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In reference to the Weyl ordering z™p" — (1/2)™ X%, (T)X™~'PrX!
momentum operator, respectively, this paper examines operators’ s-parameterized ordering and its classical correspon-

, where X and P are coordinate and

dence, finds the fundamental function-operator correspondence
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and its complementary relation
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where H,, ,, is the two-variable Hermite polynomial, a,a’ are bosonic annihilation and creation operators respectively,

s is a complex parameter. The s’-ordered operator power-series expansion of s-ordered operator ®a{™a”® in terms of
the two-variable Hermite polynomial is also derived. Application of operators’ s-ordering formula in studying displaced-
squeezed chaotic field is discussed.
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1. Introduction

Operator ordering is important for converting
the master equation of density operator to C-number

-3l In a re-

equation in quantum optics theory.
cent paper!¥ the authors derived two new quantum-
mechanical formulas for describing no counts reg-
istered on a photonic detector when a light field’s
their method is

based on the generalized Wigner operator for s-

density operator p is known,

parameterized quasiprobability distribution. Opera-
tors’ s-parameterized rule (denoted by ®- - - ® in this
work) was proposed by Cahill and Glauber,®¢ how-
ever, the problem that what is the normally ordered
expansion of ®al™a™® (or wvice versa, what is the
s-ordered operator expansion of af™a™), where af,a
are creation and annihilation photon operators, re-
spectively, has not been seen in the literature before,
this problem is related to operators’ s-parameterized
ordering and its classical correspondence, which is
essential for completely understanding operators’ s-

parameterized rule. We try to solve it by virtue of
the technique of integration within s-parametric or-
dered product (IWSOP) of operators which unifies
the technique of integration within normal ordered,
antinormally ordered and Weyl ordered product of
operators. [7.8]

Let us begin with recalling the Weyl ordering!®-1!
of operators, which is characteristic of the fundamen-

tal function-operator correspondence relation

IN" < (m

m,.n m—Il pn yl

z™p _><2) Z<Z>X prxt (1)

1=0

where [X, P] = i, (h = 1), ™p" is the quantity of clas-
sical coordinate and momentum. It is associated with
the original definition of Weyl quantization scheme
about operator p and its classical corresponding func-

tion h(p, ),

p= //OO dpdzA(p, z)h(p, z), (2)
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where A(p, z) is the Wigner operator defined in the  with every complex number s a unique way of order-

coordinate representation as ing all products of the operators a and af, i.e., normal
Alp,z) * du fup > < ) ordering, Weyl ordering, and antinormal ordering cor-
P& = oo o © HD) respond to the values s = 41, 0 and —1, respectively.

The reciprocal relation of Eq. (2) is Cahill and Glauber in their long paper!®f! introduced

1 the operators’ s-ordered power-series expansions, their
Tr[pA(p, x)] = 2m) " h(p,x) = W(p,z), (4)

s-ordered {aT"am}s is originated from the following

where W (p, ) is the Wigner function.' ' When p = derivative
(1/2)" ¥, () X™= P X!, according to Egs. (3)
and (4), its classical correspondence is { ama m} "t D(a, s) (©)
0and (—a*)™ | o’
IN" <& (m
2rTr | | = Xmipr Xt Az,
[(2) ;(l) ( p)] where

B /OO d“eip”<x‘\< )méw'_m D(a,s) = D(a) eI,

) D(a) = explaat — a*al], [a,a'] =1, 7

o ; u u i : )

_ :L,m/ dueiPu <x7 7’ P e+ 7> s is a complex number. Thin tl;e crucial elemen
—o0 2 2 tary problem arises: like (1/2)™ Y% (7)X™ = PrX!

— / e dueiPu / > dy/ e—ip/up/n corresponding to z"'p™ in Weyl quantization scheme,
what is characteristic of the fundamental operator-

— m / dp's (p— p') p'™ function correspondence relation in the context of the
s-parametric quantization? In the following we shall

= az"p". (5) take the s-ordered expansion of a!™a™ as being charac-

So equation (1) characterizes the original definition  teristic of the ingredient of the s-parameterized quan-
of Weyl quantization scheme. In 1969 Glauber (No-  tization scheme. In another word, we can directly ex-
bel prize winner in 2005 for his contribution to quan-  plore s-ordered power-series expansion of a!™a™, by
tum optics) et all® introduced the so-called s-  introducing into phase-space the s-parameterized gen-

parameterized ordering convention, which associates  eralized Wigner operator

|
Ay(a) —/d%exp (55'2 Ba* + B° a) ()

21?2

9 . . 2
- [ g e (G 4t~ a0
- 2

_ ﬁ; exp {1__25 (aT—a*)(a—a)} :, (8)

where : : denotes the normal ordering, and the s-parameterized quantization scheme (or viewed as the gener-

alized Weyl correspondence between P(a) and p)
p=2 [ Ean (@) )

By using the IWSOP technique with the properties that the order of Boson operators a and a! within an s-
ordered symbol can be permuted, even though [a,a’] = 1, we have also derived the s-ordered operator expansion
formula of density operators p(a', a),

2
= [ mpm@exp[

- - (18 = B7a+ Ba’ —ala) | ®, (10)

where © - - - ® means s-ordering symbol in our notation, |3) is a coherent state!314] and the eigenvector of a,

2
ﬁ>=exp[ 181% +ﬂa}0>, ald) = B15). (11)
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Equation (8) serves to convert p into its s-ordered form. In the light of Eq. (8) we have seen the s-ordered
expansion of Ag(a),

Ala) = (1 —28)277 / d;ﬂ (Al exp [1_—23 (af o) (- a)] - 1A)
x ®exp L % : (s|B)* — B*a+ Ba’ — aTa)} ®

_ %@5(& —a)d(a-a)®, (12)

which is easily to be remembered. Therefore

OP(a’,a)® =2 / 20, (a)F(a). (13)

As one can see shortly later, all our s-ordered expansion formulas are expressed in terms of the two-variable
Hermite polynomials which appear more concise than some results in Ref. [5].

2. The s-ordered operator expansion of a/™a”

For later uses, we first introduce the two-variable Hermite polynomial H,y, 516!
. min(m,n) min! o )
m,n\S» = -1 me B ) 1
n(€1) ; O (14)
whose generating function is
e tmn
Y i Hun(&n) = exp (i1 + 16 + 1), (15)
o= min!
and its integral representation is('”]
m ¢ d2/6) *m Qn 2 *
(_1) € Tﬂ ﬁ exp (_|ﬂ| - gﬁ + T)ﬂ ) = Hm,n (677]) . (16)

When we take p = af™a™ in Eq. (10), using (—3| 3) = exp (—2|8*) and Eq. (16) as well as the INSOP
technique, we derive

aTman

m 2 A28 o -2 2 "
= 2 [ e [ el - 12 (5 - 5 - )| @

a2 —— ——
= (_1)m(128> /Tﬁﬂ/*mﬁlnC@eXp [_ﬂl2_ﬁ/ IL_SGT"_ﬁI* lisa_szla-ra‘|®
- (n+m)/2
-(*39) ot (\/133‘”’\/138‘1) ®. ()

where 3 = /2/(1 — s) 3. Thus the classical correspondence of a'™a" according to Egs. (12), (13) and (17) is

(n+m)/2
1- 2 2
<s> H,,n <\/ o, \/ a) — af™a", (18)
2 ' 1—s 1-s

which is just the essence of the s-parameterized ordering. In particular, when s = 0, it becomes the Weyl

ordering (denoted by ),

1\ (tm)/2. .
(2> : Hm?n(\/ﬁaT, \/ﬁa)j = aTma”, (19)
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when s = —1, it reduces to the antinormal ordering (denoted by - )

which is an appealing result.[!®]

3. The normally ordered expansion of ®ai™a™®)

As aresult of Egs. (8), (12) and (13), we now consider p = ® a'™a"@®. By virtue of the IWOP technique,!**!
we have
®a™a"® = / d?aa™a*™® s (aT — a*) d(a—a)®

2 a , —2]a? 2
= _— N X
1—s ) 7 ¢¢ P ToTC

(m+n)/2 . 2 i
_ lI—s d*a mrxm /12 2 PV & 2a’a .
( 5 ) / —a’a .exp[oz+ 1_S(aa+a a)il—s :
(m+n)/2
\n+m 1-s . 2 . 2
(—1) + ( 2) ‘Hon (1\/1 — SaT71\/1 — Sa) ;) (21)

where we have used
d2 m-+n . .
o / Tﬂﬁ*mﬁn oxp (|81 + B¢+ 8n) = (=)™ Hop (i€, in). (22)

Note that equations (17) and (21) are complementary for the s-parametric quantization. Thus, it is seen from
Egs. (21), (12) and (13) that a™a*™ is quantized as

(m+n)/2
1-— 2 2
aafm s (—i)n+m (28> :Hpn (i\/l — saﬂ i\/l — sa) D (23)

By comparing the two-variable Hermite polynomial in Eq. (14) with the Laguerre polynomial L )(m) defined

as
n

n+ u)! —z)!
L@ =2 (n—(l)!(z)—l— l)!( - 20

=0

we see the following relation

nl (=)™ €m LI (¢k),  m o> n,

Hp (&, 1) = (25)
m! (=)™ k"~ mLET™ (¢R), m < n.
Using Eq. (25), we see that for m < n, equation (21) is just[®]
1-s\" 2ata
tm, n _ 1. T (n—m) . o n—m
®a"™a"® < 5 ) m!: L" (8_1>.a . (26)
On the other hand, for m > n
1—s\" 2af
®a™a"® = (28> nlatm=—m: Lim—m) (ac;) T (27)
5 —
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4. The s’-ordered operator expansion of © a™a™®

Using Egs. (10) and (21), we can derive the s’-ordered expansion of §a'™a"® by virtue of the IWSOP
technique, i.e.,

@m‘man@) — . _2 = /d;ﬁ <_6|®aTman®‘,3> ®' exp |:S' 2_ T (S/|ﬁ|2 — [*a+ ﬁaT _ aTa):| ®

_ 2(_i)n+m 1—s (m+n)/2/dgﬁH _i\/TB* 1\/76
1—s 2 oo 1-s5" 7" V1-s

—2 2 .
x @ exp L — 1B|% + I (=B*a+ Bal aTa)] ®
L 2(=) (1= s\ R gmin g2 2,
14 ( 2 ) otmorn /T® P 5’—1|ﬂ|

2 2at [ 2 2a 2ata
. = _ .t * _ _t /
+<1T 15+s’1>ﬁ (1 15+s’1>ﬁ s'—1 TL__O@)
(m+n)/2
An+m S, —S . 2 . 2
= (—1) ( 5 ) ®/Hm,n (1\/3/—5aT71\/8/—5a ®/, (28)
where in the above derivation, we have used
aern
H,n (fa 77) = MmO €xp (*t'r +t€ + 7—77)|t=7—=0 s (29)
and the integral formulal2%!
d? 1
/Tzexp ((|z\2+§z+nz*) :—Eexp {—527] , Re(¢) <o. (30)
Especially, when s’ = 1, equation (28) becomes Eq. (21).
On the other hand, when m > n, using Eq. (25) we can see that equation (28) becomes!®]
(m+n)/2 men t
mon R n ) 2 mem [ 2a7a
®a™a"® = (—i) <2> n! (-1)" @ (1 T Szﬁ) L; ) (s — ®’
s —s\" 2ata
= nl / Tm—an—n / 1
w (570) @amr (226, (31)
while for m < n,
I m 2 -'-
®al™a"® = m! (5 . 5) @an L (S i Z/) @. (32)

5. Application of Eq. (10)

Knowing the essence of the s-parameterized ordering of operators, we can apply Eq. (10) to obtain both
the P-representation and the Wigner function of the squeezed chaotic field,[?!] expressed as

ps = S(r)peS~(r), (33)

in a unified way, where S(r) = exp[ir(XP + PX)/2] is the squeezing operator. X = (a+al)/Vv2, P =
(a —a')/iv2, and

pe = (1 _ e—ﬁw/kT)e—ﬁwaTa/kT’ (34)

(k is the Boltzmann constant, T' denotes temperature) is qualified to be a density operator of chaotic field, due
22

to tr p. = 1. By virtue of the IWOP technique we have converted ps to its normally ordered Gaussian form:!

ps = 2v/fg: exp (—fX2 - gPQ) : (35)
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where
1 1 1

=G e 11 2 Y= a1 -

1 (36)

and 7 denotes the average photon number of the chaotic field p. in Eq. (34), i.e. 7 = tr (pCaTa) = (ehw/kT _

1)~!. Using Eq. (10) and the integral formula

dQZ * * 1 *C§U+§29+772f
/TeXP(C|Z|2+§Z+WZ +f22+gz 2): mexp< 4-2_4fg )7 (37)
which holds for Re (( + f +g) < 0 and Re ((¢* —4fg)/(¢ + f £ g)) <0, yields
TG [ f(ﬂ—6*>29<6+6*>2
Ps 1-—s ™ V2 iVv2
_ T
X ®exp [1—23|ﬂ2 B 52—a1ﬁ* + 32i lﬂ_ s i 1aTa} ®
2 f(s=1)’fg (f+g—2fg+2fgs)ata (9—f)(a"? + a?)
=1 a ®exp |— o + 2. ®, (38)
where
Gs=(fs—f+1)(gs—g+1). (39)
As a special case, when s = 0, it reduces to the Weyl ordering
B fg : (9—f) (P +a®) —2(f+g—2fg)a’a|-
pe =2 (l—f)(l—g)IeXp[ 20-N(-9) 3 &
Thus, ps’s Weyl correspondence is
19 (9= 1) (0" +0%) —2(f +9 — 2fg)|a”
o2 <1—f><1—g>e"pl 2= N9 | )

According to the Wigner theorem, for a given state [¢), we have

_ a*? a2 _ _ a2
<w|p5 |w> —4 '(]__f:;c.?l_g)/dQO‘eXp [(g f)( ;—(1_)f)?1(f;';)g 2fg)| | ]Ww (Oz*,Oé), (42)

where Wy, (a*, «) is just Wigner function of |¢)) . On the other hand, when s = —1, it reduces to the antinormal

ordering

(43)

—9 fg ox (9*f)(aT2+a2)72(f+gf4fg)cﬁa:
P T2 —29) 7P 2(1—2f) (1 - 29) '

It follows that the P-representation of the squeezed chaotic field is expressed as

.o fg (9= f) (a2 +0a%) —2(f + g —4fg)|al”
Plecsa)= 2\/ i—2h)(—29 [ 2(1—2)(1—29) ] | )

6. Conclusions

In summary, in reference to the Weyl ordering z™p™ — (1/2)™ )", (7)X™ 'P" X!, we have employed
the IWSOP technique to reveal what is characteristic of the fundamental operator-function correspondence
relation in the context of the s-parametric operator ordering, equations (17) and (21) are our main result. All
our derived results are expressed in terms of the two-variable Hermite polynomial whose special cases lead to
the formulas in Ref. [5]. The s-ordered operator-expansion formula of p in Eq. (10) plays a key role in our
discussion. Through this approach, the essence of Glauber’s s-parameterized operator ordering rule is more

manifest.
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