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In this paper, the generalised two-dimensional differential transform method (DTM) of solving the time-fractional
coupled KdV equations is proposed. The fractional derivative is described in the Caputo sense. The presented method
is a numerical method based on the generalised Taylor series expansion which constructs an analytical solution in the
form of a polynomial. An illustrative example shows that the generalised two-dimensional DTM is effective for the
coupled equations.

Keywords: fractional coupled KdV equations, Caputo fractional derivative, differential transform
method, approximate analytic solution

PACC: 0260, 0420J, 0290

1. Introduction

In the last decade, the fractional differential equa-
tions have been widely used in various fields of physics
and engineering. The analytical and the numerical
approximations of such problems have attracted great
attention and become a considerably interesting sub-
ject in mathematical physics. Some powerful meth-
ods including the Adomian decomposition method,!*2
variational iteration method,!®# homotopy analysis

method[®8 and fractional difference method!™8! have

been developed to obtain exact and approximate ana-
lytic solutions. Among these solution techniques, the
Adomian decomposition method and the variational
iteration method are more clear and realistic meth-
ods of solving fractional differential equations, because
they give the approximate solutions of the considered
problems without performing any linearization or dis-
cretization.

In this paper, we consider the analytical solutions
of the coupled KdV equations with time-fractional
derivatives of the form!"]
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where a and b are constants; « and [ are parame-
ters describing the order of the time-fractional deriva-
tives of u(z,t) and v(x,t), respectively. The functions
u(zx,t) and v(z,t) are assumed to be the causal func-
tions of time and space, i.e., vanishing for ¢ < 0 and
x < 0. The fractional derivatives are considered in the
Caputo sense. In the case where « = f =1, Eq. (1)
reduces to the classical coupled KdV equations.10-13]

The differential transform method was proposed

\
first by Zhou in 1986 to study electric circuits.!'*l The

differential transform is an iterative procedure based
on the Taylor series expansion which constructs an
analytic solution in the form of a polynomial. The
method is well addressed in Refs. [15]-[23]. Recently,
the generalised differential transform method of ob-
taining approximate analytic solutions of some lin-
ear and nonlinear differential equations of fractional
order24=26] is developed. The aim of the present
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dimensional differential transform method (DTM) to I'(m
the approximate solution of Eq. (1).

paper is to directly extend the the generalised two- 1 ) /T(x _ t)m—u—lf(m)(t)dt7
—v) )

form—1<v <m,and m € N,z > 0. Here, J} is the

There are several definitions of a fractional deriva- Riemann-Liouville integral operator of order p > 0,

tive of order a > 0. Here, we mention the basic defi-  jefined by
nitions of the Caputo fractional-order integration and N
differentiation,m’?s} which are used in the following. Jé‘f(x) = % / (v — t)“*lf(t)dt7 p> 0.
Definition 1 The fractional derivative of f(x) () Jo

in the Caputo sense is defined as Definition 2 For m to be the smallest integer

that exceeds «, the Caputo time-fractional derivative

D" f(x) = Jy D™ f(x) of order o > 0 is defined as
|
) 5o ﬁ fot(t - f)mo‘lagéi’g)df, for m—1<a<m,
Dfulz.t) = F M u(z,t)
Tm’7 for « =m € N.

The Caputo fractional derivative is considered here because it allows traditional initial and boundary
conditions to be included in the formulation of the problem. For more information about the mathematical
properties of fractional derivatives and integrals, one can consult the aforementioned references.

2. Generalised two-dimensional DTM

Consider a function of two variables, u(z,y), and suppose that it can be represented as a product of
two single variable functions, i.e., u(z,y) = f(x)g(y). Based on the properties of generalised two-dimensional
differential transform, the function u(x,y) can be represented as

u(z,y) = 3 Falk) @ — 20 S Gah)(y —10)" = SN Uslby ) (@ — 20) " (y — )™, (2)
k=0 h=0

k=0 h=0
where 0 < «,8 < 1, and U, g(k,h) = Fo(k)Gg(h) that is called the spectrum of u(z,y). The generalised
two-dimensional differential transform of the function u(z,y) is given by

I(ak + 1)1F(6h 1) (D2 (Dyo) (@, 9))zo.10): (3)

where (Dgﬂ)’C = Dg Dy ...Dg , kis times. In the case where o = 1 and 8 = 1, the generalised two-dimensional

Ua,p(k,h) =

differential transform (3) reduces to a two-dimensional differential transform.
The fundamental theorems of the generalised two-dimensional differential transform are as follows.
Theorem 1 Suppose that Uy g(k, h), Vs g(k, k) and W, g(k, h) are the differential transformations of the
functions u(z,y),v(x,y) and w(z,y), respectively.
(a) If w(z,y) = v(z,y) £ w(z,y), then Uy, g(k, h) = Vo g(k, h) £ Wo g(k, h).
(b) If u(z,y) = av(z,y),a € R, then U, g(k, h) = aVy g(k, h).
(c) If u(z,y) = v(z, y)w(z,y), then Uy s(k,h) = Sk S Vo g(r,h — §)Wao gk — 1, 5).
(d) If u(w,y) = (x — 20)"(y — yo)™", then U, 5(k,h) = 5(k — n)d(h — m).
I'(a(k+1)+1)
( I'(ak +1)
Theorem 2 If u(z,y) = f(x)g(y), function f(z) = 2*h(x), where A > —1 and h(z) has the generalised
Taylor series expansion h(z) = > 7 an(z — 20)*", and
(i) 8 < A+ 1 and « arbitrary or
(ii) 8 > A+ 1, a arbitrary and a,, =0 for n =0,1,...,m — 1, where m — 1 < 8 < m,
then the generalised differential transform (3) becomes
1
I'lak+1)I'(Bh+1)

e) If u(x,y) = Dg v(x,y),0 < a <1, then Uy g(k, h) = Va,g(k+1,h).

Ua,p(k,h) =

[Dgf(Dgo)hu(% y)](woﬂo)?
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If u(z,y) = D} v(x,y),m —1 <y <m, and v(z,y) = f(x)g(y), then

I'(ak+~v+1)

ws(k, h) =
Uao(, h) I(ok +1)

Va,g(k —|—’Y/Oz,h).

The details of some properties can be found in Ref. [29].

3. Application and result

Example Consider the following time-fractional coupled KdV equations:

0%u O3y ou ov

ot ox3 6uax+gv&c’ t>0, <azh (4)
dPv v ov

otp ox3 3U8m7 >0, 0<f=l,

subject to the initial conditions

4CQeca: 462€cm
U(.T,O) = m, 'U(SU,O) = m (5)
The exact solutions of Eq. (4), for the special case where a = 8 = 1, given in Ref. [30], are
42 c(z—c?t)
u(z,t) = v, t) = —— (6)

(1 + ec(azcht))Q ?

where c is an arbitrary constant.
Suppose that the solutions u(x,t) and v(z,t) can be represented as the products of single-valued func-
tions, apply the generalised two-dimensional differential transform to both sides of Eq. (4), and use the related

theorems, then we will have

I(a(h+1)+1)

T(ah+1) Ura(byh+1) = —(k+1)(k +2)(k 4+ 3)U1,o(k + 3,h)

(k+1—r)Ura(r,h—s)Uio(k+1—1,9)

™=
M- i

-6

r=0

Bl |

+3 (k+1—rVig(r,h—s)Viglk+1—rs), (7)

r=

<
I
o

S

and

WVW(’“ h+1) = —(k+1)(k +2)(k + 3)Vi g(k + 3,h)

k h
=3 Y (k+1=1)Ura(r,h—s)Vig(k+1-7,5). (8)

r=0 s=0
The generalised two-dimensional differential transforms of the initial conditions can be obtained as follows:
U1,a(k,0) = V1 5(k,0)=0, if k=1,3,5,...,
ULOC(O,O) ZVLQ(O,O) 282, Ul,o((Q,O) = V17g(270) = —64/47 U17a(4,0) = V175(4,O) =C6/24,....

Utilizing the recurrence relations (7), (8) and the transformed initial conditions, we can obtain all the
U1, a(k, k) and V4, g(k, h) with help of MATHEMATICA. Moreover, substituting all Uy, o(k, h) and V4, g(k, h)
into Eq. (2) yields the series form solutions of Eq. (4) as

u(x,t) = uy(z,t) + ua(z, t) + us(x, t) + ug(x,t) + ...,
v(x,t) = vi(x,t) + va(x,t) + vs(x,t) +vg(x,t) + ...,
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where
c* b 178 310
Ne2_ 2,6 4 6 8.
ui(et) = ¢ = a4 opat = 550 T aos0” T
® A 4 170 o 31 L 691t e
=25 - i G —
uz(2, 1) {zx 6" T a0 " " s0a0” T 72s760" }F(1+a)’
3¢ 219, 47!, 251t 5536 I'l+a)
=42 - - O i Sl
us(2, ) {(2 R T N TVT I )F(H—,@)
P 25¢10 22 79c12 o 163c! _ 769c16 8 2o
8 48 288 5040 )T +2a)
3c!? 143 91! o 181 . 617870 I'(1+42a)
=X o- - ) )
ua(,t) {( 2T T 60" T Tra0 U Y Toemes0 ” )F2(1+ﬁ)
(B AL L 06TCS 96050 o 2018563 r+a)
4 4 80 13440 967680 )T+ B)
(g, 2358200 2T6413CIS L 21200472
3 30 40320 725760
3c12 91cl6 . 181c!S . 61787c r(1+2a)
_ 9cl4 3 _ 5 7 9,
+< g TR T T T o U T Tasssa0 ¢ 21+ a)
N 3012:,; N 35cM S 169616x5 N 389018x7  127511c% 49 I'(1+2a)
1 8 40 168 138240 ) T(1+28)
N 9(:12$ 33cM o 249c16 5 3401c!® I'(l1+2a)l (14 3) tde
2 8 40 1120 )T+ a) (1 +26) J T(1+3a)°
and
c* b 178 3110
N2 2, C a4 6 8
vl t) = ¢ = a4 o — oese® Y aosae” T
ool t) = éw B gxg N 17(:10365 B 31c12$7 N 691 2 tP
AR =126 480 5040 725760 ST +8)

v (J} t) - — f — QxQ + 31612 1‘4 _ 211014.1'6 3653016 1‘8
R 2 4 96 1440 80640
+
+

3¢9 5 2, 91 o 1816 t28
S S - . \ra L
( T T T 300 © T > ( +ﬁ)}F(l+2ﬁ)’

15¢12 125¢14

vz, t) = 23 +13c1%2° —

18203¢!8 . 255125¢%0 )F(l +0)

2 YT TR 2688 | 96768 r(1+a)
25¢12 40ct 1109¢16 49949¢18 14282710
_ " N o 27— 9
4 3 96 8064 530608
(8¢ L s 0L o 181K o GITETEY r(1+208)
1 180 840 967680 Id+a)l(1+05)
(g €M 5 6790 S SASSTCS L LTSTEY o\ I(1+20)
16 160 26380 967680 T(1+2a)

N 9c!?2  75cM 3+147616 5 32718 I'(l+a)l(1+283) t30
. T

P T 0 °7 192 T(1+B)I(1+2a) [ T(1+36)

The closed forms of uy(x,t), us(z,t), ug(x,t) and ug(z,t) are

4CQecm
up(z,t) = Tty
" (m t) B 862cz B 47 c5ta
AU T 0 +er)p  (1+e)? [T(1+a)
480e3°® 96e%* 1 I'(1+ «) 4e® 72e2c® 480e3¢® B2e
us(z,t) = - + + - ,
(I+e=)8  (1+e=)* | I'(1+70) (I+e=)2  (1+e=)r (Q1+e=)8]|] (14 2a)

110203-4



Chin. Phys. B Vol. 19, No. 11 (2010) 110203

(1+e)2 (14 ecx)5 + (14e=)7  (1+e=)"|I2(1+0)
96e2°% (—8 + 99e* — 253e2° + 253e3¢% — 99e1¢® 4 8e7°%) '(1 + «)
a (1 4 ecx)? r(1+p)
+4em(—1 — 185e” + 2475e2°" — 5981e3°® + 5981e1” — 2475657 4 1855 + e7¢)
(1 + ecac)g
+9662“’(—1 + 5e® — Heet 4 e3¢7) ['(1 4 2a)
(1 + eco)T r2(l+a)
96e2° (—1 + 24e°* — T1e2°® + 71e3°® — 24e%°® 4 %) ['(1 + 2a)
(14 ecx)? I'(1+2p3)
576e3°T(—3 + 13e°® — 132 + 3e3®) I'(1 +2a) (1 + B) | i3
a (14 ecz)? F(l—l—a)F(l—l—Qﬁ)}F(l—F?)a)'

ug(x,t) =

H 360" 120e2° 168¢2° 408¢5er 1 (1 4 2av)

The closed forms of vy (x,t), va(x,t), v3(x,t) and vy(x,t) are
B 4c2ecx
- (]_ + ecw)2 ’
Se2ex 4e” 8
} ra+p)

vy (z, 1)

(1 +ecm)3 (1 +ecx)2

(1+ec®)6 (14 ecow)? * (1 +ec®)? (1+e)t  (1+ e“”)dr(1 +6) T(1+28)
8427 (—1 4 15e°* — 5062 + 50e3¢* — 15e1°% 4 ¢%%) I'(1 4 )
(1+ecx)9 I'l+a)
46 (—1 4 139 — 1521 + 4675e3¢% — 4675e*°® + 1521e7°" — 139e0 + e7e%)
(1+ )9
480267 (—1 + e — 5e2¢* 4 e3°%) (1 + 20)
* (I + o) FA+a)l(1+p)
| 48efH (=1 — 21e + 100e?" — 100e3¢% + 21ee® 4 %) ['(1 4 20)
(1 +eco)? r(1+2a)
1152e3¢ (—1 + 4e® — 4e?e® 4 e3%) (1 4+ a)[(14+28) ) 138
a (1 4 ecx)? F(1+ﬁ)F(1+2a)}F(1+3ﬁ)'

192¢3¢@ 72e2c" 4e* 48e2%¢® 192¢3¢@ A28
I(
{ 3
_|_

The approximate solutions of Eq. (4) in the finite series form are given by

U(Jf,t) :ul(x,t)+u2(x,t)+u3(m,t)—|—u4(x,t), (9)
v(z,t) = vi(x,t) + va(x,t) + v3(w, 1) + va(z, 1) (10)
The exact solution (6) and the approximate solutions (9) and (10), for the special case where a = 8 = 1,

are shown in Fig. 1. It can be seen from Fig. 1 that the solutions obtained by the presented method are nearly
identical with the exact solution.

Fig. 1. Solutions for Eq. (4): (a) exact solution u(z,t) or v(z,t), (b) approximate solution (9), (c) approximate

solution (10), when a = 8 =c=1.
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Figure 2(a) shows the exact solutions when o = 1/3 and § = 1/5. Figures 2(b) and 2(c) display the
approximate solutions u(z,y) and v(x,y) when o = 1/3 and § = 1/5. Figure 3(a) indicates the exact solutions
when a = 0.005 and 8 = 0.002. Figures 3(b) and 3(c) exhibit the approximate solutions w(z,y) and v(z,y)
when a = 0.005 and § = 0.002. From Figs. 3(b) and 3(c), it is easy to conclude that as the time-fractional
derivative parameters o and 3 decrease, the solutions bifurcate into two waves.

Fig. 2. Solutions for Eq. (4): (a) exact solution u(z,t) or v(z,t), (b) approximate solution (9), (c) approximate
solution (10), when a« =1/3,8=1/5 and ¢ = 1.

Fig. 3. Solutions for Eq. (4): (a) exact solution u(z,t) or v(z,t), (b) approximate solution (9), (c¢) approximate
solution (10), when a = 0.005, 8 = 0.002 and ¢ = 1.

4. Conclusions

In the paper, we extend the generalised two-dimensional DTM to the solving of nonlinear fractional coupled
partial differential equations. The time-fractional KdV equations with initial conditions are chosen to illustrate
the proposed method. As a result, based on symbolic computation system MATHEMATICA, some approximate
solutions for closed forms of fractional coupled KdV equations are obtained in a high accuracy. The obtained
results demonstrate the reliability of the algorithm and its wider applicability to nonlinear fractional coupled
partial differential equations.

References [8] Chen S, Liu F, Zhuang P and Anh V 2009 Appl. Math.
Model. 33 256

(1] Li CP and Wang Y H 2009 Comput. Math. Appl. 57 1672 [9] Chen Y and An H L 2008 Commun. Theor. Phys. (Bejing,
[2] Santanu S R 2009 Commun. Nonlinear. Sci. Numer. Sim- China) 49 839

ulat. 14 1295

[3] Yulita M R, Nooran M S M and Hashim I 2009 Nonlinear
Anal. Real World Appl. 10 1854

[4] Mustafa I 2008 J. Math. Anal. Appl. 345 476

[10] Li B A and Wang M L 2005 Chin. Phys. 14 1698
[11] Qian S P and Tian L X 2007 Chin. Phys. 16 303
[12] Yang J R and Mao J J 2008 Chin. Phys. B 17 4337

[5] Jafari H and Seifi S 2009 Commun. Nonlinear. Sci. Nu- [13] Yang J R and Mao J J 2009 Acta Phys. Sin. 58 3611 (in
mer. Simulat. 14 1962 Chinese)

[6] Xu H, Liao S J and You X C 2009 Commun. Nonlinear. [14] Zhou J K 1986 Differential Transformation and its Ap-
Sci. Numer. Simulat. 14 1152 plications for Electric Circuits (Wuhan: Huazhong Uni-

[7] Zhang Y 2009 Appl. Math. Comput. 215 524 versity Press) (in Chinese)

110203-6



Chin. Phys. B Vol. 19, No. 11 (2010) 110203

Ho S H and Chen C K 1998 Appl. Math. Model. 22 219
Jang M J, Chen C L and Liy Y C 2000 Appl. Math. Com-
put. 115 145

Ravi Kanth A SV and Aruna K 2008 Phys. Lett. A 372
4671

Fatma A 2004 Appl. Math. Comput. 147 547

Chang S H and Chang I L. 2008 Appl. Math. Comput. 195
799

Chen K C and Ho S H 1996 Appl. Math. Comput. 79 173
Chang S H and Chang I L 2009 Appl. Math. Comput. 215
2486

Ravi Kanth A S V and Aruna K 2009 Chaos, Solitons and
Fractals 41 2277

23]

(24]
[25]

[26]
27]

(28]
29]

(30]

110203-7

Ravi Kanth A S V and Aruna K 2009 Comput. Phys.
Commun. 180 708

Odibata Z and Momani S 2008 Appl. Math. Lett. 21 194
Momani S, Odibat Z and Erturk V S 2007 Phys. Lett. A
370 379

Kurulay M and Bayram M 2010 Commun. Nonlinear. Sci.
Numer. Simulat. 15 1777

Podlubny I 1999 Fractional Differential Equations (New
York: Academic Press)

Caputo M 1967 J. Roy. Austral. Soc. 13 529

Momani S and Odibat Z 2008 J. Comput. Appl. Math.
220 85

Lu H J and Wang M X 1999 Phys. Lett. A 255 249



