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This paper presents detailed theoretical study on the theory of wave propagation along the coaxial waveguide

filled with moving magnetized plasma (CWMMP). Making use of the Lorentz transformation and the constitutive

transformation, Maxwell’s equations lead to the coupled non-homogeneous differential equations which govern the wave

propagation in CWMMP, and then analytical solutions have been obtained. The discussion about the eigenvalues of
the waves and detailed studies on the fields are carried out. It finds that the fields of the CWMMP are composed of
two parts with different eigenvalues. Numerical calculations show that because of Doppler shift effect, the eigenvalues

of the modes in such a case is quite different from those of the CWMMP. And a detailed discussion on the dispersion

characteristic of CWMMP is presented.
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1. Introduction

The microwave electronics devices have great
achievements in recent years.!—3 However, further
enhancement of output power and efficiency of this de-
vice faces some fundamental limits. One of the most
important limits is the space charge effect due to mu-
tual repulsion of the electrons that limits the maxi-
mum current density due to the beam “blow-up” in-
stability. And the space charge causes the potential at
the centre of the electron beam to be lower than that
on the outer surface of the beam. This effect may thus
also cause defocusing the beam, degrading the beam
quality. These and other effects of space charge se-
riously perturb beam—wave interactions and degrade
the performance and behaviour of microwave devices.

The most promising approach for increasing the
beam current density is introducing a background
plasma fill.[*=7) Tt has already been shown that plasma
fill can dramatically enhance the output power and ef-
ficiency of some microwave devices, such as the plasma

Cherenkov radiation devices. So a number of papers
addressing various aspects of this plasma-filled device
have been published and many papers are concerned
with the theory of electromagnetic wave-beam interac-
tion in plasma-filled microwave devices and two-beam
instability.[®~12] However, the theory is very complex.
Recently, there has been an effective solution to solve
the problem, which supposes that the electron beam
with confined magnetic field equals moving magne-
tized plasma (MMP) in the waveguide,['? and because
of the electrostatic effect the head part of the electron
beam can exclude the electrons from the plasma to
generate an ion channel, in this case the background
plasma can be considered as two parts, one is steady
plasma and another is static ion channel. In this way
the beam can be simplified as a group of slow and
fast waves and the problem of wave-beam interaction
can be simplified to the instability of the slow waves of
MMP between the background plasma. Thus the most
important problem of this solution is analysing the
dispersion characteristics of such equivalent MMP in
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the waveguide. So dealing with the dispersion charac-
teristics of devices filled with equivalent MMP is very
important for beam-wave interaction immersed in a fi-
nite magnetic field and the study of slow wave theory.
Nevertheless, there are only a few papers dealing with
the problem of moving plasma.l™' =17 In Refs. [12]
and [17], the study on the dispersion characteristics
of MMP in the circular waveguide has been studied
and some significant results have been presented.
Based on the theory of Refs. [12] and [17], de-
tailed theoretical investigation and computer calcula-
tions on the dispersion characteristic of coaxial waveg-
uide filled with equivalent moving magnetized plasma
(CWMMP) are studied in this paper. More detailed
study about the eigenvalues which determine the dis-
persion characteristics has been presented and the
comparison between the characteristics of CWMMP
and MMP in the circular waveguidel’” is discussed.

2. Basic equations

In this section, we are going to investigate the dis-
persion characteristics of CWMMP, for doing this, we
need to use two coordinates, one is MMP coordinate,
the moving frame, and another is stationary coordi-
nate, the Lab frame. In our theoretical model, we
assume that the magnetized plasma is moving along

z axis with velocity vy and there is a finite homoge-

D=c¢-E+¢- Hy,

B=p-H-¢- Er,

neous magnetic field B, along the z axis as shown
below. And we consider that the process of MMP in
the waveguide is instantaneous (< 1 ms) and steady,
so the effect between plasma and wall of waveguide
can be ignored.

In the moving frame, the dielectric tensor of the
MMP is as follows:

ey —igh 0
/ .
e =¢co|ich & 0 (1)
!
0 0 &5

The superscript “’” represents the physical quan-
tities in the moving frame. Where
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where wy, is the plasma frequency, w. is the electron
cyclotron frequency, ng is the plasma density, v is the
Fitzgerald—Lorentz contraction factor v = 1/4/1—32,
and § is the relativistic speed ratio vg/co. Making use
of the Lorentz transformation and constitutive trans-
formation, we can transform the tensor and fields from
the moving frame into the stationary frame. Then we

obtain the transformed fields in the Lab frame as[!2:17]
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and c¢g is the velocity of light and vy is the velocity of MMP. From Eq. (2) we can see that in the stationary

frame the MMP is a bi-anisotropic and chiral media.

(12.17] Even though, Maxwell equations still lead to the

similar non-homogeneous coupled equations for the fields in CWMMP as MMP in circular waveguide:

V2E.+a"E.=b"H, +e*J, + f*pe.,
V2H,+cH,=d"E, +g"J. +h*p,
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where the coefficients a*, b*, c*, d*, e*, f*, ¢* and h*

are given in Appendix.

3. The electromagnetic
fields of the CWMMP

(EM)

The homogeneous coupled equation (5) can be
rewritten as follows:

(Vi +p1) (Vi +p3) E. =0,

(V& +pi) (Vi +p3) H. =0, (6)
where
(a* +c*) £ +/(a* + ¢*)? — 4(a*c* — b*d*)

The analytical solution of Eq. (6) can be obtained as

E. = {[AnJm(pi7) + BNy (pi7)]
+ [Condim(p2r) + D Nn (p2r)]} €12,
H, = {h1 [AmJm(p17) + BNy (p17)]
+ D2 [Condim (p2r) + DN (par)]} €', (8)

where hy = (a* — p?)/b*, he = (a* — p3)/b*, m is the
azimuthal order of mode. And all transverse compo-
nents of EM fields can be expressed in terms of E, and
H, (see Appendix). From Eq. (8), we note that the
EM fields of the CWMMP are made up of two parts
which depend on the eigenvalues p; and ps. Therefore,
the eigenvalues affect the characteristics of the two
modes. When the eigenvalue is real, the expression
of the mode is described by J,,,(p1,2r) and Ny, (p1,27),
and when it is imaginary the expression is described
by I, (p1,2r) and K, (p1,27). The detailed discussion
of the eigenvalues can be seen in Section 4.

Based on Eq. (8) and (A3) shown in Appendix,
the dispersion equation can be obtained by using the
following boundary conditions:

Ezlr:a = 07
E.|,_, =0,

E‘P‘r:a =0,

(9)
EW ‘r:b =0.

Substituting Eq. (8) into Eq. (9), we can obtain
a very complex dispersion equation as shown in Ap-
pendix B.

4. Numerical calculation

From Section 3, it is shown that the eigenvalues
are very important for the CWMMP, because they de-
termine the expressions of the modes and dispersion

characteristics of CWMMP. In this section, based on
Eq. (7) we have calculated the eigenvalues by using
wp to normalize the frequency, and ¢y to normalize
the velocity.

From Figs. 1-3, it can be found that, in general,
below the light line (c line) the eigenvalue ps is imagi-
nary and p; is real, so the expression of the part corre-
sponds to the case that po is taken as modified Bessel
functions I, (p2r) and K, (par), the another part cor-
responds to the case that p; is always described by
ordinary Bessel function J,,,(p17) and N, (p17). How-
ever, there are w—k, regions where both eigenvalues
are real and imaginary. Figures 1-3 show that the ve-
locity and cyclotron frequency of magnetized plasma
(MP) strongly affect the distribution of the eigenval-
ues, especially in the region below the c-line. Based
on the calculations, we can conclude that: (i) when
the velocity of the MP is increasing, the w—k, regions
where both eigenvalues are real and imaginary are in-
creasing correspondingly, and the region where ps is
imaginary, p; is real and shrinking (Figs. 1-3); (ii)
it is shown in Figs. 1-3 that because of the relativis-
tic movement of MP, there is a line corresponded to
Doppler shift factor w—k,vg = 0 that splits the area
below the c¢ line into two parts, the one is above the
line and another is below this line, as shown in the en-
larged figure in Figs. 1 and 2. The part above the line
w-k,vg = 0 can also be found in coaxial waveguide
filled with stationary magnetized plasma (CWSMP),
but the part below that line does not exist in the
CWSMP for the Doppler line w—k,vy = 0 in station-
ary MP is w = 0 line. It is clearly that because the
drift velocity of the MP influences the distribution of
eigenvalues of the modes strongly, so the modes in the
coaxial and circular!” waveguides have been changed,
especially the slow wave modes, which caused that the
dispersion characteristics of CWMMP or MMP in cir-
cular waveguide are quite different from the cases of
stationary MP.

Figures 4(a) and 4(b) are dispersion characteris-
tics of the CWSMP, from which it can be found that
there are three kinds of modes in CWSMP: waveg-
uide modes, cyclotron modes, and plasma modes. And
these modes also exist in the CWMMP, however, the
relativistic movement of MP greatly influences on the

cyclotron modes and plasma modes (Figs. 5 and 6).
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Fig. 1. Eigenvalues of wave propagation along the axis on MP for vg = 0.5¢, we = wpe, in the “0)” area p? >0,
p3 < 0; in the V area pi2 > 0, p32 > 0; in the O area pi? < 0, p32 < 0.
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Fig. 2. Eigenvalues of wave propagation along the axis on MP for vg = 0.7¢, we = wpe, in the “0)” area p% > 0,
p% < 0; in the “V” area p% >0, p% > 0; in the [J area p% <0, p% < 0.

¢ line

Fig. 3. Eigenvalues of wave propagation along the axis on MP for (a) vg = 0.7¢,
3wp. The “O” area p% > 0, p% < 0; in the “V” area p’l‘2 >0, p§2 > 0; in the O

w—kzvg=0

k=

we = 3wpe, and (b) vg = 0.9¢, we =
area p{z <0, p;z < 0.

In the CWMMP, there are two groups of plasma modes: 1st group plasma modes and 2nd group plasma

modes. It can be found that the 1st group of plasma modes is split by the Doppler line, and the modes above the
line can be found in the CWSMP, however, the appearance of the modes below the line is due to the relativistic
movement of MP. So in CWMMP, the number of 1st group plasma modes has been much enriched. And there is
another 2nd group of plasma modes in the CWMMP which cannot be found in the CWSMP. These modes are
very interesting, the starting point of these modes dispersion lines is not from the original point and they are

always below the lowest D = 0 line (Fig. 5(c)), and they have very low phase velocity. Moreover, the velocity

of MMP influences the 2nd group of plasma modes greatly, and when the velocity of MP is very low, this group
of modes disappears (Fig. 5(a)).
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Fig. 4. Dispersion characteristic of CWSMP for rinner = 0.5 ¢/wp, Touter = 1.0 ¢/wp, (&) we = wpe, (b) we = 2wpe.
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Fig. 5. The influence of the velocity of MP on dispersion characteristic of CWMMP with inner conductor of
Tinner = 0.5¢/wp and outer conductor of router = 1.0¢/wp, we = 2wpe for (a) vg = 0.2 ¢, (b) vo = 0.6 ¢, and (c)

vg = 0.9 c.
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Fig. 6. The influence of the cyclotron frequency of MP on dispersion characteristic of CWMMP with inner conductor

of Tinner = 0.5¢/wp and outer conductor of router = 1.0¢/wp, vo = 0.4 ¢ for (a) we = wpe and (b) we = 2wpe.
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In the CWMMP, because of Doppler effects, the
cutoff frequencies of the three modes are not constants
any more, they become functions of k, and v,. So in
the CWMMP there are no cutoff frequencies for these
modes, the cutoff frequencies for the three modes are:
w;‘; = wp + k,v, for plasma modes; w} = we + k.v,
for cyclotron modes; wy, = wy — kv, for waveguide
modes.

As a key factor, in CWMMP, the velocity of the
MMP decides the number of plasma and cyclotron
modes (Fig. 5). When the velocity is getting higher,
the number of the plasma modes is getting larger and
the number of cyclotron modes is decreasing, corre-
spondingly the phase velocity of both kinds of modes
is getting higher.

Cyclotron frequency of the MMP affects not only
the cyclotron modes but also the plasma modes, espe-
cially 2nd group of plasma modes (Fig. 6). The same
as CWSMP, in CWMMP it can be found that the cy-
clotron frequency affects the cyclotron modes (Figs. 4
and 6); with the increase of cyclotron frequency, the

we = 1.0 wp, vo = 0.4 ¢, Tipner = 0.5¢/wp

0 2 4 6
k-

number of cyclotron modes is getting larger. How-
ever different from CWSMP, in CWMMP cyclotron
frequency also strongly affects 2nd group of plasma
modes as shown in Fig. 6, when the cyclotron fre-
quency is high enough this group of modes disappears.

Besides the findings mentioned above, it also can
be found that the waveguide mode of CWMMP is al-
most the same as that of CWSMP, so we can conclude
that the velocity of MP mainly affects the plasma
modes and cyclotron modes, the waveguide modes are
not affected by the movement of MP.

Figures 7 and 8 show the influence of the
waveguide’s size on the dispersion characteristic of
CWMMP. It is found that when the radius of outer
conductor decreases, the number of plasma modes de-
creases very fast, especially the 1st group of plasma
mode, adversely, the number of cyclotron mode in-
creases. When the radius of inner conductor increases,
the number of 1st group of modes decreases sharply
and the density of cyclotron modes becomes very little
denser.

we = 1.0 wp, vo = 0.4 ¢, Tinner = 0.5¢/wp

B ‘D = 0 2nd plasma modes
0 2 4 6
k=

Fig. 7. The influence of the outer radius on dispersion characteristic of CWMMP for (a) router = 2.0c/wp and (b)

Touter = 3.0¢/wp.

we = 1.0wp, vo = 0.4¢, Touter = 2.0c/wp

// 2 V
Aplasma modes

0 2 4 6
k-

we = wp, Vo = 0.4¢, router = 2.0¢c/wp

1st plasma
modes

0 [
2nd plasma modes
z

Fig. 8. The influence of the inner radius on dispersion characteristic of CWMMP for (a) router = 1.0c/wp and (b)

Touter = 1.5¢/wp.
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So from Figs. 7 and 8, we can find that the plasma
modes and cyclotron modes can be controlled by siz-
ing the coaxial waveguide.

5. Conclusion

In this paper, detailed theoretical study on the
dispersion characteristic of the CWMMP has been
carried out. From the study, some findings about the
eigenvalues of the moving MP have been discussed: 1)
The EM fields in the CWMMP are made up of two
parts with different eigenvalues. And the eigenval-
ues decide the expressions of the modes. 2) Because
of the relativistic movement of MP, the eigenvalues
of the fields in CWMMP is quite different from the
CWSMP.

Then based on the study of this paper, we
can compare the dispersion characteristics between
CWMMP with MMP in the circular waveguide.l') Tt

can be found that there are some commons between

Appendix A

them, however there are some important differences
as stated below.

(I) For MMP in the circular waveguide, when the
plasma drift velocity is high enough, the cyclotron
But in CWMMP, al-
though the number of the cyclotron wave modes will

wave modes may disappear.

decrease with the increase of plasma drift velocity, this
group of modes cannot disappear.

(IT) In the case of the same plasma drift veloc-
ity, the number of plasma modes and cyclotron wave
modes in CWMMP is much larger than that for MMP
in the circular waveguide, which may cause stronger
mode competition in CWMMP.

(III) In CWMMP, we can control the number of
plasma modes not only by adjusting the size of outer
conductor but also inner conductor.

(IV) For MMP in the circular waveguide, only in
the case of high plasma drift velocity the 2nd group
of plasma modes will appear. However, in CWMMP
even at the relatively low plasma drift velocity, it can
also find the 2nd group of plasma modes.

Making use of the Lorentz transformation and the constitutive transformation, the Maxwell equations lead
to the coupled wave equations of the CWMMP in the Lab frame.

V2E,+a'E,=b"H, +e*J, + f*pe.,

V2H,.+c"H,=d"E,+g"J. +h*p,

* B /”‘;Eg
a* = kjpies — s
VI et - g
(koBE" + k)eg 1

ciui — g

. kopsps
b* = icopo f*ﬁﬂ*kQ T T+ n%2¢0s
g H3™0 erut — Bzgg*

(koE™ + k2)pi3
eiui — BEE

* EE E*ILL;

= k2e s — B L —

R et - g

_ (koBE" + k)i
eipuy — BPEE*

d* — iCOEO{ — fgﬁggkg + -

(koBE™ + k)3
e1uy — P&

koeses
eiput — P&

(A1)

[ 3tk — kokoBES — B2EE7 k]

— k. — pi BE ko + BEs ko

[eTk: + koB (€T — &iey)]

[—esuiko + koB2E7Es + BEsk-] },
espikg — B2E5€" kg — k=koBE; ]

[e1k: + 18E ko — BEresko)

[—piks — ko (€715 — & u3)]

[ H3etho — koB2€7€; — BELk:] }
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The transverse components of the EM filed can be written as:

k. + ko€B)” — ke :
By = 05@2 0%282 fospio {—pak? + po K2} Ve HL + i {ko&u Bk — (kx + ko&B) K*} Vo E,
+ (ks + ko&B) kf — K?ko&eB] (Vir x E.) + iwpg [ pok] — i K?) (Vo x H.)},
k, + kotB)* — k2 )
Hy = 05@2 0%202 fuseg (e1k2 — e K2) V. + 1 [koleBk2 — (. + kotB) K2] Vo H.

— [ko&eBE? — (k. + ko&B) k] (Vo x H.) + iweg (1K — e2k7) (Vr x E.)}. (A2)

Based on Eq. (A2), we can obtain the complete expression of azimuthally component of EM field:

im

E, = eTj{imA {P1 [Amdm(p17) + BNy (p17)] + he [CrnJim(p2r) + DNy (p2r)]} = mB{[ApJm (p17)

+ p2 [Crn 5, (p2r) + DNy, (par)]} + iD{hap1 [Ap s, (p17) + BNy, (p17)]
+ haps [Cr 7, (par) + DNy, (p2r)]},

eimap )

H, = D2 {imE {[AmJIm(p17) + BNy (p17)] + [ConIm(p2r) + Dy N (p2r)]} — mB{h1[ApnIm(p17)
+ BN (p17)] + ha [Codm (p2r) + D Non (par)]} + C{hapy [AmJ, (p17) + BNy, (p17)]
+ hapy [(Cr 7, (par) 4+ DNy, (p2r)]} 4 1F{p1 [Am T}, (p17) + BNy, (p17)]

+ P2 [Cm 3, (p2r) + DNy, (por)]} - (A3)

Appendix B

Based on the boundary conditions E.|,—, = 0, E.|;—p = 0,E,|r=q¢ = 0, Ey|,— = 0, the dispersion
equation can be obtained by solving a matrix:

[mN,, (bp2)(—B + iAhg) + N/, (bp2)(C + iDhs)p2]

X AT (bp2)Ni(ap1) = Jim(ap2)Nom (bp1)] [=m i (ap1) (B — 1Ah1) + p1J3, (ap1)(C + 1Dhy )]

= [=Im(bp1)Im(ap2) + Jm(ap1)Jim (bp2)] [=mNo (ap1) (B — 1Ah1) + 1Ny, (ap1)(C + 1Dhy))]
+ [=Jm (bp1 )N (ap1) + T (ap1)Nop (bp1)] [=mJ . (ap2) (B — iAhs) + poJ,, (ap2)(C + iDhsy)|}
+ [mNp (bp1)(=B + 1Ah1) + Ny, (bp1)(C + iDhi )pi]

X {[=Jm (bp2) N (ap2) + I (ap2) Ny (bp2)] [=mJy (ap1) (B — iAhy) + p1J), (ap1)(C + iDhy))
— [=Jm(bp1)Np(ap2) + I (ap1) Ny, (bp2)] [=mdm (aps) (B — 1Ahs) + paJ., (ap2)(C + iDhs)]
+ [=JIm (bp1)Tm(ap2) + T (ap1)dim (bp2)] [=mNy, (aps) (B — 1Ahs) + paN (ap2)(C + iDhs)|}
— [=mJm(bp2)(B — iAhy) + J., (bp2)(C + iDhs)ps]

X {[=N (bp2)N (ap2) + Ny (ap1 )Ny (bp2)] [=mIm(ap1) (B — iAhy) + p1J,,(ap1)(C + iDhy)]
[T (bp1)Nip (ap2) + Jin (ap1 )N (bp2)] [=mNm (ap1) (B — iAhy) + piNy, (ap1)(C' + iDhy )]
+ [=Jm(bp1)Nm (ap1) + T (ap1)Nn (bp1)] [=mNp (ap2) (B — 1Ahy) + paN;, (ap2)(C + iDha)]}

— [mJpm(bp1)(—B + iAhy) + J,,,(bp1)(C + iDhy )p1]

X {[=Jm (bp2)Np (ap2) + Jm (ap2)Nyy, (bp2)] [-mN,, (ap1) (B — iAhy) + piN,, (ap1)(C + iDhy)]
— [+ N (bp1)Non(ap2) + Nop (ap1)Ny, (bp2)] [=mIm(apz) (B — 1Ahg) + p2J7, (ap2)(C + iDhy)]
+ [T (bp2)Ni (ap1) = Jim (ap2)Nom (bp1)] [=mNom (ap2) (B — 1Ahs) + p2Ny, (ap2)(C + 1Dhs)]}

)
)
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where

A=wpo {—pik2 + psK?}, B = {ko&iBkZ — (k. + ko&*B) K?}, C = [(k. + ko&*B) k2 — K?ko&3f] |
D = wpo [pski — piK?], E=weo (e7ki —e3K?), F =uweo (e5K? —e3k2),

* % * % * 2 * * K * % * *
K? = k§ (e1pi + pse3) — (§58ko)” — (k= + kot B)?, kg = kg (e1p5 + pies) — 2 (kx + ko&* B) ko 5.

And when p; o is imaginary the corresponding Bessel functions become 1,,, and K,,.
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