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Quantum thermal discord in a two-spin-1/2 XXZ model*
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We study the quantum discord in a two-spin-1/2 XXZ model in thermal equilibrium at temperature 7" in the

presence of an external magnetic field B. Special attention is paid to the dependence of quantum discord on the

temperature T' and magnetic field B. It is found that quantum thermal discord is more robust than concurrence against

temperature, in the sense that quantum thermal discord does not vanish at finite temperatures, but concurrence vanishes

completely at a critical temperature.
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1. Introduction

It is well known that quantum entanglement is a
fundamental quantum-mechanical feature which sets
the basic differences between classical and quantum
correlations and numerous works have been devoted
to the study of quantum entanglement.l'~6 In the
studies on the thermal entanglement of the Heisen-
berg spin model, a lot of interesting works have been

7111 1t is shown that there is no entanglement

done.!
above a critical temperature T. no matter what the ex-
ternal magnetic field is for a two-spin-1/2 XY model.[”]
Also, the entanglement is enhanced by increasing the
interaction of z-component J, in the XXZ model.l®!
Furthermore, quantum phase transition appears in the
XY model.l*

Quantum discord, as introduced by Olliver and
Zurek,'? is a measure of the quantumness of cor-
relations. Such a quantum correlation is more gen-
eral than entanglement in the sense that quantum
discord can be nonzero for states that are separa-
ble, showing the presence of quantum correlations in
non-entangled states. Up to now, numerous works
have been devoted to quantum discord in studies
of quantum phase transition7[13’14] quantum correla-
tions in two-qubit systems'®16 as well as in Grover
search algorithm,!!” the action of decoherence,®!

non-Markovian effect,') the condition for completely

20l and the rules of quantum dis-

21-23]

positive maps,|
cord to quantum computation[
teleportation.?) As seen in Refs. [22] and [23] that

states with non-zero discord can lead to an exponential

and quantum

speedup in a model of deterministic quantum compu-
tation with one quantum bit,[2%) even in the absence of
entanglement. Hence, the notion of quantum discord
might play a significant role in quantum information
protocols.

In the studies of response of quantum discord to
noises, some studies'®! have usually been paid to ex-
plore only the time evolution of quantum discord. In
this paper, we study the temperature-dependence of
quantum discord for a two-spin-1/2 XXZ model in
thermal equilibrium in the presence of an external
magnetic field. It is found that quantum thermal dis-
cord has many similar traits compared with quantum
thermal entanglement. In the ground state, they are
always equal no matter what the magnetic field is.
When temperature goes up from zero, the overall be-
haviours are also similar. However, quantum discord
is more robust than concurrence against temperature,
since quantum thermal discord vanishes asymptoti-
cally with the increasing of temperature, but concur-
rence behaves sudden death at a critical temperature
T..
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2. Two-spin-1/2 XXZ model

Let us start by introducing a two-spin-1/2 XXZ
model in an external magnetic field B, which is de-
scribed by the following Hamiltonian (with = 1)

Hg = %[Jagl)ag(f) + Jaél)ag(f)
+ Lolol + B + o). (1)

Here J and J, are the coupling constants between
the two spins, and the Pauli operators are defined as
o) = [1i{0] +[0)ii (1, o = i(|0}ii (1] — [1):4(0]) and
o = |14 (1] = 0)4(0], with |1); and |0); standing
for spin up and spin down for the i-th (i = 1,2) spin
respectively. The coupling constants J, J, may be pos-
itive or negative, which correspond respectively to the
anti-ferromagnetic or ferromagnetic cases. The four
eigenstates of the Hamiltonian (1) read

|¢1) =10,0),  |2) =[1,1),

(W
o2 = 55 (=0 + 10,

1 [/J]
= — | —]1,0)+[0,1) |, 2
o1 = 75 (Lo +10.1) @
which have eigenenergies

1
Ey = 5(J. —2B),

1
By, = §(Jz +2B),

J.
By =L 1)
J.
E, = —?+|J|- (3)

At thermal equilibrium of temperature T, the density
matrix of the system reads

p(T) = Z 't exp(—pBHs), (4)
where Z = Trlexp(—fHs)| is the partition func-
tion and 8 = 1/T (with kg = 1) is the in-
verse temperature. In the representation with basis

states {|1,1),]1,0),]0,1),]0,0)}, the thermal equilib-
rium state can be expressed as

e PE20 0 0
1 0 ¢c —s0
p(T)=— , (5)
Z 1o —sc 0
0 0 0 e PB

where the partition function Z = [exp(28B) +
1]exp(—BE3) + 2cosh(5]J]) exp(28J,) and the pa-
rameters s = 28Jsinh(5|J|)exp(J;)/| ],
cosh (8| J]) exp(28.J.).

C =

3. Quantum thermal discord and

entanglement

In this section, we mainly study the dependence
of quantum discord on temperature and external mag-
netic field for the thermal equilibrium system men-
tioned above. Let us first review briefly the notion of
quantum discord. For a bipartite quantum system, the
quantum mutual information between the two subsys-
tems ./ and 4 is given by

I(pwz) = S(per) + S(pz) — S(pas), (6)

where S(p) = —Tr(plogp) is the von Neumann en-
tropy of the density matrix p. The quantum mu-
tual information has fundamental physical signifi-
cance, and is usually used as a measure of total corre-
lations that include quantum and classical ones. The
classical correlation may be defined in terms of pro-
jective measurement. Suppose we perform a set of
projective measurements {17 k‘@} on the subsystem 2,
then the probability of measurement outcome k may
read p, = Tryz[(I? @ I7)pyzs(I¥ @ I7)] with
I the identity operator for subsystem .o7. After
this measurement, the state of subsystem & is de-
scribed by the conditional density operator pg |, =
Trgg[(I‘Q{®Hé@)pd@(l‘d®ﬂé@)]/pk. We define the up-
per limit of the difference between the von Neumann
entropy S(p.) and the based-on-measurement quan-
tum conditional entropy >, prS(pa|x) of subsystem
A, i.e.,

2(prz) = supizy |S(per) = Y prS(parii) | 5 (7)
k

as the classical correlation of the two subsystems. The
maximum is taken for all possible kinds of projective
measurements. In the end, the quantum discord is de-
fined as the difference between the total and classical
correlations, 2

D(pwz) = I (paz) — 2(por)- (8)

It should be noted that the phenomenon of nonzero
quantum discord is a manifestation of quantum cor-
relations due to noncommutativity rather than due to
entanglement. 1!

It is also noted that the definition of classical cor-
relation of Eq. (7) is related to the optimal choice of
projective measurement {I/?}. This sets a severe

handicap for the evaluation of classical correlation.
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Fortunately, for a single qubit system, this problem
can be solved in principle. For qubit subsystem 4,
a general set of projective measurements may be de-
noted as II” = V|k) 5 (k|V*, where k = 0,1 and V
is a unitary transformation on subsystem %,

0 . s
cos§ Sin §e !
V= (9)
in oo cos 0
sin —e — COS =
2 2

with 0 < 0 < 7 and 0 < ¢ < 27w. For given temper-
ature T" and magnetic field B, it suffices to evaluate
only the maximum of Eq. (7) with respect to param-
eters 0 and ¢.

We will also calculate the quantum entanglement
of the system and make a comparison with quantum
discord. For a two-qubit system with density matrix

p, the concurrence C' is defined as(*®

C:maX{O, /\1 —)\2—/\3—)\4}. (10)

Here Ay > Ao > A3 > M4 are the square roots of
the eigenvalues of the matrix R = pp, with p =
)®O.(2) « (1)

y P Oy

complex conjugate.

Wy ”

0751 ® 07(,2) and the sign “x” standing for
For simplicity, we in the following only consider
the anti-ferromagnetic system, i.e., J,J, > 0. (Note
that ferromagnetic system may be studied in a simi-
lar way and we have found the behaviours are similar
to that of anti-ferromagnetic case). The discussion is
divided into three cases: (i) XXX model (J, = J); (ii)
XX model (J, = 0); (iii) XXZ model (J # J, # 0).

1.0+ f/’:’ 3“ -
il /1
Q 05 ..{.'ig
##x\\x‘ 2
QN
04 % B/J

Fig. 1. Quantum discord D of the thermal state of XXX
model plotted as a function of temperature T' and external
magnetic field B, where T' and B are scaled by J.

For the XXX model, the quantum discord and
concurrence of the thermal state (5) as functions of
temperature T" and external magnetic field B are plot-
ted in Figs. 1 and 2. One can see that the overall be-

haviours of discord and concurrence are similar. For

0 < B/J <2, both D and C decay from 1 monoton-
ically when temperature T increases from zero. For
B/J > 2, they increase from zero to some peak values
(note that the peak values depend on B) in the begin-
ning and then decay with temperature increasing. The
distinct difference between discord and concurrence is:
D vanishes in an asymptotic way, but C behaves as
sudden death at a finite critical temperature T, (T¢./J
is about 1.82 in Fig. 2)

Fig. 2. Concurrence C' of the thermal state of XXX model
plotted as a function of the scaled temperature T//J and
external magnetic field B/J.

As stated by Boltzmann distribution, when 7" —
0, the system should be in the ground state with min-
imum energy. According to Eq. (3), for B > |J| + J.,
E, < E5 and the ground state of the system is |¢;) =
|0,0) which is a separable state with D = C = 0. For
B < |J|+ J., E1 > E3 and the ground state becomes
|p3) = (]0,1) —|1,0)) /v/2 which has D = C = 1.
Thus

B.=|J|+ J. (11)

is a critical magnetic field for the phase transition of
ground state. For XXX anti-ferromagnetic model, the
critical magnetic field for phase transition of ground
state is B, = 2J. This character is described by the
rectangular lines in Figs. 1 and 2.

For the XX model, the behaviours of quantum
discord and concurrence versus temperature and ex-
ternal magnetic field are similar to that of the XXX
model (see Figs. 3 and 4). The differences are that the
critical magnetic field for phase transition of ground
state now becomes B, = J. For B < J, both D and
C decay more rapidly as temperature goes up. For
B > J, the peak values of D and C fall. The critical
temperature for entanglement death also decreases to
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T./J = 1.13.

T/J 0

Fig. 3. Quantum discord D of the thermal state of XX
model versus scaled temperature and external magnetic
field.

T)J 0

Fig. 4. Concurrence C of thermal state of XX model
versus scaled temperature and external magnetic field.

Finally, for the more general XXZ model, we plot
quantum discord and concurrence as functions of T
and B for J, = 2J in Figs. 5 and 6 respectively. One
can see obviously that, for B < B. (B, = 3J in this
case), both D and C' decay more slowly compared with
Figs. 1-4. For B > B, the peak values of D and C
move up. The critical temperature for entanglement
death increases to T,/ J = 2.38.

T/J 0

Fig. 5. Quantum discord D of the thermal state of XXZ
model with J, = 2J versus scaled external magnetic field
and temperature.

Fig. 6. Concurrence C of the thermal state of XXZ model
with J, = 2J versus scaled external magnetic field and
temperature.

From the above analyses, we conclude: i) There
is a critical magnetic field for the phase transition of
ground state B. = |J| + J,. Below B, the ground
state has maximum quantum correlation and entan-
glement D = C = 1. Above B, the ground state is a
separable state with D = C' = 0. ii) When the temper-
ature goes up from zero, D and C either decay mono-
tonically from 1 (for B < B.), or increase from zero
to some peaks first and then decrease (for B > B.).
iii) D does not vanish up to infinite temperature, but
C' vanishes completely at a finite critical temperature
T.. iv) For larger J,/J, as temperature goes up from
zero, D and C either decay more slowly (for B < B.)
or have higher peak values (for B > B.). Further, the
critical temperature for entanglement death rises with
J./J increasing.

Indeed, for thermal equilibrium state (5), the con-
currence can be evaluated as

C= %max {0, e =2 (eJZ/T sinh (;) - 1) } .
(12)

The critical temperature 7. for entanglement death
should satisfy

e’=/Te sinh(J/T,) = 1. (13)

When J, = 0, it reduces to the result of Ref. [10].
Obviously, T is independent of magnetic field B. The
relation that Tt rises with the increase of J, /J is listed
in Table 1.

Table 1. The scaled critical temperature T /J for differ-
ent J,/J of XXZ model.

J./J 0 0.1 02 03 04 05 1 2 5
T./J 1.13 1.21 129 1.36 1.43 1.50 1.82 2.38 3.79
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In the end of this section, we point out that quan-
tum discord and concurrence depict different types of
quantum correlations between two subsystems. Their
values are in general not the same. As an explanation,
we plot quantum discord and concurrence of the ther-
mal state of XXZ model with J, = 2J versus scaled
temperature in Fig. 7.

1.0

Fig. 7. Quantum discord D and concurrence C of the
thermal state of XXZ model versus scaled temperature,
where J, = 2J. The solid and circle-solid lines denote re-
spectively the D and C with B/J = 2, while dashed and
circle-dashed lines denote respectively the D and C' with
B/J = 4.

The solid and circle-solid lines denote respectively
the discord and concurrence for B/J = 2, while
dashed and circle-dashed lines for B/J = 4. It is
shown that in the beginning parts of temperature
increasing, the quantum concurrence is larger than

quantum discord. But when temperature exceeds

some values, the quantum discord becomes dominant.

4. Conclusion

In conclusion, we have investigated the quantum
discord in a two-spin-1/2 XXZ model in thermal equi-
librium at temperature 7' in the presence of an ex-
ternal magnetic field B. For the ground state of the
system, there is a critical magnetic field of phase tran-
sition B, = |J| + J,.
has both maximum quantum discord and maximum

Below B., the ground state

entanglement. Then they decay monotonically from
this maximum as temperature goes up. Quantum
discord decays asymptotically, but entanglement van-
ishes completely at a finite critical temperature 7.
When the magnetic field is above B, the ground state
is a product state with neither quantum discord nor
entanglement. Then they increase from zero to some
peak values in the beginning of temperature and im-
mediately lessen when temperature moves up from
zero. In addition, larger J./J can either slow down
the decaying speed of both quantum discord and en-
tanglement for B < B, or raise their peak values for
B > B.. The critical temperature T, for entangle-
ment death also rises as .J,/J increases. In the end,
quantum discord and concurrence depict not the same
quantum correlation, there are some dominant regions
of discord or concurrence in the XXZ model.
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