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Stationary patterns in a discrete bistable

reaction—diffusion system: mode analysis
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This paper theoretically analyses and studies stationary patterns in diffusively coupled bistable elements. Since

these stationary patterns consist of two types of stationary mode structure: kink and pulse, a mode analysis method

is proposed to approximate the solutions of these localized basic modes and to analyse their stabilities. Using this

method, it reconstructs the whole stationary patterns. The cellular mode structures (kink and pulse) in bistable media

fundamentally differ from stationary patterns in monostable media showing spatial periodicity induced by a diffusive

Turing bifurcation.
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1. Introduction

Pattern formation'=3 has become one of the
most important fields in nonlinear science with the
aim to understand how and why patterns appear,
evolve, and interact in nature. So far, a variety of
patterns have been observed and studied in disparate
systems,[*~9 such as spiral waves in chemical reac-
tions, epidemic waves in ecological communities, com-
bustion waves in forest fire, excitation waves in cardiac
tissue, propagation waves in cerebral cotex, etc. Obvi-
ously the dynamics of patterns is of great significance
for system’s function. As an example, in developmen-
tal biology, the pattern formation in space and time
determines cell fates. Roughly speaking, all patterns
can be classified into stationary pattern and wave pat-
tern, with the former representing motionless and the
latter evolving pattern with time. In this work, we
will study stationary patterns in a discrete bistable
reaction—diffusion system and reveal the rule for orga-
nization.

One of the well-known stationary patterns is the
Turing pattern in monostable media,['% which spon-
taneously appears from a homogeneous steady state
due to a diffusion-induced instability. Turing pattern
has been well observed in chemical experiments!!?—14
and is expected to be a basis for morphogenesis in

biological systems.

As opposite to this, in the studies of pattern for-
mation in bistable (and multistable) media, much ef-
fort has been devoted to wave patterns — propaga-
tion traveling waves, as the waves of one stable phase
can propagate into another stable phase.’~7] Sem-
ingly there is no room for stationary patterns. Never-
theless, extensive studies have well demonstrated that
the dynamics in discrete bistable systems shows sig-
nificant differences with that in continuous bistable
systems, one of which is the occurrence of propaga-
tion failure,1®=22 i e., propagation may fail in discrete
bistable systems if the coupling is too small, whereas
continuous systems allow for propagation at all cou-
pling strengths. Correspondingly, stationary patterns
still exist within a broad parameter region in discrete
bistable systems.

So far, the stationary patterns in discrete
bistable systems in the propagation-failure region
have been extensively studied and reported in the

[23-26] For example, the existence of mul-

literature.
tiple stationary states under the weak coupling condi-
tion was studied in Ref. [23]. The multiplicity of rich
pattern structures stems from the randomicity in ini-
tial conditions. In a chain of coupled bistable oscilla-

tors, the spatiotemporal behaviour with spatial chaos
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was analysed by a Henon-type map and related to
the well-known Smale’s horseshoe.l? Recently, a de-
tailed description of stationary patterns in one-, two-,
and three-dimensional bistable reaction—diffusion me-
dia by Chua’s circuit model was presented,25 and
reconstruction of some stable stationary approximate
solutions was reported.[26] It is noticeable that most
existing works concentrated on stationary solutions
in discrete bistable systems in the limit of weak cou-
pling and pursued approximate solutions. To the best
knowledge of the authors, however, a systematical and
quantitative study of stationary patterns in discrete
bistable systems for any coupling strength (especially,
strong one) is still missing. So far, an overall view
of the structure, formation, and stability (and/or in-
stability) of these patterns remains unclear. It is no-
table that this is an old but basic problem and the
results could shed improved light on our understand-
ing of pattern formation in coupled nonlinear systems.

2. Model and system properties

We consider the classical dimensionless discrete

version of the Nagumo equation:27]

and f(x) is chosen as a nonlinear bistable function:
flz) = —(z+ 1)z —a)(z—1) with -1 < a < 1L
Without losing generality, sufficiently large systems
(N > 1) with periodic boundary conditions will be
investigated. In the absence of coupling, a single el-
ement is bistable, with two stable steady states at
z = —1 and z = +1, and one unstable steady state
at x = a. If a =0, it is a symmetric bistable system.
The two steady states x = —1 and © = +1 have the
same stability. However, if & # 0 (i.e., —=1 < a <0 or
0 < a < 1), it is an asymmetric bistable system. The
two steady states x = —1 and x = +1 have the differ-
ent stability. For example, if —1 < a < 0, the solution
x = +1 is more stable, oppositely if 0 < o < 1, the
solution x = —1 is more stable.

With coupling, the equations of the stationary so-

lution (z7,x3,...,2%) are given by

0 = (2] + (e} - a)(a] — 1)

+e(wjyy + 2l — 227).

(2)

With respect to this stationary solution, the lineariza-

tion equation is

dyi . .
da; d@i = (1 - 32;% + 20a7)y; + e(Yir1 +yim1 — 241, (3)
- = flw) +e(@ipn +zi1 — 223),
dt hich be furth itten i t f
i=1,... N, (1) ~ Which can be further written in a compact form as
where x; is real variable representing the state of % = Ay,
the i-th element at time ¢, N denotes the system
size, ¢ is the diffusive coupling strength (¢ > 0),  where y = (y1,¥2,...,yn) and
|
1— 3232 + 2ax} — 2¢ € 0 €
€ 1— 332 4+ 205 — 2 ¢ 0
. i+ 2oz (4)
£ 0 e 1-3z3 +2axy — 2

The stability of the stationary solutions is determined
by the eigenvalues of the above linearized matrix A.
The A is a real symmetric matrix, and thus all its
eigenvalues are real. Denoting all N eigenvalues of
Aas A\, A1, ..., AN_1, With A ax being the maximum
among all \;’s, we have: if A\, < 0, the stationary
state is stable, otherwise it is unstable.

Generally speaking, the forms of the station-
ary solutions and the corresponding eigenvalues of
their linearized matrix cannot be obtained easily,

except for some special cases. For example, if

\
x} =a5=---=ay = 2" (the so-called homogeneous
stationary state), we immediately have A\pax = 1 —
32*2 4+ 2ax*, which shows that the homogeneous sta-
tionary state x* = —1 (or * = +1) is stable and z* =
« is unstable for the whole parameters (—1 < o < 1
and € > 0). Clearly they (z* = —1, * = +1, and
x* = «) have the same stability as the steady states
in a single system without coupling. Analytical re-
sults for some other special cases are also available,
which, however, are of no interest in our study, as we

are more concerned with general structure of station-
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ary patterns from random initial conditions in large
coupled systems.

Based on the above analysis, we also find that
if @ = 0 for the symmetric bistable model, the sta-
tionary solution (z7,x3,...,z%) and its correspond-
ing antiphase solution (—z%, —x3,..., —z% ) have the
same stability, and this relation is immediately broken
for aw # 0. This property gives a convenience for the
analysis if a = 0, as we will see below.

As the first step, the phase diagram on the a—
plane is illustrated in Fig. 1, which shows that station-
ary patterns exist in the propagation failure (shaded)
parameter region, while traveling waves exist in the
outer (unshaded) regions. The system size N = 1000
is fixed throughout the paper and the results are un-
changed for other large N. The coupled equations
(1) were solved by using a fourth order Runge-Kutta
method with a fixed time step 0.01. The two criti-
cal curves determing the final system’s dynamics —
either stationary patterns or traveling waves were nu-
merically determined. From the picture, clearly e.(«)
is finite for @ # 0 and it goes infinite for a = 0.
The key effect of the diffusive coupling strength ¢ is it
will make one of the two steady states x = —1 and
x = +1, which are locally stable, be globally sta-
ble, respectively, if e is larger than e.(«) for a cer-
tain a (@ # 0). Thus, the phenomenon of traveling
waves appears out of the propagation failure param-
eter region and above the critical curves. If a > 0
(o < 0), z = =1 (x = +1) will be the final global
state. Note that for other types of bistable systems,
the phenomenon of a traveling front can still be found
in an array of coupled symmetric oscillators, such as

in bistable Lorenz oscillators.[28:29]

1.0
traveling waves traveling waves
w 05F b
propagation failure
0 T
-1 0 1

Fig. 1. Phase diagram on the « vs. € plane for the prop-
agation failure region (the shaded area) and the traveling
waves region (the unshaded area). Stationary patterns can
be observed within the propagation failure region. A the-
oretical estimation (dashed lines) for the critical curves is
plotted.

In contrast, we give a theoretical estimation
(dashed lines)

co= ol +3)(al +1-2fal, )

for —1 < ao < 1, which comes from Ref. [20] analysing
the coupled equations (1) from a physical point of view
and including dissipative effects. This is expected to
be a more precise estimation, compared to the the-
oretical results of others.'"=191 For more details of
derivation and discussion, see Ref. [20].

Within the propagation failure parameter region,
rich stationary patterns are expected due to the in-
teraction and competition of the coupled bistable
elements. Different from most of the previous
works concentrating on propagation waves, the crit-
ical (pining—depining) curve, or stationary patterns in
the limit of weak coupling by mathematically rigorous
analyses, 23 26 in this work we are more interested in
the formation of stationary patterns directly from a
phenomenological observation. Our work establishes
that very rich stationary patterns are self-organized,
which can be well predicted by a simple approxima-
tion, the mode analysis method.

3. Stationary patterns in sym-
metric bistable systems and

mode analysis

In this section, we will study the stationary pat-
terns in symmetric bistable systems for & = 0. The re-
sult can be easily extended to the asymmetric bistable
systems for o # 0, which will be the subject of the
next section.

To obtain a global view of stationary patterns
with the change of the coupling strength £ (0 <
e < 1.5), we calculated the bifurcation diagram and
the corresponding maximum Lyapunov exponent Ap,x
versus €. The results are shown in Figs. 2(a) and 2(b),
N = 1000 and « = 0. In the bifur-
cation diagram, for each € the data of the final sta-

respectively.

tionary states for each x; are plotted. The numerical
computational method for A,.., based on the cou-
pled equations (1) and the linearization equation (4),
is standard.l?%) From these pictures, we can see that
in the bifurcation diagram (tree) some short branches
are born from the main branches and become broken
suddenly at certain coupling strengths, where Apax
also drops correspondingly. An unusual brushlike bi-
furcation pattern and a zigzag structure of Apax can
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be observed. All these show the organization of the
coupled bistable systems and need an explanation.

§ o 1
71 1 1
0 0.5 1.0 1.5
£
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o ]
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0 0.5 1.0 1.5

Fig. 2. The bifurcation diagram (a) and the correspond-
ing Amax (b) vs. € in the coupled bistable equations (1).
Random initial conditions are uniformly chosen within
(=1,1). N =1000 and o = 0.

For clarity, figure 3 plots the snapshot of the cou-
pled equations at one coupling strength for ¢ = 0.5
and N = 1000. From Figs. 3(a)-3(d), each sub-figure
shows only one-fourth part of the whole systems: (a)

€ [1,250], (b) 7 € [250,500], (c) ¢ € [500,750], and
(d) @ € [750,1000]. Clearly, lots of elements fall into
the two states at x = —1 and = +1, forming the up-

i
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Fig. 3. Stationary patterns of coupled bistable equations (1).

per and lower platforms. Apart from the platforms,
two local regular modules (kink and pulse) are seem-
ingly randomly embedded in the platforms. The kink,
which acts as a bridge connecting the upper and the
lower platforms, is obviously distinct with the pulse,
standing on the same platform (either the upper or
the lower one). In this respect, we may refer to the
localized coherent structure (kink or pulse) in space as
an independent mode. As an illustration, a kink and
a pulse are emphasized and encircled by the rectan-
3(c) and 3(d), respectively. Note

that the kink and pulse mode structures in continuous

gular boxes in Figs.

and discrete bistable equations have already been well
known. It is our contribution to go further from these
qualitative observations, and study their solutions sep-
arately and analyse their stabilities in a quantitative
way. Although the homogeneous stationary state at
x = —1 (or z = +1) is stable according to our previ-
ous analysis, the disordered stationary patterns with
the two platforms plus kinks and pulses are commonly
observed. For different random initial conditions, we
can obtain different patterns, but the global structure
and the detailed mode structures remain unchanged.
We also find that as the coupling increases, both the
kink and pulse structures get wider and occupy more
system sites in space.

lk? %)I e [o ﬁ?l
O dd @ o © b oy
T W OIT TSRO

a0 CamOC © Cad o
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L
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L

—1
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i

The cellular mode structures (kink and pulse) are

emphasized in the rectangular boxes in (c) and (d), respectively. N = 1000, ¢ = 0.5, and o = 0. From (a) to (d), each

sub-figure shows only one-fourth part of the whole system.
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As a result, we may cut these mode structures
from the whole systems for more detailed studies and
obtain the knowledge of large systems from the analy-
sis of these several small systems. This is just the main
idea of the mode analysis. The same method has been
recently developed in the study of pattern formation
in coupled periodic map lattices in our group.3! To
quantitatively characterize the kinks and pulses, we
define the mode number M, for kinks as the number of
elements moving into the middle region, and the mode
number M, for pulses as the number of sites above the
unstable state £ = a = 0. The kink connects the two
different platforms at x = —1 and = = +1; the pulse
stands on the same platform, whose position can be
either x = —1 or z = +1. Without losing generality,
we choose © = —1 (the lower platform). The pulse
solution standing on = +1 (the upper platform) can
be thought of as the corresponding antiphase solution
and can be easily obtained with different signs. Here
a = 0. For a # 0, we have to study all pulses (peaks
The
schematic shows for the even and odd mode numbers

and dips), as we will see in the next section.

for the kink and pulse are given in Fig. 4. The M) = 2
and My = 3 are chosen in Figs. 4(a) and 4(b), respec-
tively, whereas M, = 2 and M, = 3 in Figs. 4(c) and
4(d), respectively. As odd modes for kink are always
unstable and can transfer to the nearest even modes
of kink under any small perturbation, they will not be
considered further.

1r 1
0 0

. @ b)
1r 1

0 0
l L (c) (d)
—1 —1

Fig. 4. Schematic illustrations for the kink My and the
pulse Mp modes: (a) My = 2; (b) My = 3; (¢) Mp = 2;
(d) Mp = 3. The unknown sites are denoted by open cir-

cles, while the fixed boundaries are denoted by stars. The
abscissa represents the spatial position of lattice i, and
the ordinate represents the corresponding variable z;. For
more details about the definition of the kink and pulse
modes for specific mode number, see the text.

Further the coupled equations for small systems
governed by the modes of kink (or pulse) can be writ-

ten as

d!L‘i
dt

= —(z;+ 1)(z; — a)(z; — 1)
-+ E(I’H_l + 2,1 — 21’1)7
i=2...,L—1 (6)

with different fixed boundary conditions: for the kink
mode My, x1 = —1 and x;, = +1, and L = My + 2;
for the pulse mode M, 1 = —1 and 7, = —1, and L
should be sufficiently large (L > M, + 2).

The simulation results for the kink and pulse are
displayed in Figs. 5 and 6, respectively. In numer-
ics, special initial conditions have been chosen to ob-
tain the proper mode structures and eliminate the ef-
fect of multiple stationary states for different initial
conditions. For the (even-number) kink, each z; for
i=2,...,L/2 is set to an arbitrary negative number,
and each x; for L/2 4+ 1,...,L — 1 is set to an arbi-
trary positive number, —1 < z; < 1 for all lattices.
For the pulse, the middle M}, lattices have been set
to be positive randomly, with others negative, L = 20
is usually chosen. This manipulation guarantees that
the final state can fall into the mode structure after a
transient is discarded. For the schematic illustration,
see Fig. 4. In Figs. 5(a)-5(f), we plot the bifurcation
diagrams for My = 2,4,6,8,10, and 12, respectively.
We can see that the number of the branches increases
for larger My mode, which means that with increase
of the coupling, more elements move into the middle
regions and the kink gets wider. We also find that if
My’s are sufficiently large, there is no much difference
between them, e.g., the bifurcation diagrams for the
modes M) = 8,10, and 12 are nearly the same in the
parameter region 0 < & < 1.5 [compare the curves in
Figs. 5(d)-5(f)]. Therefore, we only need to consider
the My = 10 mode in the following.

Similarly, we plot the bifurcation diagrams for
the pulse modes from M, = 1 to 10 in Figs. 6(a)-
6(j). Clearly, the number of branches also increases
for large M. Nevertheless, different from the splitting
behaviour of the kink modes in Fig. 5, the bifurcation
branches of the pulse modes vanish abruptly once the
With the
increase of coupling, this disappearance occurs grad-

coupling exceeds a certain critical value.

ually for all pulses from small M}, to large ones.
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Fig. 5. The bifurcation diagrams of the kink for the different mode numbers M) = 2, 4, 6, 8, 10, and 12, respectively,
(a)—(f). They are obtained from the integration of the mode equation (6) for each mode number M.
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0 0.5 1.0 1.5

Fig. 6. The same as Fig. 5 for the pulse number M, from 1 to 10 instead (subfigures (a)—(j)).

1 T T
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O<b) ' ¥ M= 10
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9 ) =1 34 15 o 17 18 1o ho
0 0.5 1.0 1.5
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Al'nax

1.0 1.5

3

Fig. 7. (a) The bifurcation diagrams for the kink and
pulse including My = 10 and M} (from 1 to 10) and their
corresponding antiphase solutions. Subfigures (b) and (c)
show the corresponding Amax’s of these modes and their
maximum value vs. €, respectively. In (b), Amax for each
My or M, was calculated based on the corresponding
(mode) coupled equation (6) and its linearization equa-
tion. This is different from the calculation of Apax in
Fig. 2(b).

We plot all the bifurcation diagrams of My = 10
[Fig. 5(e)] and M, from 1 to 10 (Fig. 6) in Fig. 7(a).
All of the antiphase solutions of pulses are added. Ap-
parently, the pattern is similar to the original bifur-

cation diagram for the whole coupled large systems

[Fig. 2(a)]. It shows that the kink mode contributes
to the trunks and the pulses contribute to the broken
branches. We also calculated the Ap.x for each mode.
The results are given in Fig. 7(b). The largest value
among all the modes is chosen and plotted in Fig. 7(c);
the pattern is quite similar to the A ax of the coupled
systems in Fig. 2(b). Since the mode analysis method
is only an approximation theory, it is discernible that
the predicted values for the thresholds of A\, .« appear
a little earlier than the real values.

Our further researches revealed that the pulses
lose stability through a tangent bifurcation. The re-
sults are shown in Fig. 8, as M, = 1 and 2 for ex-
ample, with the bifurcation diagrams in Figs. 8(a)
and 8(b), and their corresponding Apax in Figs. 8(c)
and 8(d).
noted by thick (thin) line. Clearly, the stable branches
of the pulse collide with the branches of the unsta-

The stable (unstable) solutions are de-

ble solution at a certain critical parameter, and both
are annihilated immediately, this is indicative of the
properties of tangent bifurcation. Different from the
Runge-Kutta method directly integrating the pulse
differential equations (6), here the Newton-Raphson
algorithm(2® is performed, with which both stable and
unstable solutions can be obtained.

All the results suggest that the kink and pulse
play constructive but distinct roles in the stationary
patterns of the coupled systems, and compared with
the modest effect of kink with more branches splitting
out with increase of the coupling, the effect of pulse
is more severe with the mode structure becoming un-

stable and vanishing through tangent bifurcation.
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Fig. 8. The mechanism for the instability of the pulse modes. Subfigures (a) and (b) are the same as Figs. 6(a) and 6(b)
for the pulse numbers M}, = 1 and M}, = 2, respectively, but with both the stable (thick) and unstable (thin) solutions
included. The insert in (b) is the enlargement of the left lower part. Subfigures (c) and (d) are the corresponding Amax
versus €. The stable and unstable solution branches collide and disappear at the critical coupling, reflecting the tangent

bifurcation nature.

4. Stationary patterns in asym-
metric bistable systems and

mode analysis

In this section, we turn our attention to the cou-
pled asymmetric bistable systems for a # 0. We will
see that the mode analysis still works. Under this sit-
uation, the symmetric structure of the pulse and its
antiphase solution does not exist, and thus we have to
consider all pulse modes standing on the lower plat-
form at x = —1 (peaks) and those standing on the
upper platform at © = 41 (dips) separately. We may
classify these two structures by using M, and Mg‘ ,
respectively. For kinks, however, this manipulation is
unnecessary.

The bifurcation diagram of the coupled equations
(1) and the theoretical result from the mode analysis
(6) considering the first several important low modes
(M, = 10,M; = 1,2,3, and M =
in Figs. 9(a) and 9(b), respectively. Clearly, they are

1) are shown

in good agreement. Here a = 0.1; for other nonzero

a’s, we obtain similar results. As a # 0, a critical

\
coupling strength (e. ~ 0.38) exists, after which the

whole systems move into the traveling wave parameter
region (Fig. 1) and fall into the homogeneous station-
ary state at x = —1 after a transient time. Naturally,
we also obtain a good prediction for the A\, pattern,

as shown in Fig. 10.

1 T T T - T i
§ Or .
) -ﬁ e £ (a‘)
0 0.1 0.2 0.3 0.4 0.5
£

— —
M, =1 My

P =2 My =3

Z;
o]
T
1

|
M =1 '
4 -é.—'.—‘_.r;::::er (b) |
0 0.1 0.2 0.3 0.4 0.5
€
Fig. 9. The study of mode analysis on asymmetric

bistable systems [Eq. (1) for a # 0], showing the validation
and efficiency of the method for any a. Subfigures (a) and
(b) are the bifurcation diagrams of the coupled equations
(1) and the mode equations (6) for My = 10, M, =1,2,3,
and M;' =1, respectively, o = 0.1.
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Fig. 10. Subfigures (a), (b), and (c¢) show Amax of the
coupled equations (1), Amax’s of the mode equations (6)
for My =10, M, =1,2,3, and M;r = 1, and their maxi-
mum value vs. g, respectively, « = 0.1. For € > ¢; ~ 0.38,
the pattern becomes non-stationary and a traveling wave
behaviour appears.

5. Conclusion and discussion

In this work, we have systematically studied the
stationary patterns in a discrete bistable system. A
mode analysis method allows us to cut the whole
large systems into several independent modes (kink
and pulse) for detailed analysis. The different roles of
kink and pulse have been well recognized. Therefore,
the structure, formation, and stability of these sta-
tionary patterns have been well characterized. Below
it is necessary to give some discussions.

(i) The findings are very generic. Similar results
have been found in multi-variable bistable systems,
such as the Fitz—Hugh—-Naguma model and Lorenz
model, and other multistable systems with the coex-
istence of more than two stable steady states. In all
these cases, the mode analysis has been proved suc-

cessful.

(ii) In the discrete bistable media, within the trav-
eling wave parameter region, one expects to find trav-
eling kinks (fronts) but not usually traveling pulses. (6]
In contrast, within the propagation failure parameter
region, both stationary kinks and stationary pulses are
observed.

(iii) Our mode analysis is an approximate
method, based on simple observation of mode struc-
tures of stationary patterns in discrete bistable sys-
tems. It is fundamentally different with the analysis
of homo- and heteroclinic connections, which is stan-
dard for calculation of localized patterns (pulses and
kinks, respectively) in continuous bistable systems. (¢!
For continuous bistable systems, the effects of parame-
ters in the reaction and diffusive terms have been anal-
ysed in detail mathematically and physically.[® It is,
however, difficult to generalize the method and obtain
similar rigorous results in discrete bistable systems.
For more discussions, see Ref. [6].

(iv) In numerics, the system size N = 1000 is
used. The pattern configuration may change with dif-
ferent N, but the mode structures are unchanged for
any large N. However, for small N, e.g., N = 8 or
N =10, the mode structures may not be observed.

(v) Finally, it is interesting to briefly compare
stationary Turing pattern in monostable media and
stationary pattern in bistable media. The former pat-
tern occurs from a homogeneous stationary state by
a diffusion-induced bifurcation and shows a periodic-
ity in space. A finite coupling strength is needed for
the appearance. In contrast, the stationary pattern
in bistable media occurs due to the competition of
the two stable steady states and show a global ran-
domness in space and a local regularity with well-
organized kink and pulse structures. Correspondingly,
it is only observable for the coupling smaller than a
certain threshold.

We hope all these findings and results are of signif-
icance and importance for our understanding of pat-

terns in nature.
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