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A general formula for phonon-assisted n-photon absorption in solids is obtained by (n + 1)-th order perturbation

technique. The complicated calculation process for transition element of n-photon absorption is simply demonstrated

by a diagram approach that is proposed in this work. We find that the transition element for the n-photon absorption

has a simple form, i.e., it is just the first term of the n-th order fist kind Bessel function.
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1. Introduction

It is well known that an electron in a conduction
band of solid cannot absorb photon and conserve en-
ergy and momentum without simultaneously absorb-
ing or emitting a phonon, or simultaneously scattering
off an impurity in the same band, since the momentum
of a photon is very small.[!=") Phonon-assisted photon
absorption can happen in semiconductor material, 3!
dielectric material,2?! and metal material.[!%) There-
fore, the study of this photon absorption mechanism is
of basic significance for solid physics. Moreover, in an
intense laser field phonon-assisted photon absorption
of conduction band electron (CBE) plays an impor-
tant role in the laser induced damage (LID) in trans-
parent solids,[>11=15! which is a still limiting factor in
the development of the high power laser systems or
optoelectronic devices; and the multi-photon process

e~ (E;) phonon laser e~ (E;) laser
® . 0+ MW@+ W
(a)

usually needs to be taken into account.!*6l

In quantum mechanics, we need (n + 1)-th or-
der perturbation technique to calculate the phonon-
assisted n-photon absorption (one is for phonon, n for
photons). The previous calculations! 3! are mostly
related to phonon-assisted one-photon absorption or
two-photon absorption, and no report about the gen-
eral formula of n-photon absorption is available. One
of the reasons is that the calculation of high order per-
turbation theory is quite complicated and can hardly
find the calculation rule for the general cases. With
the help of a diagram approach which is demonstrated
in this work, we obtain the general formula. Figure
1 is the scheme of phonon-assisted photon absorption
process of CBE, where FE; is the initial energy of a
CBE; Ey = E; + nhw £ hw,, is the final energy of a
CBE which has absorbed n photons in the transition
process.

e~ (E,) laser e~ (Ey) laser phonon

e . MW —> ® . pw 4 O
(b)

Fig. 1. Schemes of phonon-assisted photon absorption process of CBE, where CBE absorbs a phonon to keep conserva-

tions of both energy and momentum in absorption process (a), and CBE emits a phonon to keep conservations of both

energy and momentum in absorption process.
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2. (n+1)-th order perturbation in time-dependent perturbation the-

ory

First, we make a summarization for the n-th order perturbation in time-dependent perturbation theory. If

we denote the total Hamiltonian of the system as

H=Hy+V(t), (1)

where Hy is the unperturbed Hamiltonian in the system and independent of time; V(t) is the perturbation

Hamiltonian, and the expression for (n+1)-th order perturbation can be summarized as (the detailed calculation

process can be seen in Appendix)

woz| oy IV ) - e Vimsc ) - ma| V]ma) (ma Vi) [* o ( By — B @
h? — (Bi—Ep,) - (B; —Eg)- (B; — B, h
with |mq), |ma),. .., |m,) denoting the intermediate states, and E,,, Em,,. .., Fm, referring to the correspond-

ing intermediate energies. The transition element in Eq. (2) can be written as

<f|‘7|mn> T <mK|V|mK—1> e <m2|V|m1><m1|V|z'>

5= %

mi1,M2,...Mp

3. Phonon assisted photon ab-

sorption

In the phonon-assisted photon absorption process,
the perturbation Hamiltonian is

V = Hy + Hep, (4)

where ﬁcl and ﬁcp are the electron-light interac-
tion Hamiltonian and the electron—phonon interaction
Hamiltonian, respectively. For monochromatic linear

polarized laser, Hy and H,, can be written as!:2?]

eAgcos(ky - T —wt)- P

I;[el = -
m
= Cqa- ’%[eikLbkL + eiiklbLL],
ﬁcp = ZCcp(eiq'rbq - efiq"'bf,), (5)
q

where Ay and w are the laser vector potential and the
laser frequency, respectively; a denotes the unity vec-
tor of laser potential; m* the effective mass of CBE;
P the quasi-momentum operator of CBE; k the wave
vector operator of CBE; q the wave vector of phonon;
k; the wave vector of photon; Cq and C.p refer to
the electron-light and electron—phonon coupling con-
stants, respectively; b:fl and bg the creation and anni-
hilation operators of phonon, respectively; b;;l and by,
the creation and annihilation operators of photon, re-
spectively. The phonon-assisted n-photon absorption
rate now can be calculated from Eq. (2).

(Bi— Bu) - (B~ Ex) - (B — Buy) @)

For simplicity, we will show only the photon ab-
sorption process (n > 0) which is by the help of ab-
sorbing a phonon (the calculation process of phonon
emission or photon emission (n < 0) is similar).
ab-

3.1. Phonon-assisted one-photon

sorption

The momentum of photon is usually neglected in
the transition process.[!! Here we make a discussion
about this approximation. The change of momentum
in the photon absorption process is on the order of
Vhwm* and the momentum of photon is fuww/c. Com-
paring vhwm* with hw /e, we have an expression of
m*c® > hw. So it is a good approximation for the
usual radiation laser.

For one-photon absorption process, the initial
state and the final state can be written as

i) = |K)lm)[np) = |k;m;ny),

If) = |k+q)m—1)n, — 1)
= |k+qm—1n, — 1), (6)

where k refers to the initial wave vector k; of CBE;
k + g the final wave vector ks of CBE; m and m — 1
denote the initial photon number and the final pho-
ton number of the laser, respectively; n, and n, — 1
the initial phonon occupation number in solid and the
final phonon number, respectively.

Because the first order transition element ( f|He+
flep|i> is zero, we need to consider the second order
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perturbation. The initial and the final energies of the |m1) = |k +q;m;n, — 1), (8)
system, respectively, are
E; = Ex + mhw + nhwy, and if the photon is absorbed first
Ef = Eprq + (m — Dhw + (n — Dhwy,  (7)
where Ey, = (hk)?/2m* and Egyq = [R(k + q)]?/2m* Em, = B + hwp,
are kinetic energies of CBE; 7w, is the energy of |ma) = |k;m — 1;np). (9)

phonon. If the phonon is absorbed first, the inter-

mediate energy and the corresponding state are given Substituting Eqs. (7)-(9) into Eq. (3), we obtain the

as transition element for phonon-assisted one-photon ab-

Ep, = Egyq+mhw + (np — 1) 7wy, sorption

<f|]:[ep + ﬁel|k + q;m; np - 1><np - 1; m; k + q|]:le1 + ﬁepl 7,>
(B + mhw + nphwp) — [Ekyq + mhw + (np — 1)hwy]

<f|f[ep + ﬁel\k; m — Linp){ny;m — 1; k|ﬁel + Ffep|i)

(Er + mhw + npyhwy) — [Ex + (m — 1)hw + nphw,)

S:

+0,

\ .
only two ways above have the contribution to transi-  3.2. Phonon-assisted two-photon ab-

tion element; for other way sorption

(f[Hep + Heilma)(ma|Hep + Hali) = 0. (10) For two-photon absorption process, the initial

Since E; = E; (energy conservation) in the tran-  state and the final state are

sition process, we have
) = [k;m;mp),

Bt = Bt i - D =lktgm-zn, -1, (5
Substituting Eq. (11) into Eq. (10), we obtain
(© )Cuv/m (k+q) - a where k denotes the initial wave vector k; of CBE;
S = —hom* k + q the final wave vector ks of CBE; m and m — 2
(Copr/Tip)Cav/mk - a refer to the initial photon number and the final pho-
B ton number of the laser, respectively; n, and n, — 1
Cep m@elﬁ a-q the initial phonon occupation number in solid and the
- Howom* final phonon number, respectively.
. Cep\/erCel\/ﬁa (kg — ki) (12) Because the second-order transition element
B hwm* ' (flUPi) = 0, we need to consider the third-order
Rewriting Eq. (12) in the form of classical electromag- perturbation. The calculation process is similar to the
netic field, we have case of one-photon absorption. There are three ways
eAq - (P; — P) to complete the absorption process from |i) — |f).
I A Y — (13) These ways can be described as fellows:
Substituting Eq. (13) into Eq. (2), we obtain the tran- (i) CBE first absorbs a phonon, then absorbs one
sition rate for all final states of Sy photon, and finally absorbs one photon.
w25 [1sta( B as, i) =2 ma) % ma) %5 1)
— 2%/|S\25(Ef _ Ei)de, (14) Here, symbol “e” represents the phonon absorption
process, and symbol “o” denotes the photon absorp-

where the formula of Dirac delta function tion process. For this process, we have

/f ()dx_a‘f _a/f oz —b)d E; — Ep, = —2hw

has been employed.[!] E; — Ep, = —hw,
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<i|ﬁe1 + ﬁep‘m1><m1‘ﬁe1 + f{ep|m2><m2|ﬁel + IA{ep|f>
= (Cepy/Tip) (Cel\/rn(k +q) - a) (Cel\/m(k +q) - a>;

m* m*

the contribution to the transition element from way (i) is

<7;‘FI€1 + ﬁep|m1><ml|ﬁel + ﬁep|m2><m2|f{el + ﬁep‘f>
(Ei - EWL1)(EZ' - E7nz)
(Cepry/Tp)(Caym (k+q) - a)(Cavm —1(k+q) - a)

- (“2h) - (—Tha) - ()2 ! (16)

S1 =

(ii) CBE first absorbs a photon, then absorbs one phonon, and finally absorbs one photon.
|7) — [ma) — [ma) — 1f)-
We have
E,—-E, =, E —E,,=—hw,

(i|Hey + Hep|ma ) (my|Hoy + Heop|ma) (ma| Ho + Hep|f) =

<Cel\/77"ik~a> cen/m(mq)-a)

m*

(Convin(
The contribution to the transition element from way (ii) is

g, — (Cel\/ak'a)(cw\/@)(celvm* 1(k +q) ~a). (17)
i (heo)(=Thw) (m*)? ’

(iii) CBE first absorbs one photon, then absorbs one photon, and finally absorbs phonon.
i) == [m1) == |ma) = |f).

In way (iii) E; — Ep, = hw, E; — Ep, = 2hw,

A N . N I . Cavmk-a Cavm—1k-a
<Z‘Hel+Hep|m1><ml|Hel+Hep|m2><m2|Hel+Hep‘f> = < 1\/7; > < 1 m* )(Cep\/np)'
The contribution from way (iii) is
(Cav/mk - a)(Cavm — 1k - a)(Cep\/Tip)
Sy = . (18)

(hew) (2hw)(m*)?
Substituting Egs. (16)—(18) in into Eq. (3), we have

(Cep/5)(Carv/i (k + q) - a)(Cerv/m = 1(k + q) - a)
(—2he) - (— L) - ("2

n (Celmk'a)(cep np)(cewm—l(k:—l—q)-a) n (Cayvmk - a)(Cavm — 1k - a)(C np)

S =5 +85+83+0=

(o) (L) 2 (o) Ear o
)
= GV EI\(F)CYzﬁl(B . (19)
Cey/m Cavm —1 |

where B=a-(k+q)=a-k;,C=a-k=a-k; and Cep/Tp (o) (2
—|— a m
Ss, Ss.

Because usually the photon number of light m > 1, we take v/m — 1 = /m ~ Ag. Then we have

is the common factor in S,
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and then absorbs one photon); in way (ii), the values
(E; — Epm,)/hw =1and (F; — En,)/hw = —1 are put
above o and e respectively; in way (iii), we put 1 and

eAg - (Pr — Pi)>2. (20)

1
s oy (5

Using Eq. (2), the transition rate for all final states .
b itten in th ‘ that of Bq. (14) 2 above o and o respectively.
n ritten in same form as . 3
cam be wiHe @ e JoTi as that ot = s The value B or C in the brackets represents the
follows: . .
wave vector of CBE in photon absorption process,

W = 2 1S|2dS;. (21) where B = a- (k+q) and C = a- k. In way (i),

h

after the phonon absorption process, the wave vector

To show the laws in the calculation process, we  ©f CBE becomes k +g. So we denote o(B) o(B) in
put the three ways together the right part of symbol “e”. In way (ii), the wave
vector of CBE is k before phonon absorption process

[4) > |f) and becomes k + g after phonon absorption. So we
denote o(C) @ o(B) in way (ii). In way (iii), the two-
photon absorption processes all happen before phonon

@) _.2 _01 (B) o (B) absorption process; so we have o(C) o (C) e. It is
easy to find that in the left part of symbol “e” (be-
fore phonon absorption process), we have o(C); in the

1 . right part (after phonon absorption process) of sym-

(ii) o () . o (B) bol “e”, we have o(B). For simplicity, the C' and the
B will not be shown below.

(i) Z ©) é(c) o 3.3. Phonon-assisted three-photon ab-

sorption

Fig. 2. Diagram for two-photon absorption. There are four ways to complete the absorption
process from |i) — |f). The four ways are as fellows:

Here, we put the values of (E; — E,,,)/h and @ |i) > my = mg — mg — |f);
(E; — Epn,) /B above o and o in the order of absorp- (ID) |i) == m1 — mg — m3 — | f);
tion process. In way (i), we put (E; — E,, )/Iw = —2 (1) |3) == my — my — mz — | f);
and (E; — Ep,)/flw = —1 above e and o respec- (IV) |i) == my — my —> m3 — |f).

tively (in way (i), the CBE first absorbs a phonon  For way (I), we have
|

E;,— En, = 3w, FE;—FEn, =2, E;—E,,=—hw;
(i| Hoy + Hep|ma ) (my|Hey + Hep|ma) (ma| Ho + Hep|f)
= Cepy/Mp(Ca)*vVmvVm —1vVm —2(a - (k+ q))(a- (k+q))(a- (k+q)

3
Copr/Tip(Ce)>vVmv/m — 1v/m — 2(771) B3,

g, — Cep np(cel)ia\/ﬁmm B3 (22)
. (o (m)? 8 (9 (1

For way (II), we have
B - Eml =hw, E;— Emz = —2hw, E; - Emg = —hw;

(i|Ho + Heop|my ) (my|He + Heplma) (ma| He + Hep|f)
= Cepy/Tip(Ca)*vVmvVm —1Vm = 2(a - (k))(a- (k+ q))(a- (k+ q))

3
_ o, np(cel)?)mm\ﬁm_g(é) CB,
o _ CoyM(Cal ViV —Tym=2 _ BC ”
*- (o) ()7 T (2 (1 29)
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For way (III)

Ei— Ep, = hw, FE;—Ep, =2hw, E;— Enp, = —1hw,

(i| Het + Heplma)(ma|Hel + Heplma)(ma| He + Hep| f)
; 1\*
= Cep np(cel)j\/ﬁ \/m].\/m2<W> CBQ,

Copy/Tp(Car)®/mv/m —1ym -2 BC?
(hw)3(m*)3 1-2-(=1)

Ss =

For way (IV), we have
E,—Ey, =hw, FE;—E,, =2, E;—E,, =3hw;
(i| Ho + Hep|m ) (my| He + Hep|ma) (ma| He + Hep|f)
3
1
Cep np(Cel)S\/E\/m —1vVm — 2<m*> C3,

Copy/Tp(Cal)>v/mvm —1ym -2 3
(Aw)3(m*)3 1-2-3

Sy =

Substituting Eqgs. (22)—(25) in into Eq. (3), we have

S=5+5+S53+S51+0

(24)

(25)

Cop np<cel)3m\/mm<
(hw)3(m=)?
3 S — 1/m — 92
- np(cez)hw@m:s - - %(B?’ —3BC* +3C°B - C?)
B Copy/Mp(Ca)®Vmvm —1ym —2 1
o (w)? (m*)? 3l

(B —C)>.

(26)

Using the same rules as those we have introduced
above, we obtain the following diagram for three- sorption
photon absorption (to show the calculation law clearly,

we make some labels on it).

3.4. Phonon-assisted four-photon ab-

For four-photon absorption process, there are five

ways from |i) — |f). Repeating the above calculation

li) > |f) process, we obtain the fellowing diagram:
-3 —2 -1 . 5
i , i) >
(D) \ o q o
\\ ' —4 -3 —2 -1
: 1) *‘:—‘——o————‘——o———‘—zi‘
\ ! N !
1 \—2 -1 ' \\\ I
1 N — —11
T N N oo
: \\ \ 1 H) [ AN O:
N\ \ 1 | S \\
] \ 1 ~ N 2 _1|
5 N2 N1, I \3 o I
! . N m ¢ N N d
() SN B | . N
¢ N | \\ |
: . il 2 N3 -1
' 2 N3 Ve ° RN *
! A |
1) bmmmm o= - : ° il 2 N 4
o o o
V) - T~ N

Fig. 3. Diagram for three-photon absorption.
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According to the rules introduced above, the transition element for four-photon absorption now can be
easily obtained as

S =8 +8+855+S5,+S5+0
Copr/Tp (Ca)y/mv/m —1v/m —2y/m — 3
- (hw)*(m*)*
o B* n B3C n B2C? n BC?3 n c*
(3 (2 (1) () (-9 () T2 (2 (1) 123 (1) 1231
Cop /M (Ca)*v/mvm — 1vm — 2/m —3 1
— P P( 1) f\/ \/ \/ 7(370)4’ (27)
(hwm*)4 4!
where the expression ‘tion is as follows:
Copr/Tp(Ca)v/mv/m — 1y/m — 2¢/m — 3 B > )
(hw)4(m*)4 —n-n+1 —n+k—1-n+k _9 —1
1 - ——————e—————— ——— o
is the common factor in Sy, S, S3, Sy and S5 (in 1 =n+1 |
] 1 2 h . ° o o 0 ° ° LI ° ¢ °
phonon-assisted four-photon absorption process, the N2 p 9 |
annihilation operator of photon bg, is used four times 3 4 ;\\‘ . e o ©
and the annihilation operator of phonon is used once. 4 ‘%1 ° r\;\ ™ . :
Thus, it is easy to obtain the factor . : \\: bl v :
P S > klﬂ(zj»k Ly
Cep np(cel)él\/m\/m - 1\/TTL - 2\/m -3 kt1 T \\ 1 11;
(hwm*) k2 6 o T R o
| AN Q{e {
. II
in Eq. (27)). N B3]
] N X% @ 0 ¢ o
e I SN2
. h 2 3 kok+l pooy T8 °
3.5. Phonon-assisted m-photon absorp- n ¢ o o o o "I o
. | o e 0 o o 0 N\
tion PR O SN . % M S S S
For n-photon absorption, there are n + 1 ways
from |i) — |f) and the diagram for n-photon absorp- Fig. 5. Diagram for n photon absorption.
|
The transition element for n-photon absorption is
S = 51+SQ+53+"'Sk+5k+1"'+5n+sn+1
Oy Tp(Ca)"vVmyvm —1vm —=2y/m—=3---vVm—n—+1
(o))
y B™ N Canl N CZBn72
-)*n-(n-1)-(n-2)---1 (-1)»t-1-(n-1)-(n—-2)---1  (=1)»2.1-2-(n—2)---1
Can—k
+ o (-1)k.1.2-- k-(n—k)-(n—k+1)---1
CkJranfkfl cn
+ —— + cee
(-)n=Fk-1.1.2.- k- (k+1)-(n—k—1)-(n—k+1)---1 1-2:3---n

Cep ”p(oel)n\/ﬁ\/m—1\/m—2\/m—3~--\/m—n—|—1 y (=1)"
(Aw)™ (m*)™ n!
n!B"(-C)  nlB"*(-C)? n!B"k(-C)* n
S S TR o TR Ay roay 17 AR S
_ Cepy/Tp(Ca)"Vmvm —1ym —2y/m —3---vy/m —n +1 (=)™ z”:n!ank(fc)k

x (B" +

(huw)" Tl 2T (- K
Cep np(cel)n\/ﬁ\/m—1\/m—2\/m—3~--\/m—n—|—1 (=1)" .
- (heo)” X B O (28)
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where the binomial theorem
n—k, k

" nlz
@+o)" =2 oo k;);u/k!

k=0

has been used. If we take m —n ~ m ~ A%, equation (28) then becomes

Copy/T(Cet)" I/ V- (1)

o= () () w mer
eAy - (hks —hk)\" (-1)" eAy - (Pr — P)\" (1)
= ep nP( OQ(FM;‘m* > x nl P np< : humfz* > 2nn! (29)

Equation (29) is the general transition element of phonon-assisted n-photon absorption. It can be found

that the expression (eAO Py~ P)
hwm

€A0

1
) (= T ) in the above equation is just the first term of the n-th order first

kind Bessel function J,, > ] Finally, we obtain the transition rate for n-photon absorption as

(where n < 0 for the emission of photonb)

2
W = %/|S\25(Ef — E;)dS;

ZQI/IC 2| (Ao (Pr — P)\" 1
h Awm* 2nn)

It should be noted that the above equation is for the phonon absorption process. In the case of phonon

* (P;— P} Vo

Np

2m*
emission process, the phonon occupation number n, and —Aw, should be replaced by n,+1 and fw,, respectively.

4. Summary

With the help of a diagram approach which is proposed in this work, we obtained a general formula for
phonon-assisted n-photon absorption in solids. The obtained general formula has a simple form that can be
conveniently employed to investigate the phonon-assisted multi-photon process in solids.

Appendix A

The time evolution operator of Eq. (1) in the interaction picture (or Dirac picture) can be written in the

. t N2 gt R t )
Ut,0) =1+ (—1> / V'(t')dt + (1) / V'(t)dt! / V' (")t
h) Jo h 0 0
i\’ [T v v
+ ( h) / V/(¢)dt! / V/(¢")de" / V(") de"” +
0 0 0

:1+U(1)+U(2)+U(3)...7 (Al)

following form: 8]

where,

V'(t) = exp (%ﬁm) V() exp (— fliﬁot)'
If the initial state (£ = 0) is in eigenstate |i) of Hamiltonian Hy and the final state is in another eigenstate |f) of
Hy, the transition rate from initial sate |i) to the final state | f) can be calculated with the following procedures.

A1l. First order perturbation

For the first order perturbation, the transition amplitude is in the following form:

. t . .
=y =1 [ trlexw (1 iat )7 exp (= Lt ) ipar

107801-8
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- vafl_E{ exp {;(Ef - Ei)t} - 1}, (A2)

where Vy; = (f|V]i). And the transition rate for |i) — |f) can be expressed as

1
2 [1 — cos ﬁ(Ef - Ei)t]

o JAUDE e
W=t e =V i T Ty (43)
Because
{1 cos 1(E E )t]
- F\f 7 22
2 t/2
lim L 5 =% fim 22 (xQ/ ) = d(x), (A4)
t—o0 Ef Ez T t—00 tx
7Tt< )
h
where x = (Ey — E;)/h, we have
2m Er—E;
W = h2|vﬁ|25( fh ) (A5)

A2. Second order perturbation

If (fJlUM]i) = 0, we need to consider the second order perturbation. The second term in Eq. (A1) is

_\2 gt t
U® = <1> / V/(t)at / V/(t")dt”
h 0 0
i\? A i g A i
=[-= / exp | —Hot' |V (t')exp | — —Hot’ dt’/ exp | — —Hot" |V(t")exp | — —Hot" |dt”. (A6)
n) s h h ) h h
To calculate (f|U?)|i), a completeness relation

> Iyl =1 (A7)

needs to be added into the calculation process, where |n) is the eigenstate of Hy and it is called intermediate
state (not a real state). The transition amplitude for the second order perturbation can be written as

o= = (3) o [ Ve [ moienan)

i\ 2 t : t/ .
_(_1 ) ’ 1 . ’ " 1 . "
= < h) zﬂ:anVm/o dt’ exp {h(Ef En)t} /0 dt" exp {h(Ef En)t }
1p, - Ei)t] —1 i

Ej—En)t| — 1
gyl Bl
S\ e, — B E; — E; E, — E; E;—E,

n

= Ay + By, (A8)

where

i i

exp | = (Ef — El)t} -1 exp { (Ef — En)t] -1
1 {h Vin Vi h
Al_(;vfnvan_E) B , and Bl__znz<En—Ei 7 E, )

For the second order perturbation, the transition rate is

We qim At Bl AP AT+ BT B

t—o00 t t—oo t t—o00 t

(A9)
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Because
(exp [:I: %(Ef - El)t} - 1) (exp {:F %(Ef — En)} — 1)
lim =0, (A10)
t—oo t(Ef — Ei) Ef —F,
L |oxp [;L(Ef En)} — 152
7 el (a1
we have
o |A1 +Bl|2 o ‘A1|2 _ 2w VaiVin 2 E; - E;
W= Jim === = lim =+ 0= 51 g 0 =) (A12)

n

where E,, is the corresponding eigenvalue of the intermediate state |n).

A3. Third order perturbation

If (fJlUP]i) = 0, we need to consider the third order perturbation

1"

S\ 3 pt t’ t
U® = (- %) /O V/(t')at’ /0 V/(t")at” /0 V/(")dt" . (A13)
To calculate (f|U®)]i), two completeness relations
Z |n){n| =1 and Z |m)(m| =1 (A14)

are added into the calculation process, where |m) is another intermediate state. The transition amplitude for
the third order perturbation is

S\ 3 t v p
O = I = <_ 7li> <f|/0 V/(t/)dt//o ;|m><m|17’(t”)dt”/0 Zn: In) (| V7 (¢ dt" i)
= _(Z (Em — Ei)(En - EZ)> Ef — Ei 4+ 32 — A2 + 327 (A15)

n,m

where By is another part of (f|U®)|i). For the third order perturbation, the transition rate is

3|4 As + Bs? Ayl? A% By + AsBE + | Bo?
W:]imwzhmwzhmﬁ_khm 3B2 + A3 B3 + | 2|.

t—o00 t t—o00 t t—oo t t—o00 t

(A16)

i

exp [h(Ef - Ei)t} ~1

Similar to the second order perturbation, only the term which contains the factor tlim

—»00 Ef — Ei
has the contribution to Eq. (A16). So equation (A16) now can be written as
AU [A)? 2 ViiVirnVai | Ef — Ei
e ¢ e ¢ 12 nz;‘ (E; — E)(E; — E) h (AL7)
It can be found that the third order perturbation transition element is
Vi Vinn Vai {(fIVIm)(m|V|n){n|V]i)
= = . Al
S L B BB- B 2 (B Ea)(E - F) (A19)
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A4. (n + 1)-th order perturbation

Repeating the above calculation process, the transition rate expression for the (n+ 1)-th order perturbation

can be summarized as

> > > o2
2 ). B, — E
Wk AV ) VI (BB (g
Ll (Ei—En,) - (Ei—Fg)--(E; — En,) h
where |m1), |ma2),..., |m,) denote the intermediate states, and E,,,, Em,,...,En,, refer to the corresponding

intermediate energies. In Eq. (A19), the transition element is in the following form:

-y (FIVImn) - (mc|Vimae 1) - (ma|V]ma) (ma |V]i) (A20)
M1, M2,..., My, (El - Eml) e (E1 - EK) e (Ez - Emw)
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