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Traffic congestion is related to various density waves, which might be described by the nonlinear wave equations,

such as the Burgers, Korteweg-de-Vries (KdV) and modified Korteweg-de-Vries (mKdV) equations. In this paper, the

mKdV equations of four different versions of lattice hydrodynamic models, which describe the kink—antikink soliton

waves are derived by nonlinear analysis. Furthermore, the general solution is given, which is applied to solving a new

model — the lattice hydrodynamic model with bidirectional pedestrian flow. The result shows that this general solution

is consistent with that given by previous work.
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1. Introduction

Over the past decades, traffic dynamics has at-
tracted considerable attention from physicists, engi-
neers and mathematicians as a typical example of
non-linear dynamics. In order to describe the traf-
fic characteristics better, various traffic models have
been proposed, such as car-following models, cellu-
lar automaton models and hydrodynamic models.['~7]
Recently, the research indicates that it is quite im-
portant to describe the non-linear phenomenon and
characteristics.[®% The lattice hydrodynamic model,
which was proposed by Nagatanil'®!l is convenient
for analysing the density wave in traffic flow. In 1998,
Nagatanil'® proposed a simple version of the hydro-
dynamic models, in which he incorporated the idea of
microscopic optimal model. Model A in Ref. [10] is
described as

dep + po0zpv = 0, (1)
depv = apoV (p(x +6)) — apv, (2)

where pg is the average density; 7 is introduced to
denote the delay time with which the vehicle velocity
reaches the optimal velocity as the traffic flow varies,
and it is related to the sensitivity a as 7 = 1/a; ¢ rep-
resents the average headway, which means § = 1/po;
p(x + 9) is the local density at position = + J at time

t and it is related to the inverse of headway h(x,t) as
p(x+9) =1/h(x,t). The idea is that a driver adjusts
the car velocity according to the observed headway
h(z,t) [or density ahead p(z + 4)]. This is similar to
the idea in the car following models with the opti-
mal velocity V (h(z,t)). Equation (2) is modified with
dimensionless space x. Here, let & = x/J, and & is
indicated as z.

Model B in Ref. [10] is a lattice version of model
A with dimensionless space x. It is described by

9pj + pol pjvj — pj—1vj-1) =0, (3)
dpjvj = apoV(pjt1) — ap;vj, (4)
where j indicates the j-th site on a one-dimensional
lattice, p;(t) and v;(t) represent the local density and
local velocity on site j at time ¢ respectively, V is
called the optimal velocity function.
By eliminating speed v in Egs. (1) and (2)
(Egs. (3) and (4)), one obtains the density equations
of models A and B as

O%p + adip + aptd.V(p(x +1)) = 0, (5)
92 pj +adipj + apy(V(pj1) — V(p;)) = 0. (6)

We adopt the same optimal velocity function as that
used by Bando et al.l'? except for density variable:

V(p) = (vmax/2)[tanh(2/po — p/p(z) —1/pc)
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+ tanh(L/po)], (7)

where p. = 1/he, h. is the safety distance. For sim-
plicity, we set vpax = 2.

In 1999, Nagatani proposed another lattice hydro-
dynamic model.[''] For convenience, we revisited two
conventional lattice versions of the continuum model

on a single-lane highway. The models are described

by
O¢p; + po(pjvj — pj—1vj-1) =0, (8)
pi(t + T)vi(t +71) = poV (pj+1(t)), (9)
pi(t + 21) — pi(t +7)
+ 7po(pjvj = pj-10j-1) = 0, (10)

pi(t + T)vi(t+7) = poV(pj41(t).  (11)

The two models are model C (Egs. (8), (9)) and model
D (Egs. (10), (11)). Model D is the difference equa-
tion of model C. In the above equations, the notations
are the same as those in models A and B.

By eliminating the velocity in Egs. (8), (9) and
also in Egs. (10), (11), we obtain the density equa-
tions for models C and D:

0epj(t+7) + p3[V (pj1(t)) = V(i ()] =0, (12)

pi(t+27) —pi(t+7)
+ 705V (pjea(t) = V(p;(t)] = 0. (13)

In this paper, based on the original lattice hydro-
dynamic models A, B, C and D, we plan to make the
conclusion as to the four types of models through non-
linear methods. And try to derive the general forms
of the mKdV equations by using the reductive pertur-
bation method. Finally, we want to see whether they
are applied to solving a new model — the lattice hy-

drodynamic model with bidirectional pedestrian flow.

2. The mKdV equation

By applying the linear stability method to the
traffic models A-D, the neutral stability conditions
for models A—D have been given respectively. For de-
tails readers may read Refs. [10] and [11]. It has been

found that if @ > a. (ac = 1 for model A, a. = 2 for
model B, C, a., = 3 for model D), the uniform flow is
always stable irrespective of density. And there is a
critical point at p = p., a = a.. The neutral stability
lines and critical points are shown in Fig. 1.

3.0

251

2.0¢

1.5¢

Sensitivity

1.0 tmodel A

0.5 unstable

o1 02 03 04
Density

Fig. 1. Phase diagram in the density-sensitivity space.
The solid lines represent the neutral stability curves for
models A-D. The asterisks are the critical points. (vmax =
2, pc = 0.25).

From the parabolic form of the neutral stability
line near the critical point, it seems convenient to use
slow scales for space z (or j) and time variable ¢.[1%]
For 0 < ¢ < 1, we use the slow variables X and T
defined as follows:(1"]

X =¢e(z+0bt), T=c (14)
for model A,
X =c(j+0bt), T==e (15)

for models B, C, and D,
where b is a constant to be determined. Let

p(x,t) :Pc—l—aR(X,T), (16)
pj(t) = pc + €R(Xa T) (17)

Inserting Eqs. (14)—(17) into Egs. (5), (6), (12), and
(13), respectively, and expanding to the fifth-order of

€, we obtain the expression (see Table 1):

Table 1. The coefficients f; of the four models.

model f1 f2 f3 fa fs fe Iz
2 2V/ 2V/// ZV/ ZV///
A b+ peV! R B b % b b
2 QV/ V/ P2V/” 2b p2Vl p2Vl//

B b+ p2V’ oy Pl Pe £e 2b c o

a 2 6 a 24 12
2 ’ 2 1" 2 ! 2 1

2y \% 4.3 % %

C b+ p2V' b2 + PLT 27 4Ll P’ 2br bTT + Pc24 pc12
2,/ 2 ’ 2y, 111 ’ 2v,111

2777 3v2r | PeV b3 2 V PV 56473 | p2V. PV

D b+pcV 7t 7% +2 3br g T 32 12
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2f10x R+ &% f0% R+ e*(Or R + f30% R+ f10xR®) + &°(fs0x0rR + feOx R + f:0% R*) = 0, (18)

where V' = dV (p)/dp at p = p., V" = d3V(p)/dp> at p = p.. Near the critical point ( p,ac), 7= (1 + &?)7e.
Taking b = —p2V’ and eliminating the second and third-order terms of & from Eq. (18), we obtain the simple
equation (see Table 2)

e OrR — 10% R + g20x R®] + £°[g30% R + g40% R + gs0% R*] = 0. (19)

Table 2. The coefficients g; of the four models.

model g 92 93 94 g5

A _ pgv/ pgvl// “ _5/)2Vl _ pgv/”
2 6 < 6 6

B . pgvl ng”, ae . PEV’ . ng”/
6 6 4 8 12

C _pgv/ pgv”, _sz/ _pgv/ _pgv/”
24 6 2 48 12

D _pgvl p(Z:V/// _ngl _pgvl _ng”/
27 6 2 54 12

Making the following transformations for Eq. (19): In order to determine the selected value of the propa-

gation velocity c¢ for the kink—antikink soliton solution

g1
=R, 20
g2 (20)

T =gT, R= (22), it is necessary to satisfy the solvability condition:
. . . oo
we obtain the standard mKdV equation with an O(e) (R, M[R)]) = / dXR,M[R,] =0,

correction term oo

(23)

o R — 0% R +0xR"?
1
+e—|g30% R + gs0%x R + 9195(93(1%’3] =0. (21)
g1 92
We ignore the O(g) term in Eq. (21), and obtain the

mKdV equation with the kink—antikink soliton solu-
tion

R{(X,T') = \/ctanh \/g(X —T"). (22)

Next, supposing that R'(X,T") = RL(X,T') +
eR{ (X, T"), we take into account the O(e) correction.

g2

where 2 = 7/7, — 1, b= —p2V’' = 1.

where
AT 2 1/ 4 s 9195 ~2 513
M[RO] —gg@XR +g48XR + 7g 8XR
2

for Eq. (22). Performing the integration, we obtain
the selected velocity

59293

SR 2 — (24)
29294 — 39195

The general kink—antikink soliton solutions of the
headway (—p2V’ =1,V"" = 2) are

(25)

(26)

3. Lattice hydrodynamic model with bidirectional pedestrian flow

The lattice hydrodynamic model was first proposed by Nagatani.'®!!] Nagatani has extended the one-
dimensional lattice hydrodynamic model to the two-dimensional lattice hydrodynamic model to investigate the
two-way traffic like a two-dimensional traffic cellular automaton model proposed by Biham, Middelton and
Levine (BML) model.*3] Meanwhile he has also derived the mKdV equation to describe traffic jam in the form
of the kink—antikink density wave from the hydrodynamic model. In order to see whether there exists the kink—
antikink density wave in pedestrian traffic. Tian et al.l' extended the two-dimensional lattice hydrodynamic
model to the two-dimensional bidirectional pedestrian flow in Fig. 2 (i.e. four-way traffic).
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Fig. 2. The schematic diagram of the moving direction
of the pedestrians, where E, W, N and S denote the east-
bound, westbound, northbound and southbound pedestri-
ans, respectively.

Four types of pedestrians are considered: one type
of pedestrians (eastbound pedestrian) moves only to

the positive z direction, one type of pedestrians (west-
bound pedestrian) moves only to the negative x direc-
tion, one type of pedestrians (northbound pedestrian)
moves only to the positive y direction, and the other
type of pedestrians (southbound pedestrian) moves
only to the negative y direction. The fraction of east-
bound and westbound pedestrians in all of the pedes-
trians is ¢, the fraction of eastbound pedestrian in
eastbound and westbound pedestrians is ¢;, and the
fraction of northbound pedestrian in northbound and
southbound pedestrians is co. The total average den-
sity is po. A two-dimensional lattice hydrodynamic
equation with bidirectional pedestrian flow is obtained

as

plGimt+27) = p(jumt+7) + (10’ 3[V(p(j + Lm, 8) = V( pl(j.m, )]
711 = en)e2ARIV (oG = Lom, ) = V(plG,m,1))]
rlea(1 = PRIV (plGom +1,8) = V( p(j,m, 1))
711 = e)(1 = PRV (p( o = 1,8)) = V(p( G, m, 1))] = 0. (27)

In the limit of ¢ = 0,4 = 1 or ¢ = 1,¢co = 1, equation (27) reduces to the density equation of the one-

dimensional lattice hydrodynamic equation.'™ In the limit of ¢; = 1 and ¢ = 1, equation (27) becomes the

density equation of the two-dimensional lattice hydrodynamic equation with unidirectional flow.!

13)

Then we use the reductive perturbation method to analyse the model. First, we derive the mKdV equation
for the model. Inserting X = e(j +m +bt), T = &3t, p(j,m,t) = p. + eR(X,T) into Eq. (27), expanding it to
the fifth order of ¢, we have Eq. (18) with the coefficients listed in Table 3.

Table 3. The cloefficients f; of the lattice hydrodynamic model with bidirectional pedestrian flow.

f1 f2 f3 fa fs fe f7
D 24,1 : 2171 2111 3 2y, 2y 111
27,7 302 | frcV 312 | gpV PV 5647 frzV frzV
b+ gpzV 5+ =5 s T 7% < 3b7 g T T2 e

In Table 3 V' = [dV(p)/dp]|p=p., V"' =

[V (p)/d%pllp=p.

9= (c10® = [(1 = c1)e]’ + [e2(1 = )]* = [(1 = e2) (1 = 0)?,
f=(a0 +1(1 = e)d? + [e2(1 = ) + [(1 = e2)(1 = o).
Around the critical point ( pe,7e), 7 = (1+¢&2)7., taking b = —gp?V’, we can eliminate the second- and the

third-order terms of € from Eq. (18). Then we obtain the simplified Eq. (19) with the coefficients presented in

Table 4.

Table 4. The coefficients g; of the lattice hydrodynamic model with bidirectional pedestrian flow.

g1 g2 93 94 95
_ P2V (=7f%+94%) gp2v"” _gp2V’ F(=p2V')(~23/2+274%) _to2v”
54g 6 2 21692 12

Analogously, substituting the above coefficients of Eq. (27) into Eq. (24), we obtain the density wave velocity

c of the mKdV equation for the same model

_ 135¢2
C27g2 —22f2°

(28)
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Similar to Eq. (25), the kink—antikink soliton solutions
of the headway can be easily obtained as follows:

1/2 1/2
p(jd,m,t) = pc (91652) tanh { (cEQ)
g2 2

x[j+m+ (bcg152)t]}, (29)

where b = —gp?V', &2 = 7/7. — 1 = 3gbr/f — 1 =
39°7/f — 1.

4. Summary

We have derived the mKdV equations of the

four versions of one-dimensional lattice hydrodynamic

models around the critical points. The traffic charac-
teristics have been analysed with the nonlinear anal-
ysis and the general forms of the mKdV equations
are presented. Meanwhile, the general solutions are
given too. Then, we apply them to derive the mKdV
equation of the two-dimensional lattice hydrodynamic
model with bidirectional pedestrian flow, which in-
dicates that the general solutions could simplify the
complex calculating process. To our knowledge, until
now, the general solution of the mKdV equation in
the lattice hydrodynamic model has not been investi-

gated.
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