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The unscented Kalman filter is a developed well-known method for nonlinear motion estimation and tracking.

However, the standard unscented Kalman filter has the inherent drawbacks, such as numerical instability and much

more time spent on calculation in practical applications. In this paper, we present a novel sampling strong tracking

nonlinear unscented Kalman filter, aiming to overcome the difficulty in nonlinear eye tracking. In the above proposed

filter, the simplified unscented transform sampling strategy with n+2 sigma points leads to the computational efficiency,

and suboptimal fading factor of strong tracking filtering is introduced to improve robustness and accuracy of eye tracking.

Compared with the related unscented Kalman filter for eye tracking, the proposed filter has potential advantages in

robustness, convergence speed, and tracking accuracy. The final experimental results show the validity of our method

for eye tracking under realistic conditions.
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unscented Kalman filter, eye tracking
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1. Introduction

Recently, the unscented Kalman filter (UKF),!-2
an efficient derivative-free filter algorithm for obtain-
ing approximate solutions to discrete-time nonlinear
optimal filtering problems has been successfully ap-
plied to numerous practical nonlinear motion estima-
tion and tracking problems, and outperforms the ex-
tended Kalman filter (EKF) in many cases.[] How-
ever, UKF can only achieve good performance under
certain assumptions about the system’s mathematical
model. These assumptions include: 1) sufficient accu-
racy in modeling the dynamic and observation mod-
els; 2) complete information of the noise statistics; 3)
proper initial conditions. But in practice this informa-
tion is usually not totally satisfied. Under these condi-
tions, two factors limit the applications of UKF. One
factor is that unscented transform (UT) with 2n + 1
sigma points take so much time on calculation; the
other is that the UKF algorithm is not very robust
numerically because of assumptions altered. There-
fore, simplifying and optimizing UKF algorithms be-
come an important issue in real-time robust nonlinear

applications.

With the growing use of HCI, there is a rising con-
cern about the eye tracking. For instance, researchers
have utilized eye tracking to study the behaviour in
[45] eye typ-

ing for helping users with movement disabilities to
(6]

such domains as driver fatigue detection,

interact with computers,'® eye tracking analysis of

(7l using eye tracking techniques to

mental analysis,
study collaboration on physical tasks for medical re-
search, virtual reality (VR) system for measuring in-
spection methods, and image scanning, etc.!® Not sur-
prisingly, eye tracking has attracted the interest of
many researchers, and eye trackers have been com-
mercially available for many years.[®) Eye tracking has
not reached its full potential even though the general-
purpose eye tracking technology has been explored for
decades. The first obstacle to integrating these tech-
niques into human-computer interfaces is that they
have been too expensive for routine use. Currently,
a number of eye trackers are available on the market
and their prices range from approximately 5000$ to
40000$.11%7 The second factor is that it is very diffi-
cult to model eye tracking because of the eye motion’s
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high nonlinearity. The third factor is that the robust-
ness of eye tracking should be improved because of the
variety of head and eyes moving fast, external illumi-
nation interference, and realistic lighting conditions.
The accuracy of eye tracking cannot satisfy the real-
istic requirement of HCI.

To tackle some of those problems, we propose a
novel sampling strong tracking nonlinear unscented
Kalman filter (SSTN-UKF) to eye tracking. In the
SSTN-UKEF, a set of n42 sigma sampling strategies in-
stead of 2n+1 sigma points used in the standard UKF,
is constructed to approximate the state of eye move-
ment. The reduced sigma points unscented transform
(UT) parametrizations can capture the distribution
information comparable to that of the 2n+1 symmet-
ric UT, and reduce computational resources compara-
ble to the n42 UT for eye tracking. At the same time,
the suboptimal fading factor of strong tracking filter-
ing (STF) is introduced into time update equations
and measurement update equations to improve ro-
bustness and accuracy of the algorithm. The theoreti-
cal analysis and simulations show that the SSTN-UKF
can improve the computational efficiency, robustness
and accuracy by STF for real-time eye tracking.

The remainder of this paper is organized as fol-
lows. Section 2 is the SSTN-UKF algorithm. Section
3 gives SSTN-UKF based eye tracking performance
evaluation and analysis. Some conclusions are drawn
in Section 4.

2. Development of the sampling
strong tracking nonlinear un-

scented Kalman filter

2.1. Review of standard UKF

In Refs. [1] and [2] the authors demonstrated the
substantial performance gains of the UKF in the con-
text of state estimation for nonlinear control. The
UT is a method for calculating the statistics of a ran-
dom variable which undergoes a nonlinear transfor-
mation. The UKF is a straightforward extension of
the UT to the recursive estimation,'* and the UT
sigma point selection scheme is applied to this new
augmented state to calculate the corresponding sigma
matrix.

Consider the general discrete nonlinear system

Tpy1 = F(xg, up) + v,
yr = H(zk) + ng, (1)

where xj represents the unobserved state of the sys-
tem, uy is a known exogenous input, and yi is the
observed measurement vector at time k. The process
noise vy drives the dynamic system, and the observa-
tion noise is ng, F' and H are state transition matrices.
The UKF equations are given as follows.
(i) Initialization condition is

& = E[zo], Po= E[(z0— %0)(z0 — %0)"], (2)

where & and P, are the initializations of state vector
and covariance.
Augmented state vectors are

& = Bla®] = [#5 00]", (3)
Py 0 0

Py = El(a§ — @§)(«§ — 25)"] = | 0 R -(4)
0 0 R

(ii) Calculating sigma points are

a _ ~a ~a a ~a a
Xk—1 = |Th—1 Th—1 9/ Py T — 7/ Py ] )

ke{l,2,... 2n+1}. (5)
(iii) Time updating is represented by

Xe—1 = FlIxi_1,ur—1.X5_1],

2n
Ty = Z Wimxik/k—lv (6)
i=0
2n T
P, = Z Wz'(c) {ka/k—l - @k} [ka/k—l - ik} (7)
i=0

Yelk—1 = H [Xi/kprZ/ka

2n

U = ngm)yﬁk/k—l- (8)
=0

k/k—1"

(iv) Measurement update is expressed

2n

= ZWi(C) [yi,k/k—l - Q;][yik/kq - ﬁﬂTa 9)
i=0
szzk

2n,
= Z wi Xiksk—1 — &[0 ki1 — 01" (10)

i=0
Given the state model and the measurement
model as well as some initial conditions, the state vec-
tor Iy, along with its covariance matrix Pj, can be
updated by using the system model (for prediction)
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and measurement model (for updating). So the ob-
ject tracking using UKF algorithm can be concluded

as follows:
fk = Pryy P (11)
Ep =25, + k(yk — G5 ), (12)
P’f:Pk__H’CPﬂkﬂkHEa (13)
where 2 = [z7 T nT], x* = [(x*)" ()" (X)),

v =+/(n+A), Ais a composite scaling parameter, n
is dimension of augmented state, R¥ = process noise
covariance, R = measurement noise covariance, w; =
weights calculated as follows:

™ — A
O TN
ws = A —I—(’I’L—Oéz-f—ﬁ)'
O 4 A 7
A
w;’;n’:wf:77 /L.:]_,...,2n;
2(n+A)
A=n(a?—1). (14)

The parameter a determines the spread of the
sigma points around & and is usually set to 1 x 1074 <
a < 1. The constant 3 is used to incorporate the part
of the prior knowledge of distribution of z. For de-
tailed calculation, refer to Ref. [1].

Equation (5) shows that weight selection of sigma
points needs massive computation in UT, standard
UKF with 2n + 1 sigma points to perform filtering
would take much more time on calculation, which
could not satisfy the real-time requirement in many
practical applications. Therefore, it is necessary to
reduce the quantity of sigma points as well as to sim-
plify the complicated process of weight selection.

2.2.The proposed sampling strategy
with n + 1 sigma points

According to the principle of statistical linear re-
gression, to reduce the number of sigma points will
improve real-time performance of UKF filtering. The
number of sigma point is decreased as considered in
Ref. [12], where the minimum number of sigma points
required for obtaining the approximate mean and co-
variance as the n-dimensional random variables is
n+1. For the n+1 sigma points, the sampling strategy
UKF can be carried out

Xk—1 = [ig—l Tpy /Py T — 7/ B } )

ke{l,2,....n+1}. (15)

The n + 1 sigma points sampling strategy UKF
time updating is given by

Xi—1 = FlX5_1,ur—1,Xp_1],

Iy = Z Wime,k/k—p (16)
i=0

P = zn:Wi(c) [ka/kq - 531@} {ka/kq - fkr .(17)
=0

Yelk—1 = H [Xi/k_pxz/k_l}k/kil :

Up = wam)yﬁk/kq- (18)
=0

The n + 1 sigma points sampling strategy UKF
measurement updating is written as

P-

YUk

=S W linsmo1 — 95 W ynes — 951, (19)
1=0
Pwkzk

n
= ZWi(C) kb1 = 2 U pypr — G 1+ (20)
i=0

And the rest steps are similar to standard UKF algo-
rithm.

2.3. The
tracking nonlinear UKF

proposed sampling strong

The STF is proposed by Zhou and Frank[(3] to
solve the state estimation problem of the conventional
nonlinear systems and has been employed in many
areas.!37190 In fact, STF is the extension of the ex-
tended Kalman filter with introducing sub-optimal
fading factors, and it is especially useful for estimating
the states and parameters of nonlinear time-varying
random systems. In this paper, therefore, we intro-
duce the sub-optimal fading factor into time update
equations and measurement update equations of the
proposed simplified UKF with n + 2 sigma points to
improve its robustness. As shown in Fig. 1, firstly, a
set of n + 2 sigma points sampling strategy instead of
2n+1 sigma points in the standard UKF is constructed
to approximate the state. Secondly, sub-optimal fad-
ing factors are used as time update equations and mea-
surement update equations to improve robustness of
the simplified UKF algorithm. The proposed sampling
strong tracking nonlinear UKF (SSTN-UKF) can be
concluded as follows:
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Fig. 1. Structure of the proposed SSTN-UKF algorithm.

Step 1 Covariance and state vector initialization
For a nonlinear system in Eq. (1), we obtain

& = Elz], Po= El[(zo— &0)(z0 — &0)"].  (21)

Step 2 Creating sigma points and calculate

weights

Xo = ;
Xi =2+ (V(n+ NP, i=1,....n
X;L:j;_( (n+)\)PO)i7 i=n,n+1,n-+2. (22)

The matrix x of n+2 sigma vectors x? is obtained

according to the above equation, and w; = weights as
calculated as follows in the SSTN-UKF.

mo__ A

Yo T LN

c A 2
wo:er(n*Oé + 8);

m c A .

’lUZ- :wi:m, z:l,...,n—!—l;

k=k+2
Y
\
A=n(a®-1). (23)
Step 3 Predicting state, measurement and co-
variance
Xk—1

= [i%q Tpy+y Pl Thoa— P}?—1}'(24)

For k € {1,2,...,n+ 2}, a set of n 4+ 2 sigma
points instead of 2n + 1 sigma points are used in the
proposed algorithm. From the above equation, we can
calculate the state and covariance of sigma points.

Step 4 Sub-optimal fading factors used for time
update equations and time updating

Xk—1 = F[Xi_l,Uk_l,xE_ﬂ,

n+1
By =D WX -1 (25)
i=0
n+1
Py = Ak) - Z Wi(C) {ka/k—1 — I
i=0
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T
X [ka/kq*fk ; (26)

where A(k) is the sub-optimal fading factor used to
fade the bypast datum and adjust the predictable
state estimation covariance matrix. Sub-optimal fad-
ing factor A\(k) can be directly determined as follows:

M) = Aoy Ao > 1 (27)
1, A<l
where
Ao = tr[N(k + 1)]/tr[M (k + 1)], (28)

N(k+1) = Vo(k+1) — Go(k)Fy(k) - Fy(k)*
— Gu(k) Ry G (F)", (29)

M(k +1) = GuFo (k) PLFy (K)Gy (k),  (30)

Vo(k+1)
1 F
= EZ”YJ‘"YJ‘T
j=1

G2(0)PyG4(0) + Gy (0)T, k= 0;
=\ PVolk) + 77 - (31
1+p ’

where 0 < p <1 is the pre-selected forgetting, it may
be selected according to the real processes. For fast
changing processes, a smaller p should be selected, and
vice versa. As that pointed out in Ref. [13], A(k) is
insensitive to the value of p
Step 5 Sub-optimal fading factors used to ob-
tain measurement updating equations and measure-
ment updating
Py g
n+1
= M) D W ispn1 = G5 s — 3517 (32)
i=0
Packxk
n+1
AR) YWD psne1 = 80 — 5517 (33)
i=0

Step 6 State and covariance updating:

"ik) - kaykpiielgk7 (34)
T =2, +re(ye — 9 ), (35)
P, = Pk_ - Hkpﬂkﬂk'%g' (36)

The state vector &, along with its covariance ma-
trix Pk, can be updated by propagating n + 2 sigma
points using the system model (for prediction) and

measurement model (for updating). So we can use
the proposed SSTN-UKF to object track, which can
improve the computational efficiency and robustness.

In the proposed SSTN-UKF algorithm, a set of
n + 2 sigma points instead of 2n + 1 ones are used
to reduce the matrix operation time and also reduce
the algorithm computation, which enhances operat-
ing speed and favours the request. At the same time,
we introduce sub-optimal fading factor into time up-
date equations and measurement update equations to
improve robustness and estimation accuracy of algo-
rithm. The final theoretical analysis and experimental
results show the validity of our method for eye track-
ing.

3. SSTN-UKF based eye tracking
performance evaluation and

analysis

3.1. Theoretical validation

3.1.1. The computational efficiency of proposed
algorithm

According to statistical linear regression, a non-
linear function y = g(x) is evaluated for r sigma points
(x4, ¥:), which is approximated by x;,¢ = 1,2,...7.
The y-regression is the linear regression y = Az + b
that minimizes the sum of the squared errors

min Z {e;-rei} , (37)

where e; = y; — (Az; + b).
The solution to expression (37) is
pPr p-1
Tyt xx

ations e; is

A =
b =7 — AZ. The covariance matrix of devi-

1 r
Pee—f ’LT_P - P:z::c T- 38
’ ;_1:6 € vy — APpp A (38)

Equation (38) illustrates that the computational
efficiency of statistical linear regression depends on
the value of . So the SSTN-UKF using n + 2 sigma
points has a better computational efficiency than the
standard UKF using 2n+1 sigma points. The final ex-
perimental results in Table 3 show the computational
efficiency of SSTN-UKEF for eye tracking.
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3.1.2. The robustness analysis of SSTN-UKF

Lemma The sufficient condition for filter being

robust strong tracking filtering is as follows:16:20]

E[{,Ek — {lA?kH[L'k — ﬁ?k}T = min,

Elvg +jvf] =0, k=0,1,2,...,5=1,2,...,(39)

Zhou et al.['0]
proved that the sufficient condition for a filter can

where v, is measurement residual.

be called the robust strong tracking only if the time-
varying filter gain matrix is selected online such that
the state estimation mean-square error is minimized
and the innovations remain orthogonal.
For the proposed SSTN-UKF algorithm, we de-
duce that
Thoy = Epo1 + 51(21’ (40)

where § is the Kronecker §-function, defined by

0, 1= 0;

5;@1 =9 —Op-1, 1<i<m (41)
+0p—1, n+1<i<n+2

xz/kq = f(z}_1); (42)
n+1

-’i‘k/kfl = szx;c/k:—l' (43)
i=0

To prove the SSTN-UKF algorithm is robust
strong tracking filter, we use the Lipschitz condition
defined as

}F(xk)fF(x}Cﬂ §'y|xk7m};|. (44)

In the above Lipschitz condition, for a nonlinear
system in form (1), we have v > 0 and ~ is indepen-
dent of yy.

From Eqgs. (26)—(34), we can deduce that

n+1
ye = A(k) - Y w H [xa],
=0

n+1

Ur/k—1 = A(k) - Z w'H [Xi/k-—p XZ/k—1:|
1=0

(45)

k/k—1

Using formulae (1) and (40)—(45), we can deduce
that

||
= |yk — D1
n+1 ) n+1 o
= |A(k) - [)\(k) > wH k] = Y wlyz/k1]
i=0 i=0

n+1
IOTED DR e
1=0

IN

n+1

> ||
= \k)| -y =2 0. 46
IACK)] -y p— (46)
Then
Elvy + juf] = 0. (47)

From the above theoretical analysis, we can de-
duce that the SSTN-UKEF is the robust strong tracking
filter also. The final experiments show the robustness
of the proposed algorithm for the eye tracking.

3.2. Results of experiments

In this subsection, we develop the following eye
tracking by using SSTN-UKF. Because the eye mo-
tion is of high nonlinearity in the likelihood model,
it is very difficult to model human eye movement dy-
namics. In our tracking system, the following non-
linear equations are used to model the eye movement

dynamics:

Tpq1 = Ry + Sy,
Yk+1 = TYr + 1, (48)
Tk = [xk,y/ka—hyk—lvlnpi7ln)‘i]Ta (49)

where p and A are the scaled parameters for noise, R
and S are state transition matrices, T' is observation

matrices.
2 0 -1 0 0 0
0 2 0 -1 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 o0 0|
0 1 0 0
g - 0 0 0 0 7 (51)
0 0 0 0
0 O 1 0
. 0 0 0 I
T— 1 0 0 0 0 0 (52)
0 1 0 0 0 0

The proposed eye tracking experiment is devel-
oped in a platform of OPEN CV. Our system uses
a ViewQuest VQ680 video camera to capture human
images. The experiment is made on a Pentium III
1.7 G CPU with 128 MB RAM. Eye tracking based
on the proposed method can reach 10 frames per sec-
ond. The format of input video is 352 x 288. Figure
2 represents the eye tracking from test videos by the
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proposed SSTN-UKF algorithm under different light-
ing conditions. The correct rate of eye tracking is
shown in Table 1. And with the results of Table 2,
we have evaluated the performance of the proposed
method and other eye tracking methods in Refs. [21]
and [22].

Table 1. Result of eye tracking using SSTN-UKF algo-

rithm.

video 1 video 2 video3
total frames 7586 12590 9680
tracking failure 13 18 18
correct rate 99.83% 99.94% 99.81%
average correct rate 99.86%

Note: Correct rate of eye tracking is defined as follows:
total frames— tracking failure

correct rate = total frames

Table 3 shows that the complexity of the proposed
SSTN-UKF algorithm is reduced, and the expense of

CPU time is saved. The SSTN-UKF algorithm simpli-
fies the sigma selection strategy so that it can reduce
the matrix operation time and the algorithm compu-
tation, and enhance operating speed and favour the
request. The related experimental results are listed in
Table 3. The complexity of SSTN-UKF algorithm is
O{(n +2)3}, which is less than O{(2n + 1)3} of stan-
dard UKF, where n is the dimension of state. The ex-
pense of CPU time in Table 3 shows that the proposed
SSTN-UKEF algorithm has a better computational effi-
ciency than the standard UKF for real-time eye track-
ing. Especially, as the dimension is higher, the com-
putation reduces more obviously. As shown in Table
4, the root-mean-square error and mean-square error
of SSTN-UKF are remarkably lower, and it shows that
the filter has a better robustness. So the SSTN-UKF
algorithm for nonlinear eye tracking has a better es-
timation accuracy, real-time performance and robust-
ness.
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Fig. 2. Eye tracking by SSTN-UKF algorithm.

Table 2. Comparison of eye tracking algorithms.

algorithm correct rate  remark

Kalman and mean shift algorithm 99.10% Ref. [11]
standard UKF 99.50% Ref. [23]
SSTN-UKF algorithm in this paper  99.86% Refer to Table 1

Table 3. Comparison of computational complexity.

comparison standard UKF SSTN-UKF
complexity o{(2n+1)3} O{(n+2)3}
expense CPU time (n = 20) 0.26 s 0.09 s
expense CPU time (n = 50) 0.78 s 0.26 s
expense CPU time (n = 100) 2.12s 0.68 s

Table 4. Root-mean-square error and mean-square error of eye tracking filtering algorithms.

algorithm RMSE (root-mean-square error) MSE (mean-square error)
Kalman filter algorithm 0.13155 0.164661
UKEF tracking algorithm 0.08069 0.06069
SSTN-UKF algorithm in this paper 0.05850 0.03790

4. Conclusion

We have proposed a new eye tracking method which uses the sampling strong tracking nonlinear unscented
Kalman filter (SSTN-UKF) algorithm. First, the simplified unscented transform with n 4 2 sigma points leads
to the computational efficiency. Secondly, suboptimal fading factor of strong tracking filtering is introduced
into time update equations and measurement update equations to improve the robustness and accuracy of
eye tracking. From both theoretical analysis and practical experiments, it is shown that the novel SSTN-UKF
algorithm not only has a better computational efficiency, but also is more robustness and accuracy than Kalman
filter and standard UKF algorithm for the high stochastic systems such as eye tracking.
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