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Punishment in optional public goods games*
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In this work, the optional public goods games with punishment are studied. By adopting the approximate best

response dynamics, a micro model is given to explain the evolutionary process. Simultaneously, the magnitude of

rationality is also considered. Under the condition of bounded rationality which provides a light to interpret phenomena

in human society, the model leads to two types of equilibriums. One is the equilibrium without punishers and the other

is the equilibrium including only punishers and cooperators. In addition, the effects of rationality on equilibriums are

briefly investigated.
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1. Introduction

How do human beings sustain collective coop-
eration among selfish individuals in the evolution-
ary games, especially in the public goods games
(PGG)? This is an interesting question because co-
operative behaviour works against Darwinian evo-
lution, in which individuals do not invest and in-
crease their fitness by exploiting the contributions
of others. If such a behaviour spreads, no one will
invest in common enterprise, which is well-known
as the social dilemma.’? A number of theories
have been suggested to explain the emergence and

They include direct[®4l
7-10]

abundance of cooperation.

and indirect®% reciprocity, punishment theories, |

spatially structured populations,*—17]

\[18,19]

asymmetric
payoff distributior and compulsory and volun-
tary participation.[20=23] Most notably, a great many
experimental evidences?*=3% have turned out that
punishment is a very efficient tool to favour coopera-
tion in PGG. However, other mechanisms will fail to
interpret the persistent of cooperation if the repeated
interactions and reputation effects are absent.

In a typically optional PGG, the sample group of
N players is chosen from a large population contin-
ually. All the players within such a group must si-
multaneously decide whether to take part in the joint

t.120=22] Loners who do not engage in

enterprise or no
the public goods games obtain a small fixed payoff o

independent of others’ decisions. Those participants

include cooperators who endow an investment into a
common pool, and defectors who do not invest any-
thing and exploit the contributions of cooperators.
The amount of money in the pool is then multiplied
by an interest rate r and divided equally among all
the participants irrespective of their contributions. If
only a single player joins in the PGG, it does no better
or worse than the loners, and gains payoff o. More re-
cently, Fowler in Ref. [26] and Brandt et al. in Ref. [27]
pointed out an advanced viewpoint that in optional
PGG, there exist punishers in additional to the above
three kinds of players. Punishers not only contribute
to the joint enterprise, but punish all those partici-
pants who fail to make contributions, or who fail to
punish defectors. If such a punishment mechanism
emerges, how does the outcome of the public good
develop?

In Ref. [26], it has been witnessed that with the
cycle attracting to loners disappearing, punishment is
easily established. Thus, this model can greatly fur-
ther that a single punisher can invade a population of
loners. Whereas, in Ref. [27], the replicator dynam-
ics lead to the bistable behaviours. They consist of
the equilibriums of cooperators and punishers and a
periodically cyclic dominance without punishers. In
this sense, the outcomes of the process relied on the
initial conditions. It is also obvious that if any kind of
player dies out during the cycle, they can not be recov-
ered forever. However, note that the former literature
is directly confirmed for large populations, the later
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denotes a micro phenomenon of infinite populations.
Thus, it is explicit that various modeling approaches
lead to different conclusions.

In this present work, we introduce another model
based on the approximate best response theory and
the magnitude of rationalities which is more natural
in social populations. It shows that different rational-
ity will lead to different results. At the same time,
we focus on that the emergence of punishers is vital
for the evolution of cooperation, and punishment is
stable.

2. Method and model

We consider a simple case that N players are ran-
domly selected from a large population. The players,
who optionally participate in PGG, consist of coop-
erators (who do not punish), defectors and punishers
(who contribute, and pay a cost v to incur a pun-
ishment 3 on the population of defectors and a cost
a7y to incur a punishment af on the population of
cooperators), and loners relying on a fixed payoff o.
Assuming x., zq, zp and z; denote the frequencies of
cooperators, defectors, punishers and loners (with the
normalization condition x. + x4 +zp + 21 = 1) respec-
tively. For simplicity and without loss of generality,
we set each cooperator’s investment equals to 1. Ac-
cording to the calculation in Ref. [27], their average
payoffs are P, Py, P and P,
sions are given below:

whose explicit expres-

P.=ox) P4 (r— 1)1 — 2N —raqF(x)
— afry(N —1) [1 - (1 —2q)N 7],

Py = o)t 4 (2 + ap)F(x1) — Bry(N — 1),
Py =) M+ (r = 1)1 -2 — ragF(m)
—ayzp(N —1) [1— (1 —zq)V 2]

—yza(N — 1),
P=co

with

— N
F(x) := 1 —1x1 <1 — Nl(l _1$1)> ) (1)

where § > 1 > « > 0 is a generic choice of parameters
and r ((14 o) < r < N) denotes the interest rate of
the games.

In this model, the evolution of the frequen-
cies is described by the approximate best response

dynamics[?6:37]

. Ci(X) .
s ox) @

with
Ci(X) = max [0, P;(X) — max,; P;(X) + K],
(7/’] =, d7 b, 1) (3)

where X = (z¢,q,21,%p) denotes the strategy pro-
file, and K characterizes the magnitude of rational-
ity. In the case of K — 0, players are perfectly ratio-
nal, where palyers always adopt the best choices, and
the final equilibrium is Nash equilibrium (NE). When
K > 0, it denotes bounded rationality and introduces
some irrational factors into the systems. This is not
completely in accordance with NE, but it is more sim-
ilar to the situation of social populations. K — oo im-
plies that players are completely irrational, and their
choices are stochastic. Thus, the magnitude of ra-
tionality has obvious effect on the equilibrium in our
model. Here, we mainly focus our analysis on the sit-
uations of bounded rationality.

3. Numerical results

First let us analyze the results of simulations per-
formed in Ref. [27] and our model. Figures 1(a) and
1(b) show the evolution of games on the face of zp = 0.
In Ref. [27], it has a neutrally stable point M which is
a NE. More importantly, this point is surrounded by
rock-scissors-paper cycles, which has been confirmed
in Refs. [20] and [21]. However, our model exhibits an
attracting point O, which is an equilibrium in the case
of bounded rationality. It clearly demonstrates that
all the strategies will finally converge to this point,
irrespective of their initial states. This outcome re-
sulting from the approximate best response theory is
also suitable for finite populations. Moreover, a single
strategy has the ability of being recovered even if it
is invaded in the micro populations, which can not be
effectively solved in Ref. [27].

Another main difference between the model in
Ref. [27] and our model is about the fixed points on
z.Tp edge. In Ref. [27], the z.xp edge consists of fixed
points. From Fig. 2(a), we know that under the same
background, initial states even existing very tiny dif-
ferences will end up with different points of z.x,, edge.
In this case, the evolutionary process depends on the
initial conditions and is unstable. Conversely, this
phenomenon can be greatly improved in our model.
Note that Fig. 2(b) illustrates only a fixed point on
the z.z, edge, which is another equilibrium under

All the states with
N—r v
N—-1N

the same condition as Fig. 1(b).

T, < zp, < 1 will reach this point, where T}, :=

110201-2



Chin. Phys. B Vol. 19, No. 11 (2010) 110201

obtained by numerical simulations is robust to a wide
range of parameters. The result suggests that it will

Td

Tc

be convenient to depict the evolutionary results under
this updating rule.

Td

Tc

Fig. 1. Imitations of population evolution for the optional PGG in Ref. [27] (a) and our model (b). The black
arrows show the varying states of cooperators, defectors and loners. The stationary points M and O denote different
equilibrium states. (parameters: N =5,r =3, =0.1, 3=1.2,v=1.0 and K = 0.4)

Td

(a)

(b)
Fig. 2. Population dynamics for punishers engaging in PGG from Ref. [27] (a) and our model (b). Symbols indicate

the results of individual-based simulation. Note the different values of point @ in both models. (parameters: N = 5,

r=3a=018=12v=1.0and K =0.4)

Of particular interest, our model also has several
characteristics in common with the model in Ref. [27].
For example, both models manifest the existence of
two kinds of equilibriums. With the initial states, they
may converge to the equilibrium on z.x, edge, or to
another equilibrium state on the face x, = 0. Due to
technological difficulties, it is not probable to explic-
itly distinguish the regions of two equilibriums in the
interior of state space Sy, namely, all strategies are
present (see Fig. 3). According to a great quantity
of simulation results, the fraction of initial states con-
verging to fixed point O (see Fig. 1(b)) is shown by

the black region in Fig. 3. In this sense, the threshold
T, N-—1
B=y T 7
ing to the value of point @ in Fig. 2(b).

value of z, is given by which is correspond-
Of course,
the other states in simplex Sy will converge to another
equilibrium point on z.x, edge, which is shown by
the gray region and has been confirmed through lots

of simulations as well. Thus, two equilibrium points

in our model are attracting points from the interior of
simplex Sy4. Notice, the later case yields the same pay-
offs for all the players, but their payoffs are different
in the former.

Last, several predictions might be made in our
model. With different magnitudes of rationality, the
equilibriums will vary. For example, under the condi-
tion of perfect rationality, the fixed point M in Fig. 4
is an NE, which is in accordance with that point in
Fig. 1(a).
ing of the magnitude of rationality is present, namely,

When the relevantly appropriate increas-

bounded rationality appears in the system, the curve
shown in Fig. 4 illustrates the variation of equilibri-
ums. Along the same line, it is obvious that in the case
of complete irrationality, there exists one and only one
equilibrium, namely, the centre of state space S;. In
this sense, all the individual choices are stochastic;

their payoffs are dominated by irrationality.
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Fig. 3. The simulation of strategies evolution for our
model in the interior of state space S4, that is, all the
strategies are present initially. The gray region denotes
the initial states converging to the equilibrium point on
Tcxp edge; the initial states that lead to the equilibrium
point on the face z, = 0 are marked by black region. (pa-
rameters: N =5, r =3, a =0.1, 5 =12, v = 1.0 and
K=0.4)

Zd

—

x) Tc

Fig. 4. The solid line shows the trajectory of equilibriums
on the face zp = 0 in our model, when the magnitude of
rationality is appropriately increasing. The point M de-
notes NE for perfect rationality, and it is the same as that
point in Fig. 1(a). (The scale of simplex is multiplied by
1/2 for clear illustration)

4. Conclusion

To sum up, this model has some important con-
clusions. First, it demonstrates: how PGG will evolve
to two equilibrium points, at which there exist pun-
ishers or not. In contrast, Ref. [27] shows that the
final equilibriums are either many closed cycles or a
series of equilibrium points consisting of cooperators
and punishers. Thus, in the long run, the evolution-
ary process is more stable in our model. Besides, the
emergence of punishers is important to solve social
dilemmas. The effect of punishment on the PGG in
our model is evident, which does not lead to the dom-
ination of punishers as Ref. [26].

In addition, our model reveals the effects of ratio-
nality on the equilibriums. Note when the magnitude
of rationality varies, the equilibriums will be variable,
namely, the equilibriums rely on the distribution of
rationality. Because most individuals are bounded ra-
tionality in real life, the case of bounded rationality is
mainly presented here.

Finally, the model studied here corresponds to the
scenarios, in which the size of selected group is small.
However, the total numbers of population are large, in
which manner the evolution of the population-society
is a challenge. In this sense, this model based on micro
phenomenon is advantageous to provide an explana-

tion for the evolution of population society.
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