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Time-energy properties of an attosecond extreme

ultra-violet pulse∗
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The time-energy properties of high-order harmonic generation (HHG) are calculated for a linearly polarized 7-

fs laser pulse with different carrier-envelope phases (CEPs). The quantum trajectory paths that contribute to an

as (1 as=10−18 s) pulse in HHG are identified. The laser-duration dependence and the CEP dependence of HHG

energy property are investigated. The study shows that an as extreme ultra-violet (XUV) pulse can be selected from

HHG spectrum near cut-off energy with a bandpass optical filter. The theoretical prediction of the pulse duration is

proportional to bandwidth. Analysis suggests that a measured narrowband as XUV pulse may consist of instantaneous

shorter pulses each dependent on laser pulse duration, intensity, and CEP. These information can be used as references

for producing, selecting, improving and manipulating (timing) as pulses.
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1. Introduction

High-order harmonic generation (HHG) has been

a successful way to produce as (1 as=10−18 s) ex-

treme ultra-violet (XUV) pulses[1−9] and the x-ray

pulses in the water window (photon energies rang-

ing from 283.7 eV to 532.1 eV, or wavelengths be-

tween 2.33 nm to 4.37 nm) which are useful in bio-

chemical research.[10,11] Although the lack of required

non-linear optical effects makes it difficult to directly

measure the temporal properties of an as XUV pulse

by conventional methods, they can be determined by

analysing the photo-electron spectra measured using

laser-assisted photo-ionizations. Recently, different

techniques such as phase-matching and spatial filter-

ing have been used for analysing, producing and se-

lecting an isolated as pulse by HHG.[12−14] The lat-

est measurement of an as pulse duration is 80 as.[15]

However, people never stop improving the produc-

tion of and seeking for new methods to reconstruct

an isolated as pulse at higher photon energies and

shorter duration for use.[16−27] Except for the laser

intensity, the wavelength and the pulse shape that in-

stantaneously determine the HHG spectrum, the laser

carrier-envelope phase (CEP) is another important

parameter that affects both HHG and laser-assisted

photo-ionization.[28−30] In experiment, technical limi-

tation inevitably yields pulse jitter, parameter fluctu-

ations and walks over the course of a long experiment.

Pulse selection, transportation and interaction with

medium also result in modification and deformation

of the pulse profile. This motivated us to quantita-

tively investigate the detailed temporal properties of

the pulse. Since HHG refers to quantum processes of

atoms in strong fields, our investigation is based on

the calculations of the HHG energy properties at the

single-atom level by using the strong field approxima-

tion (SFA).[31]

According to the Lewenstein’s theory,[31] the

HHG can be explained in terms of quantum trajecto-

ries, each with its own amplitude and the radiation en-

ergy. It is very interesting to look into these trajecto-

ries and identify those which contribute to an as pulse.

Similar to an HHG intensity spectrum that describes

distribution of the radiation amplitudes at different

photon energies, the calculated HHG energy proper-

ties describe a photon energy distribution in time or

laser phase domain, which can be measured as a sum

of contributions from atoms in the field. The study

shows that these HHG energy properties provide new

references for producing and selecting an isolated as

pulse with a specified bandwidth. However, such a

calculation gives only a theoretical prediction of the

pulse duration. Many factors affect the time profile of
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the measured pulse, such as the beam size, the inter-

actions of both the laser and the generated pulse with

the media and their transportation, etc. Instabilities

of laser pulse duration, intensity, and CEP also affect

HHG and as measurements. Beam jitter, parameter

fluctuation, and beam walk over the course of a long

experiment may alter each as pulse. As the pulse be-

comes shorter and the bandwidth narrower, it is useful

to see how these factors affect the result.

The rest of the present paper is organized as fol-

lows. In Section 2, the HHG radiation energy proper-

ties are calculated for a linearly-polarized laser pulse

with a 7-fs (1 fs=10−15 s) duration. The time profile

of an isolated single XUV pulse is quantitatively in-

vestigated. In Section 3, factors affecting the result

of pulse detection are discussed. In Section 4, the ob-

tained findings are given.

2. Time properties of an isolated

narrowband XUV pulse

HHG refers to a non-perturbative quantum pro-

cess of an atom in a strong laser field. We use the

saddle-point method[1−9] to calculate the HHG energy

properties and observe the factors they depend on.

2.1. Saddle-point method

The electron motion of an atom in a strong laser

field (E(t)) satisfies the time-dependent Shrödinger

equation (TDSE),

i
∂

∂t
Ψ(r, t) =

[
−1

2
∇2 − 1

r
− r ·E(t)

]
Ψ(r, t), (1)

where Ψ(r, t) is the electron wave function, r =

(x, y, z) represents the electron space coordinates, and

t denotes time. E(t) = E0F (t) cos(ωLt + Φ) (x di-

rection) describes a linearly-polarized laser field for

HHG, where E0 is the amplitude of the field; F (t) is

the laser envelope, e.g. a Gaussian shape function; ωL

is the laser angular frequency, and Φ is the CEP. The

system is initially in the ground state. Atomic units

and hydrogen atoms are used for simplicity.

According to the Lewenstein’s theory and the sad-

dle point method,[31] the only relevant electron tra-

jectories that contribute to HHG are those where the

electron leaves the nucleus at birth time t′ and returns

to the same place at recombination time t (the return

time τ = t − t′). This is the HHG space condition,

expressed by ∇pS̃(p, t, τ) = r(t) − r(t′) = 0. Here,

S̃(p, t, τ) is defined as the quasi-classical action

S̃(p, t, τ) =

∫ t

t′
dt′′

{
[p−A(t′′)]2

2
+ Ip

}
, (2)

where p is the electron canonical momentum, A(t′′)

is the vector potential of the laser field (E(t) =

−(1/c)∂tA(t), and c is the velocity of light in vac-

uum). S̃(p, t, τ) describes the phase that an electron

gains in the laser field. The dominant contribution to

the harmonic radiation comes from a trajectory that

satisfies the time condition ∂S̃(p, t, τ)/∂τ = 0. The

space condition and the time condition are used to de-

termine the saddle point at the canonical momentum

pst and the return time τst, respectively. The har-

monic energy can be calculated with (2K + 1)~ωL =

∂S̃(p, t, τ)/∂t = [p − A(t)]2/2 + Ip, where 2K + 1

is the order of harmonic radiation, Ip is the atomic

potential, and Ekin(t) ≡ [p − A(t)]2/2 is the kinetic

energy that an electron gains in the laser field.

In the following analysis, Ekin(t) is calculated

with the saddle point method in the case of Ip/Up ≈ 0,

where Up = E2
0/4ω

2
L is the ponderomotive potential

of the laser field. Up is proportional to the laser in-

tensity S = E2
0/2. Ekin(t) serves as the radiation

energy property at time t. The generated harmonic

photon energy is ~ωX = Ekin(t) + Ip, where ωX is

the XUV angular frequency. In calculations, we use

F (t) = exp(−4 ln 2 · t2/τ2L), where τL is the laser pulse

duration in full width at half maximum (FWHM).

2.2.HHG energy properties

Figure 1(a) illustrates the laser carrier field func-

tion F (t) cos(ωLt+Φ) (x direction, amplitude 1, shown

by thin solid line) and F (t) (dash line) with τL = 7 fs,

Φ = 0◦ and the wavelength λL = 750 nm. The shade

circle G denotes the time position where the high-

est order harmonic is generated. The heavy solid line

and the dot line plot the shifted quasi-classical action,

S̃(p, 0.49, τ = 0.49 − t)/3 + 0.32, and the kinetic en-

ergy, Ekin(t) (shown by Ekin(t)/Up+0.32), of an elec-

tron ionized at time t′ (< 0.49 fs) and recombined with

the ion at G (t = 0.49 fs), respectively. Harmonics are

radiated by electrons ionized at stationary points de-

noted by open circles A′, B′, C ′, and D′ on the heavy

solid line where ∂S̃(p, 0.49, τ = 0.49− t)/∂τ = 0, and

recombined with the ion at G. The kinetic energies of

these electrons are values peaked at open circles A′′,

B′′, C ′′, and D′′ denoted on the dot line. Open circles
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A, B, C, andD on the thin solid line temporally corre-

spond to A′, B′, C ′, andD′, respectively. Particularly,

the electron ionized at A (t = −0.13 fs) (stationary

point A′) and recombined at G radiates the highest

energy harmonic, (2K + 1)max~ωL = 3.0Up + Ip. The

electrons ionized at B, C, and D (other stationary

points B′, C ′ and D′), and recombined at G, radiate

harmonics of less energies.

Fig. 1. (a) Illustration of HHG. Thin solid and dash lines represent the laser field function F (t) cos(ωLt+Φ) (x direction,

amplitude 1) and its envelope F (t), respectively. Heavy solid line: shifted quasi-classical action, S̃(pst, 0.49, 0.49−τ)/3+

0.32. Dot line: shifted electron kinetic energy, Ekin(t) (shown by Ekin(t)/Up + 0.32). Shade circle G: the temporal

position where the highest order harmonic is generated. Open circles A ∼ D, A′ ∼ D′ and A′′ ∼ D′′: the saddle points

refer to the laser field, quasi-classical action, and electron kinetic energy, respectively, when electrons are ionized and

then recombined with ions at G. (b) Energy properties of HHG. Solid circles: the electron kinetic energy Ekin(t) as

a function of t, calculated for a linearly-polarized laser with τL = 7 fs and Φ = 0◦. (c) Stationary points of different

values of t′ and t. Point G is identical to that in (a). (d) An expanded area of (c).

Figure 1(b) depicts the HHG energy properties calculated with the same laser as that in Fig. 1(a). The

solid circles plot the electron kinetic energy, Ekin(t). From this figure, we see the following characteristics of the

HHG energy properties. (i) A few-cycle laser can produce a packet of sub-fs pulses. Its duration is equivalent

to the duration of the laser pulse. (ii) Several harmonics of different energies can be generated at the same

time, and are radiated by electrons with different return times, τst. (iii) The HHG cutoff energy E0(3.0Up)+ Ip

for the laser with τL = 7 fs and Φ = 0◦ is less than 3.17Up + Ip, which is often used to estimate the highest

energy of HHG (cutoff law). (iv) There is only one distribution pulse between E1(2.6Up) and E0(3.0Up) (pure

single distribution pulse). (v) The pure single distribution pulse is peaked at t0 = 0.49 fs, spanned 0.36 fs

(duration between t1 = 0.31 fs and t2 = 0.67 fs). (vi) Two neighbouring distribution pulses are separated by

approximately half of the laser optical cycle.

Figure 1(c) shows the stationary points of different values of t′ and t. Point G is identical to that in (a).

Figure 1(d) is an expanded area of Fig. 1(c). The highlighted curve (from t = t1 to t2) denotes the temporal

localization of the pure single distribution pulse.
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2.3.Time properties of a single XUV pulse

We are interested in the pure single distribution pulse (shown in Fig. 1(b), selected with Ekin/Up > 2.6).

Figures 2(a)–2(c) depict the time properties of this pulse. The solid line in Fig. 2(a) plots the electron birth

(ionization) time, t′, vs. recombination (radiation) time, t, and is almost a straight line. The solid line in

Fig. 2(b) plots the return time, τ = t − t′, vs. t, and is also straight. The line of solid circles in Fig. 2(c)

depicts the electron energy gain, Ekin(t), vs. t. The solid line is a Gaussian fit of Ekin(t)/Up, H(t) = 1.36 +

1.64 exp[−8.27(t− 0.49)2]. They meet very well. Here, the electron birth time, t′, and the recombination time,

t, as well as the return time, τ , are expressed as the averages of contributions from all atoms.

Fig. 2. Time properties of a pure single distribution pulse (selected with Ekin/Up > 2.6). (a) Solid line: electron birth

(ionization) time t′ vs. recombination (radiation) time t. (b) Solid line: return time τ = t − t′ vs. t. (c) Line of solid

circles: electron energy gain Ekin(t) vs. t. Solid line: a Gaussian fit of Ekin(t).

For a small bandwidth, ∆WBW (eV), we can calculate the duration, ∆τ (fs), of a selected pulse as follows:

∆τ = 0.188

√
∆WBW

Up
. (3)

Equation (3) is derived from H(t) close to the peak of the single distribution pulse (Fig. 2(c)). This equation

can be used to estimate the duration of the selected XUV pulse at the cutoff energy. Equation (3) indicates that

the bandwidth must be small and the laser intensity must be high in order to obtain a short as XUV pulse. As

the laser duration increases to infinity, the pure single distribution pulse disappears, but a pulse train appears.

Calculation shows that the HHG cutoff energy is Emax = 3.17Up + Ip, and that we can estimate the duration

(fs) of each selected pulse with the bandwidth ∆WBW as ∆τ = 0.179
√
∆WBW/Up.

2.4.HHG energy properties by a τL = 7 fs 750-nm laser at Φ = 15◦ and Φ = 105◦

Figures 3(a) and 3(b) plot the HHG energy properties calculated for a 750-nm laser with τL = 7 fs, Φ = 15◦

and 105◦, respectively. Figure 3(a) shows a single distribution pulse peaked at t0 = 0.38 fs and spanned 0.42

fs. The pulse has a symmetric shape and a bandwidth of E0(3.0Up) − E1(2.6Up) = 0.4Up. Two side pulses of

the same height between E0(3.0Up) and E3(2.1Up) are peaked at t = −0.84 fs and 1.59 fs, spanned 0.42 fs and

0.43 fs, respectively.

Fig. 3. (a) HHG energy properties calculated for a 750-nm laser with τL = 7 fs and Φ = 15◦. (b) HHG energy

properties calculated for a 750-nm laser with τL = 7 fs and Φ = 105◦.
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Two neighbouring distribution pulses are separated by 1.22 fs (about half of the laser optical cycle). Figure

3(b) shows a double-pulse structure between E0(2.9Up) and E1(2.1Up) (bandwidth of 0.8Up). Two pulses are

peaked at −0.24 fs and 1.00 fs, spanned 0.54 fs and 0.55 fs, respectively. They are separated by 1.24 fs (half of

the laser optical cycle), a time interval that reflects an intrinsic characteristic of HHG.

2.5. Laser-duration dependence of HHG energy properties

Figures 4(a) and 4(b) show the laser-duration dependences of the HHG energy properties, calculated for a

750-nm laser with Φ = 0◦ and different durations. Heavy solid and dash lines in Fig. 4(a) are values of E0 and

E1 (see Fig. 1(b)) as functions of laser duration, respectively. Dash-dot line is the bandwidth (E0 − E1). Dot

line denotes the limitation position of Emax = 3.17Up. Dash, heavy solid and thin solid lines in Fig. 4(b) are

values of t1, t0 and t2 (see Fig. 1(b)) as functions of laser duration, respectively. Dash-dot line is the duration of

(t2 − t1). Dot line denotes the limitation position of 0.50 fs. These results indicate that both the cutoff energy

and the pulse localization go to their limitation positions as laser duration grows.

Fig. 4. Laser-duration dependences of the maximal kinetic energy E0 (a) and the pulse localization (b), calculated

for Φ = 0◦ 750-nm lasers. (a) Heavy solid and dash lines: values of E0/Up and E1/Up (see Fig. 1(b)), respectively.

Dash-dot line: the bandwidth (E0 − E1)/Up. Emax denotes the limitation value of 3.17Up. (b) Dash, heavy solid and

thin solid lines: values of t1, t0 and t2 (see Fig. 1(b)), respectively. Dash-dot line: the duration of t2 − t1.

Figures 4(a) and 4(b) show that the cutoff energy of HHG spectrum generated by a few-cycle laser is

obviously less than that (Emax = 3.17Up + Ip) by a laser for infinite duration. At τL ≈ 2 fs, the bandwidth

(E0 −E1) and the pulse duration (t2 − t1) reach their maximal values separately. As the laser duration grows,

the bandwidth of the single distribution pulse decreases quickly to zero but its duration decreases slowly to

0.17 fs or less.

2.6.CEP dependence of HHG energy properties

Calculations demonstrate that the HHG energy properties depend not only on the laser duration, but also

on the laser intensity and CEP. Herein, we present some results of the CEP dependence.

Figures 5(a) and 5(b) depict the CEP dependence of the cutoff energy and the time localization of the pure

single distribution pulse, calculated for a 750-nm τL = 7 fs laser. The heavy solid and dash lines in Fig. 5(a) are

values of E0 and E1 (see Fig. 1(b)), respectively. The dot line is the bandwidth of E0 − E1. The dash, heavy

solid and thin solid lines in Fig. 5(b) plot the values of t1, t0, and t2 (see Fig. 1(b)) as CEP varies, respectively.

The dot line is the duration of t2 − t1. Both the cutoff energy and the duration of the pure single distribution

pulse depict periodic structures (repeated for 180◦ in CEP domain). For example, the bandwidth, the cutoff

energy, and the duration of the pulse achieve their maximal values at Φ = −165◦, 15◦, 195◦, etc. They have

minimal values at Φ = −255◦, −75◦, 105◦, 285◦, etc. At these CEPs, e.g. Φ = −75◦, the lines of t1, t0, and t2

are folded because the highest pulse and the second highest pulse exchange their temporal positions.
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As CEP varies, the cutoff energy changes slightly, but both the bandwidth and the duration of the pure

single distribution pulse change significantly. From the plots in Fig. 5(b), we see that the temporal position, t0,

of the pure single distribution pulse linearly follows the change of CEP in each 180◦ range. This is an interesting

feature that may be used to temporally control the selected attosecond pulse by changing CEP.

Figures 5(c) and 5(d) show the CEP dependence of HHG energy properties, calculated for a τL = 5 fs

750-nm laser. Although the values of E0, E1, t1 and t2 are different from those in Figs. 5(a) and 5(b) at a

specified CEP, the temporal positions of maximal/minimal E0 and E1 are almost the same as those in Figs. 5(a)

and 5(b). The range of t0 in each 180◦ periodic structure is half of the laser optical cycle.

Fig. 5. CEP dependence of the cutoff energy and the temporal localization of pure single distribution pulse of the HHG

radiation properties generated by a τL = 7 fs 750-nm laser. (a) Heavy solid and dash lines: values of E0 and E1 (see

Fig. 1(b)), respectively. Dot line: the bandwidth of E0 − E1. (b) Dash, heavy solid, and thin solid lines: values of t1,

t0, and t2 (see Fig. 1(b)), respectively. Dot line: the duration of t2 − t1. (c) and (d) Similar to (a) and (b), the CEP

dependence of the maximal kinetic energy E0 (c) and the pulse localization t1, t0, and t2 (d), calculated for a τL = 5 fs

750-nm laser.

3. Detection of a narrowband as

XUV pulse

The above calculations have quantitatively

demonstrated that an as XUV pulse can be isolated

with a bandpass optical filter, but many factors af-

fect the detection of this pulse, such as laser beam

size, pulse spatiotemporal reshaping in the gas,[13] the

propagation of the generated XUV pulse, etc. Here,

we first give an estimation of the influence of the beam

size on the result, and then discuss those resulting

from the instability and fluctuation of the laser inten-

sity and CEP.

Figure 6(a) illustrates the detection of an isolated

single XUV pulse. The space within dash lines repre-

sents the region of the laser beam where the intensity

is approximately uniform. There are three points de-

noted by A, B, and C. Their space coordinates are

(0, 0, z1), (0, y1, z1), and (0, 0, z2), respectively. The

detector is placed at point D(0, 0, z3). Points A, C,

and D are in the Z axis, while point B has a small

distance, y1 (≪ z3 − z1, in the Y axis), from point

A. ω1 and ω2 (solid lines) represent pure distribu-

tion pulses shown in Fig. 2(c) generated by atoms at

point A and point C, respectively. The pure distri-

bution pulse generated at point B is the same as ω1.
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The ω3 (solid line) and ω4 (dash-dot line) are detected

pulses generated at points A and B, respectively. On

the assumption that the laser pulse reaches point A

at time t, and the ionization for HHG takes place,

the atom will radiate a harmonic photon after a re-

turn time τ . This photon will reach point D at time

t + (z3 − z1)/c + τ . Similarly, the laser pulse reaches

point C at time t+(z2−z1)/c, and will radiate a pho-

ton after time τ . This photon will reach point D at

time t+(z3−z1)/c+τ , the same as that of the photon

from point A. Different from the photons from points

A and C, the photon from point B will reach the point

D at time t+(z3−z1+δ)/c+τ (denoted by point E),

where δ =
√
(y1)2 + (z3 − z1)2− (z3− z1). Obviously,

D and E are the same point in space but they have dif-

ferent times. The detected pulse ω4 is delayed from ω3

by δ/c. Therefore the final detected pulse will be the

sum of ω3+ω4+···. Hence, this describes the influence

of laser beam size on the measurement. For example,

with a beam diameter of 1 mm (y1 ≤ 0.5 mm) and

z3−z1 = 3000 mm, the small value δ ≤ 0.0417 µm and

the time delay δt = δ/c ≤ 139.1 as, which is a large

value for an as pulse. However, with y1 ≤ 0.05 mm

and z3 − z1 = 3000 mm, we have δt = δ/c ≤ 1.39 as,

a small value that can be neglected. This indicates

that the strong spatiotemporal reshaping of the laser

pulse[13] slightly affects the result measured with these

parameters. Experimentally, when y1 ≪ (z3 − z1)

and the small time δ/c ≈ (y1)
2/2c(z3 − z1) less than,

e.g. 5 as, the influence of laser beam size and pulse

reshaping on the measurement can be approximately

removed from consideration.

Fig. 6. (a) Detection of isolated single XUV pulses. The first three numbers in the brackets A through E are the space

coordinates and the fourth numbers are the times of atomic ionizations (A, B, C) or photon detections (D, E). (b)

Illustrations of the fluctuations and walks of laser intensity and CEP. (c) (Below Fig. 6(b)) The effects of laser intensity

instability and CEP instability on the result of the measured single XUV pulse.

Figure 6(b) illustrates the influence of fluctuations and walks of laser intensity and CEP on the measurement.

ωA
X (heavy solid line), ωB

X (grey heavy dot line), and ωC
X (grey heavy solid line) are the CEP dependence of the

HHG energy properties at different laser intensities (corresponding to middle, low, and high intensity values of

the fluctuations). As we use a narrow bandpass filter to measure the isolated pulses, only those photons that

have energies within ω0 and ω1 will be detected. Φ0 denotes the central value of the CEP fluctuations (from Φ1

to Φ2). Limited by the filter, only those photons that have CEPs ranging from Φ3 to Φ4 (ωB
X) can be detected

at low laser intensity, and photons with CEPs from Φ1 to Φ5 and from Φ6 to Φ2 (ωC
X) can be detected at high

laser intensity. Similarly, all photons with CEPs from Φ1 to Φ2 (ωA
X) can be detected at a middle laser intensity.

Figure 6(c) (below Fig. 6(b)) depicts the influence of laser intensity instability and CEP instability on the

result of the measured single XUV pulse. Since we use a narrow bandpass filter, each laser pulse produces a

short duration XUV pulse according to Eq. (3), e.g. fi(t) (i = 1, 2, . . ., 7) shown in the figure, where each

corresponds to an instantaneous laser intensity and a CEP. The final result of the measured pulse will be the

sum of these pulses, f(t) =
∑

fi(t), i = 1, 2, . . . (shown by thin dotted line), which reflect the distributions
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(of fluctuations and walks) of laser intensity and CEP. These features are useful for laser beam control and

optimization of the selected XUV pulse.

4. Summary

The calculated HHG time-energy properties provide new references for producing, selecting, improving, and

manipulating as pulses. The CEP dependence of the HHG energy properties depict interesting 180◦ periodic

structures. The calculations and analyses demonstrate that a narrowband as XUV pulse can be selected by

using a narrow bandpass optical filter from HHG spectrum near the cut-off energy. The theoretical prediction

of the pulse duration is proportional to the bandwidth. The measured pulse may include instantaneous short

duration pulses, whose time properties depend on laser intensity, CEP fluctuation, and walk.
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