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We investigate the entanglement dynamics via the concurrence of two distant atoms interacting off-resonantly with

two cavity fields in Fock states, respectively. We find that the evolution of entanglement has sudden death and sudden

birth phenomena, that with the increase of photon numbers in the two cavities, the alternate frequency of sudden

death and sudden birth turns fast, and that the amplitude of concurrence oscillates regularly with oscillation frequency

becoming slow when the cavity fields have the same photon numbers. While, the maximum of concurrence declines

and the amplitude of concurrence oscillates irregularly when the two cavity fields have different photon numbers. In

addition, we find the length of death time is dependent on the initial entanglement.

Keywords: entanglement dynamics, interacting off-resonantly, Fock state, sudden death and sudden
birth

PACC: 0365, 4250

1. Introduction

Entanglement, a bizarrerie in quantum field, plays
an important role in quantum physics. As is well
known, the entanglement can not only be used to
study nonlocal and nonclassical characteristics of
quantum particles, but also, as a valuable resource,
have extensive applications in quantum communica-
tion and quantum computation,[1,2] such as quantum
key distribution,[3] quantum teleportation,[4] quan-
tum error correction.[5] However, the decoherence pro-
cesses caused by the influence of the environment of-
ten easily destroy entanglement and furthermore cause
noise in the communication or errors in the computa-
tion results. Therefore, improving our understanding
of entanglement dynamics and properties will help us
to develop strategies for manipulating and quantifying
the entanglement degree efficiently. Recently, Yu and
Eberly[6] investigated the time evolution of entangle-
ment of a bipartite qubit system undergoing various
modes of decoherence. They found that for certain
states the entanglement decays exponentially with
time even if in the absence of interaction, while for
other closely relevant states the entanglement vanishes
completely in a finite time. This phenomenon, known
as ‘entanglement sudden death’ (ESD), is so intriguing

that it has stimulated a lot of theoretical[7−19] and ex-
perimental studies[20−22] recently. Yönac et al.[8,10] in-
vestigated the entanglement dynamics via the concur-
rence of atom–atom, atom–cavity and cavity–cavity
in a system with two isolated atoms interacting with
their vacuum cavities respectively. They showed that
for the |Ψ〉AB type of initial state, ESD does not oc-
cur, contrary to that for the |Φ〉AB type of initial state,
which often has ESD phenomenon. Zhang et al.[16]

studied the entanglement dynamics of strongly driven
atoms off-resonantly coupled with cavity fields in vac-
uum states. They found that sudden death of entan-
glement always occurs if the atom–field coupling is
larger than the atom–field detuning. Li et al.[9] also
investigated the entanglement dynamics via concur-
rence and negativity of two space-separated atoms:
one of them is in a cavity in Fock state, and the other
is isolated completely. They showed that the length
of the death time is not dependent on the degree of
entanglement of the initial state. Moreover, they in-
dicated a little inconsistency of the concurrence and
the negativity in two-qubit states.[23]

In the present paper, we investigate the entan-
glement dynamics of two distant two-level atoms,
trapped in two Fock-state cavities and interact off-
resonantly with the two cavities, respectively. We
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mainly investigate the influence of photon number,
the detuning between the frequency of atom transi-
tion and the frequency of cavity field, and the initial
entanglement, on the degree of entanglement of the
two distant atoms. We also compare concurrence with
negativity of their evaluation about the degree of en-
tanglement of the two atoms.

2. The model

We consider that two entangled distant two-level
atoms A and B, with configuration shown in Fig. 1,
interact off-resonantly with two cavities a and b, re-
spectively. The interaction Hamiltonian of the system

can be written as

H = HA + HB

= λA(a|e〉A〈g| e−iδAt + a†|g〉A〈e| e iδAt)

+ λB(b|e〉B〈g| e−iδBt + b†|g〉B〈e| e iδBt), (1)

where λA (λB) is the coupling constant between the
atom A (B) and the cavity a (b), a (b) and a† (b†) are
the annihilation operator and the creation operator of
photons in a (b) mode, respectively. The detunings
δA = weA−wgA−wa and δB = weB−wgB−wb, where
wa (wb) is the frequency of cavity field a (b) and weA

(weB) and wgA (wgB) are the frequencies associated
with the levels |e〉 and |g〉 of atom A (B), respectively.
We assume that the two cavities are initially prepared
in the Fock states |n〉a and |n〉b.

Fig. 1. Schematic setup of the system model.

In order to describe the entanglement dynamics
we first need to introduce two kinds of measurements
of entanglement, concurrence and negativity. For any
two-qubit system, the concurrence is described by

C(ρ) = max{0,
√

λ1 −
√

λ2 −
√

λ3 −
√

λ4}, (2)

where the quantities λi(i = 1, 2, 3, 4) are the eigen-
values in decreasing order of the matrix ρ(σy ⊗
σy)ρ∗(σy⊗σy), with ρ∗ denoting the complex conju-
gation of the density matrix ρ and σy being the Pauli
matrix. If a density matrix has the ‘standard’ form of
two-qubit mixed state,[7]




a 0 0 w

0 b z 0

0 z∗ c 0

w∗ 0 0 d




, (3)

the concurrence can be easily obtained as

C(ρ) = 2 max
{

0, |z| −
√

ad, |w| −
√

bc
}

. (4)

The rescaled negativity is given by

N(ρ) = 2 max



0,−

∑

j

µj



 , (5)

where µj are the negative eigenvalues of ρTX , and TX

denotes the partial transpose with respect to the sys-
tem X. If a density matrix has the ‘standard’ form of
two-qubit mixed state as shown in Eq. (3), the nega-
tivity can be obtained as

N(ρ) = max
{

0,
[
−(b + c) +

√
(b− c)2 + 4|w|2

]

+ [−(a + d) +
√

(a− d)2 + 4|z|2]
}

. (6)

If z = 0, then N(ρ) = max
{
0,−(b + c) +√

(b− c)2 + 4|w|2}, while if w = 0, then N(ρ) =
max

{
0,−(a + d) +

√
(a− d)2 + 4|z|2}.
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3. Entanglement dynamics of atoms A and B

When atoms A and B are initially in the state |Ψ〉AB = (cos α|eg〉 + sin α|ge〉)AB, the initial state of the
system is

|Ψ(0)〉ABab = (cos α|eg〉+ sinα|ge〉)AB|nn〉ab. (7)

After the interaction time t, the total system of the atom and cavity will evolve into the state

|Ψ(t)〉ABab = (x1(t)|e, e, n, n− 1〉+ x2(t)|e, e, n− 1, n〉+ x3(t)|e, g, n, n〉+ x4(t)|e, g, n− 1, n + 1〉
+x5(t)|g, e, n, n〉+ x6(t)|g, e, n + 1, n− 1〉+ x7(t)|g, g, n, n + 1〉+ x8(t)|g, g, n + 1, n〉)ABab, (8)

where xm(t), (m = 1, 2, . . . 8) are probability amplitudes. Substituting Eqs. (1) and (8) into the time-dependent
Schrödinger equation, we can obtain the differential equations for the probability amplitudes as follows:

ix′1(t) = λBx3(t)
√

nb e−iδBt + λAx6(t)
√

na + 1 e−iδAt,

ix′2(t) = λBx4(t)
√

nb + 1 e−iδBt + λAx5(t)
√

na e−iδAt,

ix′3(t) = λBx1(t)
√

nb e−iδBt + λAx8(t)
√

na + 1 e−iδAt,

ix′4(t) = λBx2(t)
√

nb + 1 e−iδBt + λAx7(t)
√

na e−iδAt,

ix′5(t) = λAx2(t)
√

na e−iδAt + λBx7(t)
√

nb + 1 e−iδBt,

ix′6(t) = λAx1(t)
√

na + 1 e−iδAt + λBx8(t)
√

nb e−iδBt,

ix′7(t) = λAx4(t)
√

na e−iδAt + λBx5(t)
√

nb + 1 e−iδBt,

ix′8(t) = λAx3(t)
√

na + 1 e−iδAt + λBx6(t)
√

nb e−iδBt. (9)

Solving numerically the differential equations of Eq. (9) with initial conditions x1(0) = x2(0) = x4(0) =
x6(0) = x7(0) = x8(0) = 0, x3(0) = cos α, and x5(0) = sinα, we can obtain the numerical solutions of the
probability amplitudes xm(t), (m = 1, 2, . . . 8). For simplicity, we assume that δA = δB = δ, and λA = λB = λ.
By tracing out the two cavity modes, we calculate the reduced density matrix ρAB. The reduced density matrix
ρAB can be written in the basis {|ee〉AB, |eg〉AB, |ge〉AB, |gg〉AB} as




|x1(t)|2 + |x2(t)|2 0 0 0

0 |x3(t)|2 + |x4(t)|2 x3(t)x∗5(t) 0

0 x∗3(t)x5(t) |x5(t)|2 + |x6(t)|2 0

0 0 0 |x7(t)|2 + |x8(t)|2




. (10)

We use the concurrence to measure the degree of entanglement. Because the matrix ρAB has the ‘standard’
form of two-qubit mixed state, the concurrence can be calculated from

CAB = 2 max
{
0, |x3(t)x∗5(t)| −

√
(|x1(t)|2 + |x2(t)|2)(|x7(t)|2 + |x8(t)|2)

}
. (11)

We first consider small detuning for δ = λ (dash line). From the dash lines of Figs. 2(a)–2(c) it can be seen
that there are sudden death and sudden birth phenomena when the cavity fields are in Fock states. We can
also see that with the increase of photon number in the two cavities, the alternate frequency of sudden death
and sudden birth turns fast and the amplitude of concurrence oscillates regularly with oscillation frequency
becoming slow when the photon numbers na = nb = n. Figure 2(d) shows that when na 6= nb, the maximum of
concurrence declines and the amplitude of concurrence does not oscillate regularly.
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Fig. 2. Concurrences as a function of λt with the initial atomic state |Ψ〉AB = (cos α|eg〉 + sin α|ge〉)AB for δ = λ

(dash line), δ = 30λ (solid line) and (a) na = nb = 1, (b) na = nb = 3, (c) na = nb = 5 and (d) na = 5, nb = 10

with α = π/4.

For large detuning, that is, δ = 30λ, it can be seen from the solid lines of Figs. 2(a)–2(d) that the sudden
death and sudden birth disappear and the average concurrence increases obviously. That is to say, enlargement
of the detuning can increase the degree of entanglement.

When atoms A and B are initially in the state |Φ〉AB = (cos α|ee〉 + sin α|gg〉)AB, the initial state of the
system is

|Ψ(0)〉ABab = (cos α|ee〉+ sinα|gg〉)AB|nn〉ab. (12)

After the interaction time t, the total system of the atom and cavity will evolve into the state

|Ψ(t)〉ABab

= (x1(t)|e, e, n, n〉+ x2(t)|e, e, n− 1, n− 1〉+ x3(t)|e, g, n, n + 1〉+ x4(t)|e, g, n− 1, n〉
+x5(t)|g, e, n + 1, n〉+ x6(t)|g, e, n, n− 1〉+ x7(t)|g, g, n + 1, n + 1〉+ x8(t)|g, g, n, n〉)ABab. (13)

Substituting Eqs. (1) and (13) into the time-dependent Schrödinger equation, we can obtain the differential
equations for the probability amplitudes as follows:

ix′1(t) = λBx3(t)
√

nb + 1 e−iδBt + λAx5(t)
√

na + 1 e−iδAt,

ix′2(t) = λBx4(t)
√

nb e−iδBt + λAx6(t)
√

na e−iδAt,

ix′3(t) = λBx1(t)
√

nb + 1 e−iδBt + λAx7(t)
√

na + 1 e−iδAt,

ix′4(t) = λBx2(t)
√

nb e−iδBt + λAx8(t)
√

na e−iδAt,

ix′5(t) = λAx2(t)
√

na + 1 e−iδAt + λBx8(t)
√

nb + 1 e−iδBt,

ix′6(t) = λAx1(t)
√

na e−iδAt + λBx7(t)
√

nb e−iδBt,

ix′7(t) = λAx3(t)
√

na + 1 e−iδAt + λBx5(t)
√

nb + 1 e−iδBt,

ix′8(t) = λAx4(t)
√

na e−iδAt + λBx6(t)
√

nb e−iδBt. (14)

Solving numerically the differential equations of Eq. (14) with initial conditions x2(0) = x3(0) = x4(0) =
x5(0) = x6(0) = x7(0) = 0, x1(0) = cos α, and x8(0) = sinα, we can obtain the numerical solutions of the
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probability amplitudes xm(t),m = 1, 2, . . . 8. Here we also assume that δA = δB = δ, λA = λB = λ. By tracing
out the two cavity modes, we can obtain the reduced density matrix ρAB,




|x1(t)|2 + |x2(t)|2 0 0 x1(t)x∗8(t)

0 |x3(t)|2 + |x4(t)|2 0 0

0 0 |x5(t)|2 + |x6(t)|2 0

x∗1(t)x8(t) 0 0 |x7(t)|2 + |x8(t)|2




(15)

in the same basis as that of Eq. (9). We also use the concurrence to measure the degree of entanglement.
Similarly, the matrix ρAB of Eq. (15) has the ‘standard’ form of two-qubit mixed state,[7] so the concurrence
can be obtained as

CAB = 2 max
{
0, |x1(t)x∗8(t)| −

√
(|x3(t)|2 + |x4(t)|2)(|x5(t)|2 + |x6(t)|2)

}
. (16)

Similarly, we consider the cases of small and large detunings. From Fig. 3 we can see that when δ = λ, the
evolutions of concurrence (dash lines) have similar forms to those shown in Fig. 2 with the atoms initially in
state |Ψ〉AB = (cos α|eg〉 + sin α|ge〉)AB. When δ = 30λ, it can be seen from the solid lines in Fig. 3 that the
sudden death and sudden birth disappear, which is the same as the scenario in Fig. 2. However, there is a small
difference in the peak of the evolution curve of the concurrence between Figs. 2 and 3.

Fig. 3. Concurrences as a function of λt with the initial atomic state |Φ〉AB = (cos α|ee〉 + sin α|gg〉)AB for δ = λ

(dash line), δ = 30λ (solid line) and (a) na = nb = 1, (b) na = nb = 3, (c) na = nb = 5 and (d) na = 5, nb = 10

with α = π/4.

Now, we discuss the effect of the degree of entanglement of initial state on the death time. From Fig. 4 we
find that the length of death time is dependent on the degree of entanglement of the initial atomic state, and
the smaller the initial degree of entanglement, the longer the sudden death time is. This property is different
from the result in Ref. [9].
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Fig. 4. Concurrences as a function of λt with the initial atomic state (a) |Ψ〉AB = (cos α|eg〉+ sin α|ge〉)AB and (b)

|Φ〉AB = (cos α|ee〉+ sin α|gg〉)AB for δ = λ, na = nb = 1 and α = π/4 (solid line), α = π/16 (dash line).

Next, we make a comparison between concurrence and negativity of their evaluations on the degree of
entanglement. By comparing concurrence with negativity of their evaluations on degree of entanglement as
shown in Fig. 5, we find that for initial atomic state |Ψ〉AB = (cos α|eg〉+sin α|ge〉)AB, there is a small difference
between concurrence and negativity, whereas the evaluations of concurrence and negativity are equivalent (the
dash line and the solid line become one line in Fig. 5(b)) for initial atomic state |Φ〉AB = (cos α|ee〉+sinα|gg〉)AB.

Fig. 5. Concurrences (solid line) and negativities (dash line) as a function of λt with the initial atomic state (a)

|Ψ〉AB = (cos α|eg〉+ sin α|ge〉)AB and (b) |Φ〉AB = (cos α|ee〉+ sin α|gg〉)AB for δ = λ, na = nb = 1 and α = π/4.

4. Discussion and conclusion

We have described the entanglement dynamics of two distant two-level atoms interacting off-resonantly with
two Fock-state cavity fields, respectively. We have found that the evolution of entanglement has interesting
sudden death and sudden birth phenomena. With the increase of photon numbers in the two cavities, the
alternate frequency of sudden death and sudden birth becomes fast and the amplitude of concurrence oscillates
regularly with oscillation frequency becoming slow when the two cavity fields have the same photon numbers
and are in small detuning, while, the sudden death and sudden birth disappear and the average concurrence
is largely increased when the cavities are in large detuning. That is to say, we can enlarge the detuning of
the cavities to improve the degree of entanglement. Whereas, when the two cavity fields have different photon
numbers the maximum of concurrence declines. This character shows that we can keep the two cavities having
the same photon numbers to obtain high concurrence. Furthermore, different from the result in Ref. [9], the
length of death time is dependent on the degree of entanglement of the initial state. We have compared
concurrence with negativity of their evaluations about degree of entanglement and find that there is a small
difference between concurrence and negativity for initial atomic state |Ψ〉AB = (cos α|eg〉+ sin α|ge〉)AB, which
has not been explained convincingly due to the fact that concurrence and negativity are not observables and
cannot been represented by Hermitian operators. But for initial atomic state |Φ〉AB = (cos α|ee〉+sin α|gg〉)AB,
the evaluations of concurrence and negativity are equivalent.
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