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Adaptive generalized synchronization between Chen
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Based on Lyapunov theory, the adaptive generalized synchronization between Chen system and a multi-scroll
chaotic system is investigated. According to the form of target function a proper adaptive controller is designed, by
which the controlled Chen system can be synchronized with a multi-scroll chaotic system including unknown parameters.
The Lyapunov direct method is exploited to prove that the synchronization error and parameter identification error

both converge to zero. Numerical simulation results verify the feasibility of the proposed method further.
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1. Introduction

In 1990, Pecoral!) realized chaos synchronization
(CS) theoretically and experimentally. After that CS
has been applied widely to vibration control, secure
communication and biomedicine, and various synchro-
nization methods were investigated in this period.l?~®!
Initial CS methods were mainly concentrated on syn-
chronization of two identical chaotic systems, and then
two different chaotic systems can also be synchronized
with some other methods, which extended the appli-
cation of CS greatly.

Generalized synchronization!®=8 (GS) is a spe-
cial kind of CS developed in recent years, by which a
functional relation can be realized between the vari-
ables of two chaotic systems. In fact, most of exist-
ing CS methods can be regarded as the special cases
of GS, such as projection synchronization, phase syn-
chronization and so on. In Ref. [11], GS via active
control was investigated. GS of continuous dynamical
systems is studied in Ref. [14], and a universal adap-
tive GS approach is proposed in Ref. [17]. The feasi-
bilities of GS are all proved in the above references,
but the convergences of parameter estimation errors
are not analysed and proved when adaptive control
methods are adopted. In addition, GS of multi-scroll
chaotic systems is seldom studied.

In this paper, the adaptive GS (AGS) between
Chen system and a multi-scroll chaotic system is inves-
tigated, and the Lyapunov direct method is exploited
to prove that the synchronization error and parameter

identification error both converge to zero. Numerical
simulation results verify the feasibility of the proposed
method.

2. Description of the GS scheme

Take a multi-scroll chaotic system!'®! as the drive
system, which has a simple structure as follows:

j/'l = px2,
By =21 — f(21 + 23) + g2, (1)
B3 = r[rz — f(r1 + 23)],

where the piecewise linear function

N

1
flo)=5 > {seulv+ (2k - 1)] + sgnfo — (2k — D]},
k=1
when parameters p = —4, ¢ = 0.2, r = —5, there exists

a multi-scroll chaotic attractor, as shown in Fig. 1.
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Fig. 1. The multi-scroll chaotic attractor of system (1).
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Take the chaotic Chen system as the response sys-
tem, and the controlled system can be presented as
follows:

71 = a(y2 —y1) +u,
Y2 = (¢ — a)y1 — y1y3 + cya2 + u, (2)
U3 = y1y2 — byz + us.

The target function of AGS is the combination of vari-
ables in system (1). For simplicity, it is selected as

© = (223,71 + T2,21 — 12)", (3)
thus the error variables of AGS are

e1=yY1—p1, €2 =Yz — P2, e3=y3— 3. (4

In addition, we define the whole error variable of AGS
as e = (2 + €2 + )2 If tLierooe(t) =0, AGS re-
lated to function (3) is achieved between system (1)
and system (2).

3. Design and proof of the con-
troller

According to the form of target function (3), a
nonlinear adaptive controller is designed as follows:

;= (a— 1)y — ayz + 223(1 + 7) — 27 f(z1 + 23),
iy = (a—c)y1 — (c+ Dy2 + 11y3 + 221

+ P+ ¢+ Das — f(z1 + 23),
3 = (b—1ys —y1y2 + (D — ¢ — 1)z

+ fz1 + 23), (5)

where p, 4,7 are the estimations of unknown parame-
ters p, q,r. Denote the estimation errors as

p=p—p, q=4—q, T=7—r (6)

The adaptive law of parameter estimation is taken as

b= —kza(es +e3),
g = —kza(ez —e3),
Fo= —2keq[xs — f(z1 + x3)], (7)

where parameter k is the control coefficient used to
adjust converging velocity.

Theorem For the multi-scroll chaotic system
(1) and controlled Chen system (2), AGS can be re-
alized with respect to target function (3) when the
controller (5) and adaptive law (7) are adopted, and

the parameter estimation errors converge to zero.

Proof Take the Lyapunov function of the con-
trolled Chen system (2) as

V=(l+e3+e€3)/2+ (@ +7 +7)/2k, (8)

by differentiating and substituting Eqgs. (3)—(7) into
Eq. (8) we get

V = e1(in — 1) + etz — ¢2) + e3(¥s — 3)
+(pp+ g+ ) [k
= e1(—y1 + o1 + 27[xs — f(x1 + 23)])
+eal—y2 + @2 + (P + q)x2]
+e3{~ys + 3+ (D — @)v2} — pr2(ea + €3)
—qra(ez — e3) — 2rei[x3 — f(21 + x3)]
= —(ef + 3 +¢3)

= _62 <0,

because V is positively semi-definite, one cannot de-
termine whether the error variable of AGS is asymp-
totically stable at zero just by the Lyapunov stability
theory. Considering V <0, we get e, D, ¢, T € Lo,
and

/t edt = /t —Vdt =V(0) — V(t) < V(0),
0 0

s0 e(t) € La. According to the Barbalat lemma we ob-
tain tllglo e(t) = 0, namely the AGS between systems
(1) and (2) is achieved.

Following is the proof about parameter estima-
tion errors. According to the system equation and

controller we obtain

€1 =91 —¥1
= a(y2 —y1) +ur — 243
= —(y1 — 223) + 2(7 — 7)[xs — f(z1 + 23)]
= —ey + 27wz — f(71 + z3)], (9)

when ¢ — o0, considering the result e(t) — 0, it
is obvious that ej(t) — 0. Since ej(t) is a piece-
wise smooth function, we obtain é;(t) — 0. Because
[x3 — f(z1 + x3)] is the combination of nonzero vari-
ables of system (1), if equation (9) converges to zero
there must be 7 — 0, namely 7 — r, thus the unknown
parameter is estimated exactly. Similarly, there exist

€y = —e2 + (P + q)z2,
és = —e3 + (P — q)z2.
By the same way it can be proved that (p+ q) — 0

and (p—q) — 0, thus p — 0 and § — 0, namely p — p
and § — q.
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4. Numerical simulation results

In the simulations we choose the control coeffi-
cient £k = 20 in Eq. (7), and the initial values of
controlled Chen system (2) [y1(0), y2(0), y3(0)] =
[10,11, 23], parameters a = 35, b = 3 and ¢ = 28. The
initial values of the multi-scroll system (1) are given by
[1,1,1]. Take practical parameters p = —4, ¢ = 0.2,
r = —5, and the corresponding initial values of param-
eter estimation [p(0),4(0),7(0)] = [-3,0.5,—=7]. Nu-
merical simulation results are shown in Fig. 2. The
error variables converge at zero at t = 20, thus AGS
of two systems is realized.
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Fig. 2. The error variables of AGS.

During the course of AGS, the parameter esti-
mations p, ¢, 7 in controller u(t) vary according to
adaptive law (7), and all of them converge to the real

values respectively, as shown in Fig. 3.

10
I, 0

—10

0

10

I 0
—10

0

30

= 10 l/\
1
%

20 40 60 80 100

20 40 60 80 100

20 40 60 80 100
t/s

Fig. 3. The parameter estimation errors.

5. Conclusion

In this paper, an adaptive control method of GS
between Chen system and a multi-scroll chaotic sys-
tem was proposed, by which AGS is realized according
to a given object function. Based on Lyapunov stabil-
ity theory we proved that the AGS errors and parame-
ter estimation errors both converge to zero. Numerical
simulation results verify the effectiveness of the con-
trol method further.

can also be applied to GS of other chaotic systems,

This adaptive control method

and the convergence of corresponding synchronization
errors and parameter estimation errors can be proved

similarly.
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