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Based on a lognormal particle size distribution, this paper makes a model analysis on the polydispersity effects

on the magnetization behaviour of diluted ferrofluids. Using a modified Langevin relationship for the lognormal dis-

persion, it first performs reduced calculations without material parameters. From the results, it is extrapolated that

for the ferrofluid of lognormal polydispersion, in comparison with the corresponding monodispersion, the saturation

magnetization is enhanced higher by the particle size distribution. It also indicates that in an equivalent magnetic

field, the lognormally polydispersed ferrofluid is magnetically saturated faster than the corresponding monodispersion.

Along the theoretical extrapolations, the polydispersity effects are evaluated for a typical ferrofluid of magnetite, with a

dispersity of o = 0.20. The results indicate that the lognormal polydispersity leads to a slight increase of the saturation

magnetization, but a noticeable increase of the speed to reach the saturation value in an equivalent magnetic field.
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1. Introduction

A ferrofluid is composed of small (3-15 nm) solid,
ferromagnetic, and single-domain particles coated
with a molecular layer of dispersant and suspended
in a liquid carrier.l! Showing a normal liquid be-
haviour coupled with superparamagnetic properties,
ferrofluids have been widely used in engineering such
as sealing, lubricant, and density separation. In re-
cent years, the medical researches of hyperthermia

] and magnetic resonance imaging!®!

cancer therapy
are also using ferrofluids as candidate materials. In
a ferrofluid of diluted and monodispersed nanoparti-
cles, the inter-particle interaction is negligible*® and
the superparamagnetism is typically described by the
Langevin equation.[0=8 However, real ferrofluids are
often composed of polydispersed nanoparticles,[®—12
and strictly, the polydispersity may have an additional
influence on the magnetization behaviour of the fer-
rofluids. In this work, a model analysis is made on
the polydispersity effects by using a lognormal distri-
bution model of the particle size. To avoid the com-
puting difficulty of nanomaterial parameters, reduced
calculations are first performed, and then extrapolated

to a real example of magnetite ferrofluids.

2. Lognormal model analysis

For the ferrofluids of monodispersed nanoparticles
in a low concentration (e.g., the solid volume frac-
tion ¥ < 0.01), the inter-particle interaction can be
neglected and the collective magnetization is usually
described by the Langevin equation6—8! as

My, = Mys (cothf — 1> =P My <coth§ — 2)

:
VL. (e=2NER) )

where My is the domain magnetization, V}, the solid
volume and n the number density of the ferromagnetic
nanoparticles, H is magnetic field intensity, ¥ = nV;,
is the solid volume fraction, My, is the collective mag-
netization and My,s = nMyVy, the saturation mag-
netization of the ferrofluids, ug is the permeability of
free space, k = 1.38 x 10723 is Boltzmann constant
and T is absolute temperature.

However, real ferrofluids are usually composed
of polydispersed nanoparticles, whose polydispersity
is typically described by a lognormal distribution
model,[®=12 as given by

1 —(Inr —1In R)2
r) = ex
p(r) 5oy, P 52
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. l— (In (r/R))

where 7 is the particle radius, In R is the mean value
and o is the standard deviation of Inr. From Eq. (2),
the mean value E and standard deviation Sd of the
particle radius are derived as

E =exp (In(R) +0%/2),

Sd = exp (In(R) +0%/2) - \/exp (d2) = 1. (3)

Conversely, R and o can be expressed by E and Sd as

In (E) — %m (1 + (i‘i)j
o (E,Sd) = ,|In (1 + (‘ij)? (@)

According to the lognormal model, the solid vol-

R(E,Sd) = exp

)

ume fraction of the particles is

< 43
v= [ o)

fil exp (ax) xdx

43 M,
Mp:/ il dnpr
0

and the saturation magnetization My is given by

()04 3
Mps:Md/ r
0

3 ) ( f_11 exp (ax) dx
= [Tt Llamar, (vr) =

and the collective magnetization M, of the polydis-
persed ferrofluid is

M, — /O h 47”";Md np(r) ( /0 " cos 9q(9)d9) dr, (6)

where @ is the angle between the magnetic moment of

the particles and the magnetic field, and

g(0)dg = P (cos0)sin6df
fo exp (a cos 0) sin 6d6
_ oMoV H _ AmnrugMaH
CTUTRT T T mT (7)
thus
43 My
Mp = 3 Tlp(r)
0
« | [ oplacosdcoshnddd] o, )
o J, exp(acosf)sinfdd

Let x denote cos 8, the magnetization of the lognormal
polydispersion is derived as

w3 mrd
4 3 np(r), a(r)= far pioMaH ;koéWdH) ; 9)
np(r)dr = Md/o P(r)dr. (10)

To avoid the computing difficulty on the nanomaterial parameters n and My, the polydispersity effects can

be evaluated in reduced expressions as follows:

A B3
Mms = nMdﬂ-T - wms = EB,

Mps - Md/
0

where E is the mean value and Sd is the standard
deviation of the variable 7.

According to Egs. (11) and (12), the dependence
of ¢ps on E for different Sd is calculated in a conve-

© Agrp3

nient range, as shown in Fig. 1(a). It can be seen that
due to the polydispersity, the function value of ¢ps(E)
is enhanced higher than the corresponding ty,s(F) on
equivalent E. Moreover, for a constant Sd, the log-
arithm of 1, displays a V-shape curve on E, i.e.,
when E decreases but still higher than a critical value,
Yps(E) decreases with E, showing a positive depen-

(11)

e r2 1 (In(r/R(E,8d))\>
np(r)dr — Ypg _/0 727T0(E7Sd) exp [ 5 (J(E,Sd) ) 1dr, (12)

dence; when FE is below the critical value, the curve
of ¢ps(E) turns back and increases to positive infin-
ity with the decreasing F/, showing a negative depen-
dence. The critical value is analytically determined
as Fy = Sd. Mathematically, the V-shape curve be-
haviour of ¢,s(E) is due to the influence of p(r) on
the integral value of [~ r®p(r)dr.

For a clearer illustration, the binary dependence
of Yps(E, Sd) is plotted in Fig. 1(b), with three typ-
ical curves highlighted, i.e., the curve of Sd = 0 for
monodispersion, of a typical dispersity ¢ = 0.2 for
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common ferrofluids,™® and of Sd = F as the criti- To evaluate the difference between 1,5 and s,

cal line between the positive and negative parts of the  the curve of Yps/1ms on E is plotted in Fig. 1(c) and

Vs (E) cu.r\./es. It can be seen that for a constant F, 1(d) in convenient ranges. It can be seen that for a
ps is positively dependent on Sd, and from the curve ) )
of 0 = 0.2, one can see that the typical dispersity constant Sd, the value of ¥ps/¥ms is negatively de-
leads to a slight increase of s, in comparison with pendent on F; whereas for a constant F, the value is

the corresponding value of ¥ys. positively dependent on Sd.
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Fig. 1. (a) The dependence of ps on E (logarithmic coordinates), for different values of Sd. (b) The binary dependence
of In(¢ps) on E and Sd, with the curves of o = 0.20, Sd = 0 and Sd = E highlighted on the 3D surface. (c) The
dependence of ¥ps/¥ms on E (logarithmic coordinates) for different Sd. (d) The binary dependence of In(¢ps/¢¥ms) on
E and Sd.

To evaluate the polydisperity effects on the magnetization process of the diluted ferrofluids, the equilibrium
magnetization curves of M, and the normalized curve of M, /M, are respectively compared with the corre-
sponding curves of My, and M,,/Mys on an equivalent magnetic field. Similarly, the M;,—H relationship in
Eq. (1) is reduced as

Pm = r3 (coth (r3H) — 7"31H> = TSL(TSH)a (13)
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and the M,—H relationship in Eq. (9) is reduced as

—(In(r/R (E, Sd)))?

= OO?“2 ! ex CO 7’3 —L r
w"_/o V2ro (E, Sd) p[ 2(o (E, Sd))? ]( th (rH) r3H>d'

According to Egs. (11)—(14), the normalized value of M,,/M,,s on H is reduced as

wm _ 3 _ L _ 3
T (coth (r’H) 7"3H> =L(r’H),

and the relationship of M, /Mps on H is reduced as

o, 1 — (In (r/R(E, 5d)))* L
- IS 770 (B.50) exp 2 (0 (E. Sd))2 <coth (r*H) r3H) dr
. [ —(n(r/R(E,S))*|

0 270 (E, Sd) 2(0(E, Sd))2

(14)

(15)

(16)

According to Egs. (13)—(16), the curves of 1, (H) and the corresponding iy, (H) are plotted in Fig. 2(a).
The normalized curves of 1, /Vps(H) and 11, /¢ms(H) are plotted in Fig. 2(b) for constant E and different Sd,

and in Fig. 2(c) for different E and different Sd.
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Fig. 2. (a) The curves of ¢, and the corresponding m versus H for different E and Sd. (b) The normalized curves
of ¥p/1ps versus H for constant E and different Sd, in comparison with the corresponding curve of ¥m/¢ms. (c) The
normalized curves of ¢y, /¢ps versus H, with the corresponding curves of ¥m /9ms, for different values of E and Sd.
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All the curves are plotted in convenient ranges of H, with proper values of E and Sd. From Fig. 2(a), one

can see that on an equivalent H, the curves of ¢,(H) have the similar shape but higher values in comparison
with the Langevin curve of ¢, = E3L(E3H). In Fig. 2(b), the normalized curves of 1, /vps(H) are compared
with the curve of ¢, /1ms(H). One can see that for a constant E, 1, /1ps(H) has higher value than vy, /¢ms(H)
on equivalent H, and the value of v, /1,5 (H) is positively dependent on Sd. Besides, the curve of ¥y, /¢ps(H)
has a faster approach to 1 than the normalized Langevin curve of ¢y, /¢ms = L(E2H). Further in Fig. 2(c), one
can see that for an equivalent H, the values of ¥y, /¢ms(H) and ¢, /1ps(H) are both positively dependent on E,
and for a constant Sd and a higher E, the curve of ¢, /¢ps(H) has a faster approach to 1 with the increasing

H.

For further analysis, the difference between 1y, /1ps and ¥, /tms, as a function of H, is plotted in Fig. 3.
It can be seen that for an increasing H, the value of ¥, /¢ps—thm/¥ms increases sharply to maximum values,
then slowly decreases to zero. For a constant E, the value of ¢y, /9ps—tm /tms is positively dependent on Sd, as
shown in Fig. 3(a); whereas for a constant Sd, the value is negatively dependent on E, as shown in Fig. 3(b).
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Fig. 3. (a) The dependence curves of (¢p/1ps—tm/¢ms) versus H, for a constant mean value E (E = 5) and different

standard deviations (Sd = 1, 2, 3, 5).

(b) The dependence curves of (¢p/Yps—tm/¥Pms) versus H, for a constant

standard deviation Sd (Sd = 5) and different mean values F (E = 3, 5 8, 10).

3. Real ferrofluids

Considering the typical ferrofluids of magnetite
nanoparticles, with the domain magnetization My =
446 kA /m, the anisotropy constant K, = 32 kJ-m~3,
the particle number density n = 10!, the carrier lig-
uid viscosity n = 0.001 Pa-s, the measurement time
7 = 100 s and the ambient temperature 7' = 300 K,
for exhibiting an intrinsic superparamagnetism by
Néel relaxation, the critical radius of the magnetite
nanoparticles is determined as Ry, = 9.2 nm; for
an extrinsic superparamagnetism by Brownian relax-
ation, the critical radius is R{, = 3205 nm.[14~16] Be-
cause the critical radius of single-domain magnetite is
about 64 nm,*7! diluted and monodispersed ferrofluids
of single-domain magnetite particles usually exhibit a
superparamagnetism state. For a lognormal polydis-
persion, the upper limit of the mean particle radius
should be below 64 nm. For example, for the stan-

dard deviations Sd = 1, 5 and 10 nm, the integral of
p(r) within 0-64 nm on E are plotted in Fig. 4. To
ensure a majority (e.g., 99%) of single-domain parti-
cles, the upper limits of the mean radii are respectively
determined as 61.64 nm, 51.25 nm and 34.2 nm, as in-
dicated by the horizontal dashed line and the arrows.

The
netite ferrofluids is calculated and the results give
Mps/Mys ~ 1.95 for E 10 nm, Sd 5 nm,
Mps/Mps =~ 1.29 for E = 10 nm, Sd = 3 nm, and
Mps/Mpys ~ 1.20 for E = 20 nm, Sd = 5 nm, indicat-
ing a noticeable increase of saturation magnetization

saturation magnetization of the mag-

due to the lognormal polydispersity. However, for the
typical dispersity (e.g., o = 0.2, standard deviation of
Inr) of common ferrofluids, when the mean particle
sizes are I/ = 25 nm, 20 nm, 15 nm, 10 nm, and 5 nm,
the corresponding standard deviations are Sd = 5 nm,
4 nm, 3 nm, 2 nm, and 1 nm, and for all the values,
Mps/Mys ~ 1.12. Therefore, the common dispersity
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only leads to a slight increase of saturation magneti-
zation for typical magnetite ferrofluids.
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Fig. 4. The dependence of the integral of p(r) within
0 ~ 64 nm on the mean particle size, for different stan-
dard deviations of the particle size.

To evaluate the polydispersity effects on the mag-
netization processes of the magnetite ferrofluids, the
curves of M, /Mp,s—My,/Mps on magnetic field H are
plotted in Fig. 5, corresponding to the curves of
Up/Vps—¥m/Pms versus H in Fig. 3. The normalized
values M, /Mps and M., /My,s represent the degree of
saturation magnetization. It can be seen that the dif-
ference between M, /Mps and My, /My, is clearly de-
pendent on the mean particle size, but little influenced
by the different standard deviations. For each of the
mean sizes, the curves of different standard deviations
are almost overlapped, i.e., each line in Fig. 5 actu-
ally represents four overlapped curves of the differ-
ent standard deviations. In the calculation ranges of
E <25 nm and Sd < 10 nm, M, /Mps—My, /My gives
a maximum value at around H = 200 A-m~!, and the
maximum is calculated as 0.75 for E = 25 nm, 0.85 for
E =20 nm, 0.94 for £ = 15 nm, 0.98 for £ = 10 nm
and 0.998 for £ = 5 nm, respectively. For the com-
mon dispersity ¢ = 0.2, when £ = 25 nm, 20 nm,
15 nm, 10 nm, and 5 nm, the corresponding standard
deviations are Sd = 5 nm, 4 nm, 3 nm, 2 nm, and
1 nm, all below 10 nm, thus the curves of M, /Mps-
M.y, /My versus H should be identical with the curves
in Fig. 5. These results indicate that in an equivalent
increasing magnetic field, the magnetite ferrofluids of
lognormal polydispersity have higher magnetization
value and faster speed to saturation than the corre-
sponding monodispersion. For the typical dispersity
value of common ferrofluids, the maximum difference

between M, /My, and M,,/M,,s appears at a weak
field H = 200 A-m~'. The difference has a noticeable
negative dependence on the mean value, but a negligi-
ble influence by the standard deviation of the particle
size.

Yp/Yps — Ym/Yms

Fig. 5. The dependence curves of (Mp/Mps—Mm/Mms)
versus H, for different mean particle sizes E = 25, 20,
15, 10, and 5 nm. For each of the mean size, the curves
for Sd = 10, 7, 5 and 4 nm almost exactly overlap, thus
the curves also represent the dependence of (Mp/Mps—
Mm/Mms) versus H for Sd = 10, 7, 5 and 4 nm, with the
different mean sizes E = 25, 20, 15, 10, and 5 nm.

4. Conclusions

Based on a lognormal model of particle size dis-
tribution, the polydispersity effects on the magnetiza-
tion of a diluted ferrofluid are analysed. The results
indicate that in comparison with the corresponding
monodispersion, the lognormal polydispersity of the
ferromagnetic nanoparticles leads to an increase of the
saturation magnetization of the ferrofluid. Meanwhile,
the effects also lead to a higher magnetization and a
faster speed to magnetic saturation of the ferrofluid in
an equivalent magnetic field.

For the effects on saturation magnetization, the
latter is positively dependent on the standard devia-
tion and negatively dependent on the mean value of
the particle size. For a constant mean size, the sat-
uration magnetization of the ferrofluids is positively
dependent on the standard deviation; whereas for a
constant standard deviation, the saturation magneti-
zation presents a V-shape curve on the mean particle
size, i.e., when the mean size is larger than the stan-
dard deviation, the saturation magnetization is posi-
tively dependent on the mean particle size, otherwise
the saturation magnetization is negatively dependent
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on the mean particle size. As for the polydispersity
effects on the magnetization process of diluted fer-
rofluids, in an equivalent increasing magnetic field, the
polydispersed ferrofluids have a higher magnetization
value and a faster approach to saturation magneti-
zation than the corresponding monodispersion. In a
weak field, the normalized magnetizations of the poly-
dispersed ferrofluid and the corresponding monodis-
persion have the maximum difference, whose value is
positively dependent on the standard deviation and
negatively dependent on the mean value of the parti-
cle size in the polydispersed ferrofluid.

For the example of magnetite ferrofluids, with the
typical material parameters and a common dispersity
o = 0.2, calculations show that the lognormal poly-
dispersity leads to a slight increase of the saturation
magnetization but a noticeable increase of the speed
to reach the saturation magnetization. The latter is
noticeably dependent on the mean value, but little
influenced by the standard deviation of the particle
size. In summary, the common diluted ferrofluids
of a lognormal polydispersity may be considered as
monodisperse, as far as the size-dependent magneti-
zation properties are concerned.
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