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Sliding mode control of a new chaotic system
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In this paper, a sliding mode controller (SMC) is designed to control a new dynamical system with canonical

chaos characters. With the proposed SMC, the new chaotic system can be regulated to a fixed point in the state space.

Simulation shows that the chattering phenomenon is greatly alleviated.
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1. Introduction

In recent years the theory and methods of con-
trolling the chaotic system have been tremendously
developed. A lot of researches have been done to dif-
ferent kinds of chaotic systems.[1−7]

Recently, sliding-mode control systems have been
studied due to its robustness and simplicity. In Ref. [8]
Yu et al. proposed a sliding mode nonlinear PI control
scheme. In Ref. [9] Guo et al. used sliding mode con-
troller (SMC) to achieve chaos synchronization. And
much work has been done to solve the problems in
implementation of SMCs.[10−14]

The sliding mode control employs discontinuous
control to drive the system state trajectories onto
some prescribed sliding surface. This discontinuous
control and non-ideal switching often result in an un-
desirable phenomenon called chattering. In this pa-
per, with the control law, the dynamical system re-
sponses rapidly and the chattering phenomenon is led
to a very low level while the state trajectories of the
controlled system being regulated to a desired point.

2. Brief analysis of the new

chaotic system

In Ref. [15] Liu proposed a new three-dimensional
autonomous system





ẋ = a(y − x + yz),

ẏ = by − hxz,

ż = ky − gz,

(1)

where parameters a = 1, b = 2.5, k = 1, g = 4, h = 1.

Reference [15] also analysed that system (1) had 3
equilibrium points O(0, 0, 0), E1(10, −8.633, −2.158),
E2(10, 4.633, 1.158), and found that all of them were
unstable.

Figure 1 shows the state-plane behaviour of
x, y and z under the initial value [x, y, z]T =
[10, 10, 1.6]T.

Fig. 1. Three-dimensional view of the state-plane be-

haviour.

3. Sliding surface design

Let the fixed point be (xd, yd, zd), then the tra-
jectory error states could be defined as e1 = x − xd,
e2 = y − yd, e3 = z − zd. Considering execute con-
trol on the second and third equations of system (1),
we find that the error state dynamic equations can be
obtained as





ė1 = −ae1 + a(1 + zd)e2 + ayde3 + ae2e3

− axd + ayd + aydzd,

ė2 = −hzde1 + be2 − hxde3 − he1e3

+ byd − hxdzd + u,

ė3 = ke2 − ge3 + kyd − gzd + w,

(2)
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where u and w are control input.
When xd, yd and zd satisfy the following two equa-

tions:

yd =
g

k
zd, (3)

xd =
g

k
zd(1 + zd), (4)

we can calculate that −axd + ayd + aydzd = 0 and
kyd−gzd = 0, therefore the error state dynamic equa-
tions can be simplified as





ė1 = −ae1 + a(1 + zd)e2 + ayde3 + ae2e3,

ė2 = −hzde1 + be2 − hxde3 − he1e3

+ byd − hxdzd + u,

ė3 = ke2 − ge3 + w.

(5)

When the control input w satisfies the following equa-
tion:

w = −ke2, (6)

we can obtain ė3 = −ge3. As g = 4 is given, so when
t →∞, e3 converges to zero.

From Eq. (5), we can see that when e2 and e3 all
become zero, then ė1 = −ae1, i.e. when t → ∞, e1

would converge to zero. So the proposed sliding sur-
face should guarantee that e2 could converge to zero,
thus e1, e2 and e3 would all converge to zero. For this
purpose, the sliding surface is designed as

s = e2 + k1e3, (7)

where k1 is a positive real parameter.

4. Sliding mode control law

If sṡ < 0, then there exists sliding mode. The
sliding mode control law is designed as

u = hzde1 − be2 + (hxd + gk1)e3 + he1e3 − byd

+ hxdzd − k2s− k3 sign(s), (8)

when zd 6= 0, or

u = hzde1 − be2 + (hxd + gk1)e3 + he1e3

− byd + hxdzd − k2s, when zd = 0, (9)

where k2 and k3 are positive real parameters. The
sign(·) is sign function, i.e. when s > 0, sign(s) = 1;
when s = 0, sign(s) = 0; when s < 0, sign(s) = −1.
The proposed input (8) or (9) will drive the system
(1) with nonlinear input onto the sliding mode s = 0.

Differentiating the sliding surface, we can obtain

ṡ = −k2s− k3 sign(s), or ṡ = −k2s. (10)

Letting the Lyapunov function of the system be
V = 1

2s2, we obtain its derivative with respect to time
t as

V̇ = sṡ

=




−k2s

2 − (s)k3 sign(s), (zd 6= 0),

−k2s
2, (zd = 0).

As k2, k3 > 0, s2 ≥ 0 and (s)k3 sign(s) = k3|s| ≥ 0,
thus V̇ ≤ 0. This condition makes sure that the de-
signed sliding surface s would converge to zero.

5. Simulation results

Simulation results are presented in this part to
verify and demonstrate the effectiveness of the pro-
posed control scheme. The simulation results are car-
ried out by using the MATLAB software. The fourth
and fifth order Runge–Kutta integration algorithm
was performed to solve the system differential equa-
tions. A time step size 0.01 was employed in this part.

Let the desired point be [xd, yd, zd]T = [0, 0, 0]T

(xd, yd and zd are under constraints of Eqs. (3) and
(4)). When the control input was carried out at
t = 40 s, as shown in Fig. 2, the behaviour of the
system changes from unstable (chaos) to stable state.

Fig. 2. Simulation results with k1 = 8, k2 = 10.

Let the desired point be [xd, yd, zd]T=[8, 4, 1]T

(xd, yd and zd are under constraints of Eqs. (3) and
(4)). When the control input was carried out at
t = 40 s, figure 3 shows the evolution of the dynamical
system.
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Fig. 3. Simulation results with k1 = 8, k2 = 10, k3 = 20.

It can be seen from Figs. 2 and 3 that chattering

does not appear and the error attenuates exponen-
tially.

6. Conclusion

The nonlinear sliding mode control theory is used
to design the control signal to eliminate chaos in a new
dynamical system. The theory and simulation study
show the effectiveness of the designed sliding mode
control and the chattering phenomenon is successfully
restrained.
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