two closest single-qubit states could be diagonalised by the same unitary matrix, which helps to find the relative

entropy of entanglement of a two-qubit ‘X’ state.

entanglement and the corresponding closest separable state of a given two-qubit ‘X’ state.

We formulate two binary equations for the relative entropy of

This approach can be

applied to get the relative entropy of entanglement of many widely-discussed two-qubit states, such as pure states,

Werner states, and so on.
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1. Introduction

For a mixed entangled state, different entangle-

(=71 may present different results for

ment measures
its degree of entanglement. Among all entanglement
measures, the entanglement of formation and concur-
rence for two-qubit systems,®] which are connected to
each other through a one-to-one correspondence rela-
tion, are wildly-discussed owing to their computabil-
ity for a two-qubit state. Although he generalisation
of entanglement of formation or concurrence to high
dimensions or multipartite systems is not easy, =1
the relevant research is attracting more and more
interests.['112 On the contrary, another entanglement
measure, the relative entropy of entanglement (REE),
which characterizes the minimal ‘distance’ of a given
entangled state deviated from the set of all separable

(3]

states,!”! i.e.,

Er(p) = min S(pllo) = min Tr(plnp — plno), (1)

where the target state o being called the closest sep-
arable state (CSS), is independent of the number of
subsystems and their dimensionality. Although many
important properties of the REE are expected or even
verified, how to calculate the REE of a general en-
tangled state remains an open question. Even for the
simplest case of two-qubit states, the analytical form
of REE is known only for some special states with high

symmetry. [3,4,13-17]

Recently, a convergent iterative algorithm is pro-
posed to numerically calculate the REE of a bipartite
quantum state, which helps to find the best separable
approximation for a given entangled state, and also
provides the corresponding optimal entanglement-
witness measurement.!'®19 Opposite to the original
problem of finding the CSS of a given entangled state,
there is still an open fundamental problem to find an
entangled state for a given CSS, which has investi-
gated very recently.?0=23] Tt is shown that the REE
and CSS of many special two-qubit states with high
symmetry can be obtained analytically. In this study,
we investigate the REE and CSS of a two-qubit ‘X’
state, which is currently, to our knowledge, the most
general form we can analytically solve for a two-qubit
state. As a special case of the results presented here,
the REE and CSS of a simpler two-qubit ‘X’ state,
with six non-zero elements in the 4 x 4 density ma-
trix, is investigated in Ref. [17], and the two methods
present the same results in this special case.

2. The closest state of a single-

qubit state

Before we present the details of finding the REE
and CSS of a two-qubit ‘X’ state, we introduce an in-
teresting theorem on the closest state of a single-qubit
state first, which will be used in the following context

as an important precondition. Given a single-qubit
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state represented by a 2 x 2 density matrix,

a cel®

p ce”i® b 7 ®
with the four real numbers a, b, ¢, and ¢ satisfying
ab > ¢ and ¢ € [0,27), what is the closest state, de-
noted by o here, so that the ‘distance’ measured by
S(pllo) = Tr[p(In p — In )], is minimized? Since the
density matrix in Eq. (2) can be transformed to a real
2 x 2 density matrix through a ‘local’ transformation
U,

p = Z —UpUt (3a)

with

1 0

0 ei®
and any local transformation does not change the en-
tanglement among the subsystems, we assume all the
elements in density matrix in Eq. (2) are real num-

bers, and the phase term is equal to zero, i.e. ¢ = 0.

Now we suppose that the two eigenvalues of the tar-
get state o are fixed as n; and 772. What is the closest
state to the state p'?

A single-qubit state with fixed eigenvalues 1; and
12 could be expressed by a diagonal matrix,

0
A=" , (4a)

0 m

and a two-dimensional unitary matrix,

cosf  sinf
O = , (4b)
—sinf cosf
through the following relation,
o=0A0". (4c)

Here we can confine the angle 6 in Eq. (4b) in the
range [0, ), because the matrix o in Eq. (4c) period-
ically depends on the angle 6, and the corresponding
period is w. The ‘distance’ between the single-qubit
state (3) and the state (4) is

S(p'|le) = Tr(p'Inp') — [(acos? @ + bsin? @ — csin(20)) Inm; + (asin® @ + bcos® 6 + csin(260)) Inns].  (5)

The extreme value of S(p’||o) requires 95/96 = 0,
which leads to

(b — a)sin(20) = 2ccos(26). (6)

In the range [0, ), there are two angles, denoted as
0, and 6, temporarily, satisfying the above equation.
The two angles, 01 and 6o, which have a 7/2 angle dif-
ference to each other, determine the maximal and min-
imal values of the ‘distance’ between the single-qubit
state (3) and the restricted state (4) through Eq. (5).
The standard way to judge whether it is a maximal
‘distance’ or a minimal ‘distance’ is through the sec-
ond order derivative of the ‘distance’ with respect to
the angle 6, i.e., 925/06?. The condition 925/96% > 0
corresponds to a minimal ‘distance’, and the condition
0?5/86? < 0 implies a maximal ‘distance’ (The special
case with 95/90 = 0 and 925/96% = 0, corresponding
to a trivial case a —b = ¢ = 0 in the density matrix in
Eq. (3a), is easy to treat and will be excluded in the
current consideration).

In fact, the density matrix in Eq. (3a) is also diag-
onalised by the unitary matrix O under the condition

(6), with two eigenvalues,

A\ = acos® 0 + bsin? § — ¢sin(26),

A2 = asin? 0 + beos? 0 + csin(20). (7)
That is to say, the two density matrices p’ and o
are diagonalised by the same unitary matrix when the

“distance’ between them is minimised or maximised,
and the corresponding ‘distance’ is now,

S(plle) =Tr(plnp) = (A Inn + Azlnmz).  (8)

So we have another way to distinguish the minimal
Under the
condition (6), if the four eigenvalues of p and o,

‘distance’ from the maximal ‘distance’.

which can be diagonalised by the same unitary ma-
trix O, satisfy (A1 — A2)(m —n2) > 0, the correspond-
ing ‘distance’ is the minimal one; and the other case
(A — A2)(m — m2) < 0 answers for the maximal ‘dis-
tance’. This criteria is equivalent to the previous one
via 025/0602. Since the relation (6) is independent
on the eigenvalues 7; and 7, the above discussions
are also valid when another restriction is imposed on
the target density matrix o, rather than fixing its two
eigenvalues. For example, we can assume that the two
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elements 011 and 099 are fixed, or the elements 015 and
the sum 011 + 099 are fixed, which does not change the
conclusion that two closest single-qubit state should
be able to be diagonalised by the same unitary ma-
trix. At present, we do not know whether this con-
clusion is valid or not for high dimensional systems
or multipartite systems, but it is very useful, at least
for our present aim of finding the REE and CSS of a
two-qubit ‘X’ state.

3. The REE and CSS of a two-
qubit ‘X’ state

In this section, we prove that the REE of an en-
tangled two-qubit ‘X’ state is solvable through two
binary equations, and the corresponding CSS can also
be obtained in this way. The issue on the REE and
CSS of a separable state is trivial and easy, which is
excluded in our present consideration. In the compu-
tational basis {]|00),|01),]10),|11)}, an entangled two-
qubit ‘X’ state has the following form,

pi1 0 0  pua
0 p22 p23 O
p= (9)
0 p32 p33 O
par 0 0 py

Without the loss of generality, we assume |p14| >
VP22 P33 = |p2s| (the condition |pi4| > /P22 pas
is to ensure a non-vanishing entanglement[24>25]) and
all elements in the above density matrix are real num-
bers. An entangled two-qubit ‘X’ state with complex
coherence terms p14(= pj;) and pas(= piy), or with
|p14] < |p23|, can be transformed into such a form
like Eq. (9) through local operations. Among the four
eigenvalues of the density matrix in Eq. (9), the first
and the last ones, i.e. A; and )4, are entirely de-
termined by the four corner elements, p11, p14, pa1,
and p44, and independent on the rest four non-zero
elements. Similarly, the two eigenvalues, Ay and Az,
are related to the four inner elements pos, pas, P32,

P11
P41

_ P14
p =
P4a4

and

and p33, and have nothing to do with the four cor-
ner elements. In other words, the two-qubit ‘X’ state
(9) could be considered as spanned in a Hilbert space
composed of two independent two-dimensional Hilbert
spaces. Such density matrix can be diagonalised by a
4 x 4 unitary matrix U with the form of,

Ccos o 0 0 sin «
0 cos si 0
U= sp sinf . (10a)
0 —sinf  cosf 0
—sina 0 0 cos o
through the following relation,
P = UDiag{)‘lv)\Qa)‘gc;)\ﬁl}UT' (10b)

For the sake of simplicity, we assume Ay > A4 and
Ao > A3, and these two conditions can always be sat-
isfied through the adjustment of the angles o and S
in the transformation (10a).

To find the closest state of such a two-qubit ‘X’
state, we only need to search the states in the same
Hilbert space, which implies the target CSS of the
state (9), o, has a similar form, with eight zero-
elements in the density matrix. Furthermore, a CSS
should be an edge state in the set of all separable

g [13—17,20—23]
)

state which means the partial transpose

of the CSS o, i.e. o, is rank deficient, or say, the par-
tial transpose o' has at least one zero-eigenvalue.[24:25]
Since we have assumed |p14] > |p23| for the entangled
two-qubit ‘X’ state (9), the only possibility is to set
|o14] = /022 - 033 in the CSS. Thus the CSS of the

two-qubit ‘X’ state (9) should have the following form,

011 0 O +/Ty
0 0
o= v (11)
0 32 Y 0

044

+/75 0 0

The ‘distance’ between the two states (9) and (11)
is now in fact the sum of the ‘distance’ between two
‘unnormalised’ single-qubit states,

and the ‘distance’ between the other two ‘unnormalised’ single-qubit states,

P22
P32

P23

a1
Il

P33

and

+
o= " Ve (12)
+/xy 044
s=| " ], (13)
032 Yy
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ie., S(pllo) = S(p||e) + S(p||F), where the four ‘un-
normalised’ single-qubit states, p, p, &, and &, are
constructed by the elements in the density matrices p
and o in Eqs. (9) and (11). Thus the problem of min-
imising the ‘distance’ between two two-qubit ‘X’ states
now turn to minimise the ‘distance’ of two single-qubit
states, which has been discussed in Section 2.
According to the theorem presented in the previ-
ous section, two closest or farthest single-qubit states
should be diagonalised by the same matrix, so the el-
ements in the two matrices & and & should satisfy,

o1 = 51— 7~ y) F JTcte(20) (1a)
O44 = %(1 —z —y) £ Jzyctg(2a), (14b)

(cos(28) #0), (14c)

where we have used the result in Eq. (6) and the nor-
It is
easy to check that the original two-qubit ‘X’ state
(9) and its CSS (11) with elements shown in Eq. (14)
are diagonalised by the matrix (10a) simultaneously.

023 = 032 = %(y —x)tg(20),

malisation condition 011 + o044 + 2 +y = 1.

Thus, given an entangled two-qubit ‘X’ state (9) with
P22 # ps3, a necessary condition of its closest sepa-
rable state (11) is that they should be diagonalised
by the same unitary matrix. Just as we have men-
tioned above, to ensure the ‘distance’ is minimised
rather than maximised, the eigenvalues of the state
(9) and its CSS (11), diagonalised by the same unitary
matrix (10a), should satisfy (A —A4)(m1 —n4) > 0 and
(A2 = As)(n2 —n3) > 0.

The density matrix (11) under the condition (14)
has eigenvalues,

(15a)

sin(za)]| - /1

A1+

Ny = cos(12ﬂ) (z cos® B — ysin® 3), (15b)
N3 = cos(12ﬁ) (y cos® B — asin? B3), (15¢)
m=g(l-z—y) - 7 (15¢)

2  [sin(2a)|’

The two real numbers x and y should satisfy « > y for
the case cos(203) > 0 and = < y for the case cos(23) <
0, so that the other condition (Ay — Az)(n2 —n3) > 0
for minimising the ‘distance’ between the two “un-
normalised’  single-qubit states p and & is satisfied.
Other cases with sin(2a)) = 0 or cos(23) = 0 will be
discussed in the following as exceptions.

Since the state (11) and the original two-qubit
‘X’ state (9) with pos # p33 could be diagonalised by
the same unitary matrix, their ‘distance’ measured by
relative entropy is directly determined by their eigen-
values,

S(plle) = (Ailn A = Ailnn,), (16)

=1

where A\; and n; (i =1, 2, 3, 4) are the eigenvalues of
the original two-qubit ‘X’ state (9) and its CSS (11)
diagonalised by the same unitary matrix (10a), and
every 7; is a function of the variables x and y (see
Egs. (15)). The following task is to find the global
CSS of the state (9) with respect to the two variables
z and y. As a concave function of x and y, which
has been verified through our numerical program, the
above ‘distance’ has only one minimal point in the al-
lowed range of x and y. This minimal point is located
at the position where the derivatives of S(p||o) with
respect to the two variables, = and y, reach zero, i.e.
0S/0x = 0 and 95/0y = 0, which means,

| sin(2a)| + \/g
x "

|sin(2a)|(1 — 2 —y) + 2\/zy

|sin(2a)|(1 — 2 —y) — 2\/zy

2 .2
+ . 2COS /8 2 s ﬂ . 2 >\3 = Oa (173’)
ysin® 8 — xcos? 3 ycos? 3 — xsin” 3
|sin(2a)] — /= | sin(2a)| + \F
Y+ Y\
[sin(2a)|(1—z—y) + 2,2y = [sin(2a)|(1 -z — y) — 2\/7y !
. 2 2
sin“ 3 cos” 3 _o. (17b)

zcos? 3 — ysin® 3

; 3=
zsin® 3 — ycos? 3
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The diagonalisation of the original state (9) brings out
all parameters in the above two equations, such as a,
B, and \;(i = 1,2,3,4), whose solution in the range
0 <z,y<1land z+y < 1 gives birth to the tar-
get CSS. Here we remind that the global ‘distance’ of
a given entangled state deviated from the set of all
separable states, measured by relative entropy, has no
finite upper bound, which implies that the only solu-
tion in the range 0 < xz,y < 1 and z +y < 1 of the
above two equations answers for the minimal value of
the ‘distance’ (16). That is to say, besides the con-
dition (A — Ag)(n1 — na) > 0, which has been taken
into account in the derivation of the equations (17),
the other necessary condition for minimising the ‘dis-
tance’ (16), i.e. (A2—A3)(n2—n3) > 0, is satisfied auto-
matically by the solution of the above two equations,
which is also in agree with our numerical tests. Thus
the CSS of a general two-qubit ‘X’ state (9) could be
found through the following two steps: (i) diagonalis-
ing the density matrix in decreasing order, and finding
out the corresponding unitary matrix U in Egs. (10);
(ii) solving the two binary equations (17) and substi-
tuting the result into the Eqgs. (11) and (14), then we
derive the target CSS. The corresponding REE could
be calculated through Eq. (16), with A; and n; (i = 1,
2, 3, 4) being the eigenvalues of the original two-qubit
state and its CSS, which are diagonalised by the same
unitary matrix.

The above discussion does not always keep valid
for all two-qubit ‘X’ states. Just as is displayed
in Eqgs. (14), the final equality is valid only when
cos(20) # 0, which implies an extra restriction on the
density matrix (9), pa2 # p33. Now we discuss the two
exceptions associated with pss = p33. The first case
is to assume the two elements pos and pz3 in Eq. (9),
which equal to each other now, to be non-zero num-
bers. The corresponding CSS in form of Egs. (11) and
(14) should be revised as,

011 0 0 +x

0 T o 0
o= % (18a)
0 032 & 0
+x 0 0 044
with
1
=57 F zetg(2a),
1
O =5 = + zctg(2a),
Az — A
O3 = 039 = For2u (18b)

Ao+ A3

and only one variable z is left. Just like the case
discussed above, here the choice of ‘+’ or ‘-’ in the
equations (18), which is determined by the value
of sin(2a) and cos(23), is to satisfy the condition
(A1 = Ag)(m —ma) > 0 and (A2 — Az)(n2 —m3) > 0 (A
and n; (i = 1,2,3,4) are the eigenvalues of the density
matrices p and o). Following the same method used

above, we can obtain the equation for variable z,

)\1 + /\4
| sin(2a)| B | sin(2a)|
2(1 — | sin(2a)]) 2(1 + | sin(2w)])

Gt (19)
whose solution gives birth to the CSS of the two-
qubit ‘X’ state (9) under the restriction pos = p33 (#
0). The corresponding REE can also be calculated
through Eq. (16).

The other exception with zero-elements ps; and
ps33 in the density matrix (9), which also implies
P23 = ps2 = 0, is much easier to treat. Here we di-
rectly present its CSS,

o = diag (p11,0,0, paa) , (20)
and its REE,

Er(p) = MInAy + Alndg — p111nprr — paaIn pay,
(21)

where A\; and A4 are the two non-zero eigenvalues of
the density matrix (9) under the restriction pyy =
p33 = 0.

Thus we have finished the discussions of the CSS
and REE of all possible types of two-qubit ‘X’ state.
By solving a two binary equations (17) or a single
variable equation (19), we can find out the CSS and
REE of a two-qubit ‘X’ state. The validity of this ap-
proach has already been tested by us through three
examples of a rank-3 state, a Werner statel26! and a
pure state, and all results agree well with the previous
ones in Refs. [4] and [27], where some of the results
are achieved by a numerical method and no analytical
proof is presented there.

4. Conclusion

To summarise, quantum relative entropy can be
used to measure the ‘distance’ (or ‘closeness’) be-
tween two quantum states, which is independent of
the number of subsystems and their dimensionality.
We proved that two closest single-qubit states, with
one of them having a restriction, should be able to be
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diagonalised by the same matrix, which is a very use-
ful theorem. If it can be extended to high dimensional
and multipartite systems, such as the case of a two-
qubit ‘X’ state with pog # p33, discussed in Section 3,
the issue on finding the relative entropy of entangle-
ment (REE) and the closest separable state (CSS) of
a quantum state can be much simplified. By applying
this theorem into the case of two-qubit ‘X’ states, we
formulate two binary equations for the REE and CSS
of a given two-qubit ‘X’ state. The validity of this
method is tested through three examples, including a

rank-3 state, a two-qubit Werner state and two-qubit
pure states. The final results well agree with the pre-
vious ones discussed in the literature. In fact, all the
examples of entangled two-qubit state with analytical
REE and CSS, discussed in Refs. [3,4,13-17], can be
easily explained by using our formula. As another im-
portant property expected for the REE, the REE of
a bipartite state should be bounded by the entangle-
ment of formation of the same state, which is satisfied

by the examples mentioned here.
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