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A typical biological cell lives in a small volume at room temperature; the noise effect on the cell signal transduction

pathway may play an important role in its dynamics. Here, using the transforming growth factor-β signal transduction

pathway as an example, we report our stochastic simulations of the dynamics of the pathway and introduce a linear noise

approximation method to calculate the transient intrinsic noise of pathway components. We compare the numerical

solutions of the linear noise approximation with the statistic results of chemical Langevin equations, and find that

they are quantitatively in agreement with the other. When transforming growth factor-β dose decreases to a low level,

the time evolution of noise fluctuation of nuclear Smad2–Smad4 complex indicates the abnormal enhancement in the

transient signal activation process.
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1. Introduction

Because a typical cell is on the order of only mi-

crometers in linear size and it lives in room temper-

ature environment, thermodynamic noise in a living

cell may play an important role in the dynamics of its

control system.[1−5] One of these effects is from the

intrinsic noise of the dynamic system. As a result, the

mean-field approximation, such as mass action law,

used to study the dynamics of the cell behaviour may

fail to reveal certain characteristics of the cell.[6−8]

Here, using the transforming growth factor-β (TGF-

β) signal pathway as an example, we point out that

the general condition for such effects becomes impor-

tant.

TGF-β signal pathway is essential to various as-

pects of cellular homeostasis, including proliferation,

differentiation, migration and death.[9] As shown in

Fig. 1(a), the major molecular events that comprise

TGF-β signal transduction are initiated by binding

ligands of TGF-β superfamily to TGF-β receptors to

form the active signaling complex. Activated recep-

tors phosphorylate receptor-regulated Smads, which

form homomeric complexes and heteromeric com-

plexes with Smad4. Then activated Smad complexes

accumulate in the nucleus, where they directly regu-

late the transcription of target genes.[10−13] Malfunc-

tions of TGF-β downstream signal are involved in seri-

ous human diseases, inter alia, many cancers, fibrosis,

wound-healing disorders.[9,14,15]

Several mathematical models of TGF-β signal

pathway have recently been published.[11,16−18] Most

of them used deterministic ordinary differential equa-

tions (ODEs) to describe dynamical behaviours. Usu-

ally in these studies was also performed the sensitivity

analysis on parameters. This kind of external pertur-

bation to systematic parameters is also defined as ex-

ternal noise from parametric variations in a system.[4]

However, the intrinsic noise in the signal transduc-

tion pathway has been rarely investigated.[1] To study

the intrinsic noise, researchers start from the master

equations, and usually use two approaches, i.e., the

brute force numerical stochastic simulation such as

Gillespie’s stochastic simulation algorithm (SSA) or

its derivatives, and the approximate methods.[19−21]

Two frequently employed approximate methods are

the chemical Langevin equations (CLEs) and the lin-

ear noise approximation (LNA).[3,4,21−26]
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Fig. 1. Model scheme and time course of nuclear Smad2–

Smad4 complex. Panel (a) shows the Smad activation and

nucleocytoplasmic shuttling network used for modeling.

Single-headed arrows indicate the irreversible reactions.

Double-headed arrows indicate reversible reactions. Reac-

tion 1 indicates the receptor activation by TGF-β bind-

ing. Reaction 2 indicates the irreversible phosphorylation

of Smad2 by active receptor. Reactions 3A and 3B in-

dicate the formation of cytoplasmic and nuclear Smad2–

Smad4 complex. Reactions 4A and 4B indicate the forma-

tion of Smad2 homomeric complex in both the cytoplasm

and the nucleus. Reactions 5 to 9 indicate the uni- or bi-

direction shuttling of various Smad components between

the cytoplasm and the nucleus, respectively. Reaction 10

indicates the dephosphorylation of phosphor-Smad2 by its

phosphatases in the nucleus. Panel (b) exhibits the time

course of nuclear Smad2–Smad4 complex, in which dia-

monds denote solution of CLEs, and solid line represents

the deterministic solution of ODEs.

In the present work, we adopt the ODE model of

the mass action law for TGF-β pathway recently de-

veloped by Schmierer et al .,[18] and perform the anal-

ysis on intrinsic noise by both CLEs and LNA. The

results of numerical integral of LNA and stochastic

simulations of CLEs are obtained and compared with

each other.

2. Model and methodology

We adopt the simplified network of canonical

TGF-β pathway in the work of Schmierer et al.

(Fig. 1(a)).[18] The signal transduction is initiated

by TGF-β activating its receptor on the cell sur-

face. Then activated receptor phosphorylates cyto-

plasmic Smad2. Phosphorylated Smad2 forms ho-

momeric complexes and heteromeric complexes with

Smad4 in the cytoplasm and the nucleus reversibly.

Unphosphorylated Smad2 and Smad4 constitutively

shuttle between the cytoplasm and the nucleus. Since

phosphorylated Smad2 and its homomeric and het-

eromeric complexes are actively transported into the

nucleus with a higher rate than their constitutively

shuttling, so the signaling causes them to accumulate

predominantly in the nucleus. Phosphorylated Smad2

is irreversibly dephosphorylated by its phosphatase lo-

cated in the nucleus. For further details of the ODE

model see Appendix and Ref. [18].

In this system, quantitative experiments show

that a number of key proteins are in a range of tens-

of-thousand molecules per cell. The large number of

molecules requires huge computational effort to per-

form the Gillespie’s SSA. However, this situation prob-

ably satisfies the conditions of macroscopic infinitesi-

mal time scale required for the Langevin approxima-

tion to be used.[23] Therefore, in this case the chem-

ical Langevin equation will be a good approximation

of SSA and enormously reduce the computational bur-

den. We use the chemical Langevin equation approach

based on the original ODE model to elucidate the in-

fluence of intrinsic noise.

Another approximate method recently used to

investigate the intrinsic noise is the linear noise

approximation, also called “system-size expansion”,

which was developed by Elf and Ehrenberg[22] and

Kampen.[24] This method differs from the chemical

Langevin equations in that it gives the information

about intrinsic noise through repeating numerical sim-

ulation and data statistics. LNA deduces the explicit

form of evolution equations of the variances, which

depends on the numerical solution of original deter-

ministic ODEs. For more details of the formulation of

LNA, see Appendix and many other papers.[4,22,27,28]

3. Results

We converte the mean-field theory model of

Schmierer et al., and then converted it into CLE.[23]
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The CLEs, which have the same initial values and pa-

rameters as the deterministic ODEs, are numerically

solved by the Euler–Maruyama method. We repeat

the stochastic simulation 100000 times and calculate

the mean values of time course of the protein concen-

trations. As predicted, the mean values match well

with the results of deterministic ODEs (Fig. 1(b)).

Using CLEs, one can obtain the standard deviation of

protein level by taking the same approach above. In

the present work, we examine the results from LNA.

Instead of solving stochastic integral of CLEs, LNA

offers the deterministic ODEs of the variances of all

components in the system, which can reduce much

simulating time. The results of standard deviation are

shown in Fig. 2. The numerical solutions of LNA per-

fectly accord with the statistic results of 100000 simu-

lation runs of our CLEs. Because of continuous nucle-

ocytoplasmic shuttling of Smad2, the intrinsic noises

of cytoplasmic Smad2 and nuclear Smad2 are the same

at time 0. The standard deviation of intrinsic noise is

proportional to
√
N , where N is the total molecule

number of this component. When the molecule num-

ber N increases, the noise usually increases as well;

vice versa. The intrinsic noises of nuclear Smad2 and

nuclear Smad2–Smad4 complexes monotonically fol-

low the monotonic evolutions of their mean molecule

numbers. However, when the mean molecule number

of cytoplasmic Smad2 monotonically decreases (data

not shown here), its fluctuation strength inversely in-

creases in the first 10 min in TGF-β stimulation and

then relaxes to a steady state (Fig. 2).

Fig. 2. Intrinsic noises of cytoplasmic and nuclear Smad2,

and nuclear Smad2–Smad4 complex. The unit of intrinsic

noise is molecule number. The intrinsic noise values for cy-

toplasmic Smad2 are denoted as dash line by LNA and cir-

cles by CLEs, for nuclear Smad2 as solid line by LNA and

squares by CLEs, for nuclear Smad2–Smad4 complexes

with dot line by LNA and diamonds by CLEs.

To test the effect of system volume on the intrin-

sic noise in the TGF-β signal transduction pathway,

we define the signal-to-noise ratio (SNR) as the ra-

tio of the mean molecule number to the standard de-

viation of its noise, and used the LNA to calculate

the SNR of nuclear Smad2–Smad4 complex as a func-

tion of cell size. Nuclear Smad2–Smad4 complex is an

active complex for the transcription of target genes

and plays a key role in the TGF-β signal transduction

pathway. The total volume in the original paper of

Schmierer et al. was about 3.3×10−12 L correspond-

ing to around 9.2-µm radius (r0), with assuming the

cell to be ball-shaped. Besides the original volume,

we calculate SNRs for three other conditions: 1/5 r0,

1/10 r0 and 1/20 r0 (Fig. 3). We assume that the

total molecules of all components in the system, ex-

cept TGF-β receptor, change in the same proportion

as the volume does, thus its initial concentration is

kept unchanged as its original value. We further as-

sume that the number of TGF-β receptor molecule is

proportional to the area of cell surface, or the square

of radius. Therefore, cell with a smaller volume has

a higher ratio of the receptor density to the concen-

trations of other molecules. In addition, we kept the

same TGF-β level for all conditions. Generally, in

the steady state the SNR of nuclear Smad2–Smad4

complex goes up with the increase of system size and

molecule number. The signal-to-noise ratio is above

200 so that the intrinsic noise is not obvious in the

original cell volume.

Fig. 3. Signal-to-noise ratios of nuclear Smad2–Smad4 com-

plex for different system sizes. Solid line denotes original ra-

dius (r0), dot line 1/5 r0, dash line 1/10 r0, dash-dot line 1/20

r0.

However, if the cell size reduces to one micrometer

level, the ratio of signal to noise reduces to about 3,
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and it becomes quite important for the transcription

of target genes.

Fig. 4. Dependences of intrinsic noise of nuclear Smad2–

Smad4 complex on TGF-β concentrations. Dot line de-

notes results for the original TGF-β concentration (c0),

solid line for 3-fold of c0, dash line for 1/3 c0, dash dot

line for 1/9 c0. Panel (a) shows the time course of nuclear

Smad2–Smad4 complex concentration, panel (b) the time

course of intrinsic noise of nuclear Smad2–Smad4 com-

plex, panel (c) the signal-to-noise ratio of nuclear Smad2–

Smad4 complex.

Finally, we simulate the time courses of nuclear

Smad2–Smad4 complex (S24n) under different dose

levels of TGF-β (Fig. 4). As in our simple model is

considered only the short-term activation process, the

degradation of proteins is not included. And the bind-

ing of TGF-β to its receptor is irreversible, thus the

final steady state of S24n is determined only by the

total receptor level, even if the dose of TGF-β changes

(Fig. 4(a)). Although TGF-β varies 27-fold, the tran-

sient behaviour of S24n does not change qualitatively

(Fig. 4(a)). The process that protein level reaches

half the maximum under the lowest TGF-β level de-

lays about half an hour in comparison with the high-

est TGF-β level. However, the standard deviations of

S24n in Fig. 4(b) show that they are obviously dif-

ferent. As for the highest TGF-β level, the intrinsic

noise monotonically increases to the steady-state level

with protein concentration increasing. However, the

curve corresponding to the lower TGF-β stimulation

shows that the intrinsic noise first overshoots and then

relaxes to a steady state, which indicates that other

reactions or processes significantly enhance the fluctu-

ation of S24n in the first 2 h. The maximum level of

intrinsic noise appears around 40 min after TGF-β sig-

naling, and is almost as 2-fold high as the steady-state

level. At the same time (40 min), the concentration of

S24n is apparently lower than that under the higher

TGF-β levels. The signal-to-noise ratio of S24n at

the lowest TGF-β level is much lower than that at

high TGF-β level during the first hour stimulation

(Fig. 4(c)). Since S24n serves as a key activator of

downstream gene transcription, the apparent increase

of its intrinsic noise can have a remarkable influence

on cell fate when the total number of proteins is low.

4. Conclusions

In this work, we have investigated the intrinsic

noise in TGF-β signal pathway. The noise is calcu-

lated based on the linear noise approximation method

of chemical master equation and compared with the

simulating statistics of chemical Langevin equations.

In the CLEs are used the normal random variables

to approximate Poisson random variables in the real

process.[23] In the LNA is utilized the truncated Tay-

lor series to approximate the chemical master equa-

tions, and linear Fokker–Planck equations which have

a Gaussian-form solution are obtained.[24] Therefore

the results of LNA quantitatively correspond to those

of CLEs. The deterministic ODEs of component vari-

ances derived from the LNA offer a useful tool for

noise analysis, and it is a good substitute for CLEs

to calculate the transient evolution of intrinsic noise.

The LNA can save much simulating time in compari-

son with stochastic simulation methods. In addition,

it is noticeable that the LNA is used to calculate the

variance based on the deterministic solution of ODEs.
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Therefore the LNA ignores the interaction between

the mean (the first moment) and the variance (the

second moment) of protein level, and is also inappro-

priate to describe the near-critical phenomena.[27,29]

In many biological systems, especially the unicel-

lular prokaryotes and eukaryotes whose system sizes

are rather small, the intrinsic noise plays an im-

portant role in regulating gene expression and sig-

nal transduction.[1,3,30] The SNR calculation indicates

that since the mammalian cells usually are much larger

than the unicellular organisms, and the number of in-

dividual proteins often reaches tens of thousands in

the mammalian cells, therefore in this kind of system

the intrinsic noise is negligible in the most cases. In

our simple model of TGF-β signal pathway, our results

indicate that the intrinsic noise shows transient en-

hancement when external TGF-β stimulus decreases.

The transient amplification of intrinsic noise can cause

significant downstream effects and induce distinct cel-

lular responses. More attention should be paid to the

influence of intrinsic noise on signal transduction path-

way in the future research.

Appendix

(i) ODEs and parameters adopted from the work of Schmierer et al.[18] The concentration unit of all

component is nM. The meanings of variables and parameters are shown in Tables 1 and 2.

Table 1. Initial number of proteins at time=0. All initial conditions are cited from the original model file

given by Schmierer et al.[18]

symbol biological meaning compartment concentration, nM particle number

TGF-β 0.0659

R TGF- β receptor cytoplasm 1.025 1400

Ract active receptor cytoplasm 0 0

S2c Smad2/3 cytoplasm 60.64 82840

S2n Smad2/3 nucleus 28.49 17160

S4c Smad4 cytoplasm 50.81 69400

S4n Smad4 nucleus 50.81 30600

pS2c phospho–S2c cytoplasm 0 0

pS2n Phospho–S2c nucleus 0 0

S22c pS2c–pS2c complex cytoplasm 0 0

S22n pS2n–pS2n complex nucleus 0 0

S24c pS2c–S4c complex cytoplasm 0 0

S24n pS2n–S4n complex nucleus 0 0

PP phosphatase nucleus 0.996 600

d

dt
R = −kTGFβ ·R · TGFβ,

d

dt
Ract = kTGFβ ·R · TGFβ,

d

dt
S2c =

kex · S2n
CNR

− kin · S2c− kphos · S2c ·Ract,

d

dt
pS2c =

kex · pS2n
CNR

− kin · pS2c+ kphos · S2c ·Ract

− kon · pS2c · (S4c+ 2 · pS2c) + koff · (S24c+ 2 · S22c) ,
d

dt
S4c = kin · S4n− kin · S4c− kon · S4c · pS2c+ koff · S24c,

d

dt
S24c = kon · S4c · pS2c− koff · S24c− kin · CIF · S24c,

d

dt
S22c = kon · pS2c2 − koff · S22c− kin · CIF · S22c,

d

dt
S2n = kin · S2c · CNR− kex · S2n+ kde · pS2n · PP,
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d

dt
pS2n = kin · pS2c · CNR− kex · pS2n− kde · pS2n · PP

− kon · pS2n · (S4n+ 2 · pS2n) + koff · (S24n+ 2 · S22n) ,
d

dt
S4n = kin · S4c · CNR− kin · S4n · CNR− kon · S4n · pS2n+ koff · S24n,

d

dt
S24n = kon · S4n · pS2n− koff · S24n+ kin · CIF · S24c · CNR,

d

dt
S22n = kon · pS2n2 − koff · S22n+ kin · CIF · S22c · CNR.

Table 2. Parameter values in the model. All parameters are cited from the original model file given by

Schmierer et al.[18]

symbol biological meaning value unit reaction No.

kTGFβ receptor activation rate by TGF-β 7.41·10−2 nM−1·s−1 1

kphos Smad2 phosphorylation rate 4.04·10−4 nM−1·s−1 2

kon association rate for Smad complex 1.84·10−3 nM−1·s−1 3A, 3B, 4A, 4B

koff dissociation rate for Smad complex 1.6·10−2 s−1 3A, 3B, 4A, 4B

kin nuclear import rate 2.61·10−3 s−1 5, 6, 7, 8, 9

kex nuclear export rate 1.26·10−2 s−1 5, 6, 7

kde pSmad2 dephosphorylation rate 6.57·10−3 nM−1·s−1 10

CIF complex import factor 5.7 – 8, 9

Vcyt cytoplasmic volume 2.268·10−12 L

Vnuc nuclear volume 1·10−12 L

CNR ratio of Vcyt to Vnuc 2.268 –

(ii) Linear noise approximation

The LNA is a power series expansion of the mas-

ter equation in the system size Ω . In the volume Ω ,

the number of molecules is approximately expressed

as

Xi = Ωci +
√
Ωαi, (A1)

where Xi is the copy number of component i =

1, 2, . . . , N ; ci is its macroscopic concentration defined

as ci = lim
Ω→∞

Xi/Ω ; αi is a new random variable de-

scribing the deviation from ci. The macroscopic sys-

tem dynamics is described by N deterministic ODEs

as follows:

d

dt
c = f(c) = S · v, (A2)

where c = (c1, c2, . . . , cN )T, S is the stoichiometry

matrix, v is the velocity vector that contains R reac-

tions. The master equation for the probability P (X, t)

with X = (X1, X2, . . . , XN )T is

d

dt
P (X, t) = Ω

R∑
j=1

( N∏
i=1

E
−Sij

i − 1

)
· vj(x,Ω) · P (X, t), (A3)

where Sij is the (i, j) element of S, E
−Sij

i is the step

operator with the property that Ek
i f(. . . , Xi, . . .) =

f(. . . , Xi + k, . . .), vj is the j element of v.

The step operator Ek
i changes Xi into Xi+k and

increases the value of αi by k/
√
Ω . Thus, for a large

system volume, a single reaction brings about a small

concentration change and the operator Ek
i is approx-

imated by a truncated Taylor series of differential op-

erator as follows:

Ek
i ≈ 1 +

k√
Ω

∂

∂αi
+

k2

2Ω

∂2

∂α2
i

. (A4)

For operation in several dimensions one obtains

E−S·j =

N∏
i=1

E
−Sij

i ≈ 1− 1√
Ω

N∑
i=1

Sij
∂

∂αi

+
1

2Ω

N∑
i,k=1

SijSkj
∂2

∂αi∂αk
. (A5)

As X = Ωc +
√
Ωα, the probability distribution

θ(α, t) is related to P (X, t) by

P (X, t) = P (Ωc+
√
Ωα, t) = θ(α, t). (A6)

Therefore

d

dt
P (X, t) =

∂

∂t
θ(α, t)−

√
Ω

N∑
i=1

d

dt
ci

∂

∂αi
θ(α, t).

(A7)
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Taylor expansion of the velocity vector v around the

macroscopic concentration c is

vi(X,Ω) ≈ vi(c) +
1√
Ω

N∑
i=1

∂vi(c)

∂ci
αi. (A8)

Equations (A5)–(A8) are inserted into the master

equation (A3), and then Ω terms with the same order

are collected (see Ref. [24] for details). The term of

order Ω1/2 corresponds to the macroscopic rate equa-

tion (A2). The term of order Ω0 yields the general

form of a multivariate linear Fokker–Planck equation,

which governs the evolution of θ(α, t) as follows:

∂

∂t
θ(α, t) =−

N∑
i,k=1

Aik
∂

∂αi
(αkθ)

+
1

2

N∑
i,k=1

Bik
∂2

∂αi∂αk
θ, (A9)

where Aik =
∂(S · v)i

∂ck

∣∣∣∣
c(t)

are the elements of Jaco-

bian matrix A, and

Bik =

R∑
j=1

SijSkjvj =[S · diag(v) · S]ik

are the elements of the diffusion matrixB. We use this

equation to determine the evolution equations of the

means ⟨αi⟩ and the variances ⟨(αi − ⟨αi⟩)(αj − ⟨αj⟩)⟩
by being multiplied with αi and being integrated over

all α’s. For the means, we obtain the following equa-

tion:

d

dt
⟨α⟩ = A ⟨α⟩ . (A10)

If we assume that the initial state is accurately deter-

mined, then ⟨α(0)⟩ = 0and the means ⟨α(t)⟩ will keep
zero at all times. For the variance matrixC =

⟨
ααT

⟩
,

we obtain a set of ODEs that determine the variances

and the covariance of the fluctuations of X, which can

be written in matrix-vector form as follows:

d

dt
C = AC +CAT +B. (A11)

The coefficient matrices A and B are time-dependent

and independent of fluctuation α.
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