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Comparative studies of open qubit via Bloch equation

and master equation of Redfield form*
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In this paper, we investigate the dynamics of an open qubit model by solving two sets of its reduced dynamical

equations. One set of the equations is the well-known Bloch equations and the other is the widely investigated master

equations of Redfield form. Both of them are obtained from the perturbation approximation which demands the system

of interest weakly coupled to its environment. It is shown that the qubit has a longer decoherence and relaxiation time

as the dynamics is described by the Redfield equantions.
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1. Introduction

It is very important to investigate the reduced
dynamics of open quantum systems because the evo-
lutions of the quantum systems of interest are deduced
from them. Many methods that focus on the reduced
dynamics of quantum systems have been developed in
the past several decades.['? It has been shown that
at low temperature non-Markov effects are important,
and some non-Markov schemes for solving the dy-
namics of quantum systems with few levels have been
developed®—9! and applied,'0=13] recently. However,
in general, when the cut-off frequency of the bath is
large when compared to the characteristic frequency
of the quantum system of interest, the Markov approx-
imation is exact enough. Under the Markov approx-
imation, the methods of the Bloch equations!*4—16]
and the master equations of Redfield form'7—2% are
two important and straightforward schemes to obtain
The for-
mer, the method of Bloch equations, is developed from

the dynamics of open quantum systems.

the studies of nuclear magnetic resonance (NMR) and
has been widely used in magnetic resonance imaging
(MRI), electron spin resonance (ESR), quantum op-
tics, and many other fields of physics.[?2l The latter,
the method of the master equations of Redfield form,
has also been successfully applied in many fields of

[17,23,24]

physics and chemistry,[?526] etc. In particu-

lar, these two kinds of methods have been employed

in the field of quantum communication and quantum
calculation,27=32 recently.

In fact, the two kinds of methods have the same
origin. Both of them can be derived from the quan-
tum Liouville equation based on the perturbation and
Born-Markov approximations. But their final forms
are always different. It is interesting to know what
is the difference of the dynamics obtained from the
different methods.
that for the same few levels system, for example a

In particular, we want to know

qubit, what is the difference of the decoherence and
relaxation calculated using the two methods. In this
paper, we shall compare the two kinds of methods by
investigating the dynamics of an open qubit model.
In the following, we at first introduce a qubit model
then investigate the dynamics of it using the Bloch
and Redfield methods, finally some comparisons and
a conclusion will be given based on the results.

2. Dynamics of a qubit model

We start with introducing the Hamiltonian of an
open two-level system (TLS), namely an open qubit
model as follows:

H = Hyis + Hg + Hj. (1)

This Hamiltonian includes three terms, the Hamilto-
nian of the system of interest (qubit) Hrrg, the Hamil-
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tonian of bath Hg which is supposed to be constructed
with a set of harmonic oscillators, and the Hamilto-
nian of interaction between the TLS and bath, Hy. We

set an open qubit model as*4

Hrps = hwo [1) (1],
_ T
Hp = zk: By, (bkbk - 2), (2)
Hy = A[RA 1) (0] + hAT [0) (1], (3)
where

A=>"cp(bf, +br). (4)

k

Here, b,t and by, are creation and annihilation operators
of the bath modes, and A is a controlling parameter
for convenience of discussion.

For the investigating schemes that the total sys-
tem is described with the microcosmic dynamical
model plus its phenomenological environment, the
spectral density function of bath is in fact a bridge
to connect the microcosmic and macroscopical physi-
cal quantities of environment. According to Refs. [1]
and [2], we introduce the spectral density as

J(w) =21 " lex|* 6(w — wp), (5)
k

which includes all the effects of the bath in the dynam-
ical framework. To different environments, one always
uses the macroscopical Ohmic, sub-Ohmic, and super-
Ohmic spectral density functions to describe the bath.
The spectral density function is defined as

ﬂwzﬂm(w>%¥““% (6)

2 We

where 7 is the dimensionless damping strength and w
is the cut-off frequency of the bath. According to the
different s, the spectral density functions belong to
the Ohmic bath (s = 1), super-Ohmic bath (s > 1),
and sub-Ohmic bath (s < 1).[Y In the following, we
use the spectral density functions and the Bloch and
Redfield equations to investigate the dynamics of the
open qubit model of Eq. (1).

2.1. Bloch equation approach

In this subsection, we introduce the generalized
Bloch equations as the interaction of system and bath
This deriva-

tion closely follows the general approach discussed by

up to the second-order perturbation.

Budimir and Skinner.'¥ The equation for the time

evolution of the total density operator p(t) of the total
system can be generally described with the Liouville
equation as

Op(t) i
—— = ——[H, p(t)] 7
o =~ H.p(0)] (™)
Transforming it to the interaction picture, we have
ap(t) o
——=—ilL .
5t i L(t)p(t)

Here, p(t) is defined by
B(t) = & B0t/ p(g)ei Hot 1,

and the Liouville superoperator L(t) is

L(t)...= %[ﬁl(t),...],

where
I:[I(t) =l Hgt/ﬁHIefi Hot/h’

and Hj is the Hamiltonian of the system of interest
plus the Hamiltonian of the bath, namely,

Hy = Hypis + Hp.

From Egs. (3) and (4), we have

Hi(t) = A[pA(t) [1) (O] + hA(#)T |0) (1]
with
A(t) = etto A(t),
where
A(t) = cp(blel* + bre™ k). (8)

k

The formal solution to the Liouville equation is

t

p(t) = p0) —i /0 Aty L(11)3(0)
/Hu/ﬂmﬂmmmmm+m,®
0 0

which has been iterated to give a perturbation series.
Defining a reduced TLS density matrix

a(t) = Tre[p(t)],

and

5(t) = Trp[ (1)), (10)

we have

&(t) = 5(0) —i/o dt; Trg[L(t,)pg]

—/ dtl/ 1 dts TI‘B[E(tl)i(tg)pB] —+ e
0 0
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Here, Trg|- - - | denotes the trace over the bath modes,
and we set the initial state of the total system be the
product state of the system of interest and the bath,
and the latter is set in the equilibrium state, namely,
pp = e(=PHB) /trg(efHB) where § = 1/kT. By defin-
ing

AM™ () = (—1)"n! / t dt, / ! dty ...
0 0
x / "t Ty L) E(ta) . L(t) ]
0

with M =1, and

0 A2
=3 G ),
n=0 '
one has
a(t) =W(t)a(t)
with
W(t)= (t)d(t) !
Defining
W(t) =Y Nrwen(),
n=1

where W™ (t) denotes that obtained from the 2n-
order perturbation of the interaction Hamiltonian.
For the second-order calculation, we have

MW () = - / t dty Try[L(t)L(t1) ps)-
0

We can then obtain a set of equations in Schrodinger

picture as (which uses the secular approximation as

retaining terms W55 with a — o' = g — /)33:34

F00(t) = Wooooooo(t) + Woor1o11(t),
t) = Wii00000(t) + Wiinio11(t),

t) = (—iwo + Wio10)o10(t) + Wigo1001 (%),
d01(t) = (iwo + Woio1)oo1(t) + Worroo10(t), (11)

Q

(
11(
710(

(

Q

10

where

Woergyr — lim o~ oo’ =348t

t—o0

< (ol {W (1) 8) (B']} o) -

From the probability conservation requirement of the
state probabilities equations above, we know the rela-
tions

Woooo = —Wit00, Witir = —Woori,

Others, for the off-diagonal density matrix element
pair, using oo1(t) = o10(t)*, the following must be
true

* *
Woio1 = Wio10, Wori0 = Wipor-

For convenience, we define

k1o = —Wooo0, ko1 = —Wi111,
1
E = —Re(me), Aw = _Im(W1010)~ (12)

In the weak-coupling limit, namely, |Wigo1| < wo —
Im{W1010}, setting Aw = —Im{WlOlo}, and 1/T2 =
— Re{Wig10}, one can obtain the Bloch equation

Go0(t) = —kioo00(t) + kor1o11(t),
611(t) = k10o00(t) — koro11(t),

d10(t) = — {i(wo + Aw) + 1{2:| 0’10(t) + kloaol(t),

Go1 () = [i(wo +Aw) — 7{2} o1 (£) + T%om(t). (13)

For our model, by using the above definition, we have

t
EZ = lim [ dty Te [AT(6) A1) py
t—o0 0
+ AT (0) (D)) (14)
The bath correlation function is

Cl (t — t/) = TI‘B[ pBAT(t)A(t/)}.

By making the variable change, 7 = ¢ —t1, and taking
t — oo limit, we have

k‘%) =2Re {/ dTe_i“’OTC’l(T)}.
0

The Fourier transformation of C(7) is

Ch(w) = / dr e~ 1970y (). (15)
So we have
.1 o
B2 = eli)r&WRe{/_oo dwC (w)

o0
X / dre iT(wtwo) e_”},
0

—ET

where a convergence factor e is added. By using

the expressions

(o)
/ dre”it@=0) e=¢t — 7D (2 — 29) — i P(z — 20),
0

lim D(z — zg) = d(z — x9),

€E—>00
lim dzf(z)P(z — x0) = P/ dz /(@) ,
=0 ) — o T — X9

we can obtain
k2 = 0y (~w).
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From Egs. (8) and (14) above, we can explicitly write

Z|Ck| {[n(wr)

+ n(wk>elwk(t t’ )}’

t _ t ] —lwk(t—t,)

where n(w) = 1/( e —
for bosons. Using Eq. (15) and the integral represen-

1) is the distribution function

tation of the delta function, we have
Cr(w) = {1 (w)[n(w) + w)n(-w)},

where I'1(w) is a weighted density of states, having

1]+ (-

dimensions of frequency, and is defined as follows:

(W) =7 lexl* 6w — wi) = %J(w).
k

In the approximation of the second order,

ko= kg, ka=k5), W=w®

T \Ty Ty \ Iy '

Since all the wy are non-negative, (I'y(w) is zero for
w < 0,and I (—
mation we have

w) is zero for w > 0), in the approxi-

klO = Cl(—wo) = 2F1(w0)n(w0),
]C()l = C’l(wo) = 2[’1((.00)[71((4)0) + ].],
Til = ]{,‘10 + ]C()l = 2F1 (WO)[QTL(W()) + 1] (16)

Using the same method, the second-order dephasing
rate constant and frequency shift is given by

1 1
= —Re{Wio10} = 5(’%1 + k10),

T,
Aw = — Im{leo} = %[Cl(*wO) —

i
= 5[1@‘10 — ko1l

C1(wo)]

Others, if we ignore the coupling terms between the
two off-diagonal elements of the reduced density ma-

trix as in Ref. [14], we can obtain

502(1@) = —k10000(t) + kor011(t),

5"; ® _ {i(WO + Aw) — ;J o1 (t),

60(19?5(” _ [i(wo + Aw) + TIZ]Olo(t)

aagt(t) = k10000(t) — ko1011(t), (17)

which may be exact as the wy is big enough to compare
to the couplings of the off-diagonal terms.

2.2. Master equation of Redfield form
approach

In this subsection, we at first review the Redfield
form of the master equation. From Egs. (7) and (10),
we can obtain the Nakajima—Zwanzig equation

o(t) = —i[HrLs, o (?)]
t
~ | 4t ToalHie), (). o(¢) @ p).
0
By implementing the perturbative®3! and the Born-

Markov approximations, the master equation of the
Redfield form reads!??!

000 (1)
ot

= — iwu’uauv + Z RHUKAO.K,A (t) (18)
KA

with

Rpr = — / " 4t Trg (n] [ (). [H (0),
0
k() (1(8)] pi]) [m)

which takes the eigenstate representation of the sys-
= Errg |u). Here, wy, = (E, — Ey)/k,
and R,,. is the relaxation or Redfield tensor. The
first term on the right-hand side of Eq. (18) describes
the isolated system evolution, while the second one

tem Hrpg | @)

represents the interaction of the system with the dis-
sipative environment. Using the interaction Hamilto-
nian and system eigenstates

|kj(t)> — eiHst |k‘> — elwkt |k>,
Hl(t) — ei(Hs+HB)tHI e~ i(HS“FHB)t,

we can obtain the Redfield tensor describing the sys-

tem relaxation

Ryvrx = F;;/m Au,m dux Z F)\aom 5#% Z \eaw

with

D=5 | QO H0) ) O i et
P =3 [ AN Hilo) l Hi6) e
Hy(t) = o B0t/ o 0t/

where (---)p denotes the thermal average over the

bath.
For the Hamiltonian defined as Eq. (1), the Red-
field tensor components can be expressed explicitly as
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e = 7 Vo ls) Qlow 8) Tpn(p), o >0,
P = 7 0 16 (02 18) T nom) + 1], > 0,
F/\_v;m = i (Mo |k) (Al og k) J(Wro)n(Wrw), wxy > 0,
I = 1 M 1) (02 1) J@on)n(on) T, win > 0. 19)
So we can obtain the Redfield equation
8023(15) = Rooo000(t) + Rooo1001(t) + Rooroo10(t) + Roor1011(t),
80:;;@) = iw10001(t) + Ro100000(t) + Ro101001(t) + Ro110010(t) + Ro111011(2),
doy(t) .
5 iw10010(t) + Ri000000(t) + Ri001001(t) + Rio10010(t) + Rio11011(1),
60;5(15) = Ri100000(t) + R1101001(t) + Ri110010(t) + Ri111011(%). (20)

By using our model and Eq. (16), we finally attain the
master equation of Redfield form for the open qubit

model as
Jdogo(t) _ 11 +71 ! o
ot _iijgaoo(t) 2772 u(®)
0oy (t 71
0;( ) _ <i( 1o — 2k10>001(t)7
do1o(t 1 o
1(;( ) _ _(2k01 + iw1o) 10(t),
3011(t)_11 —110
ot 2772000(15) 572 (®) 2y

It is shown that the reduced dynamical equations of
the open qubit can be described by the Bloch equa-
tions and the master equations of Redfield form. Al-
though they are derived from the same Liouville equa-
tion, they have different forms. In the following we
shall compare them with the concrete model Eq. (1).

3. Comparisons and Conclusions

In the last sections, we have obtained two kinds of
reduced dynamical equations of the open qubit model
Eq. (1).
is the master equations of Redfield form. From the

One is the Bloch equations and the other

two sets of equations, we can plot the evolutions of
the elements of the reduced density matrix. Here, we
choose the parameters wy = 0.001 (ps)~!, n = 0.04,
and we = 0.05 (ps) L.

In Fig. 1 we plot the evolutions of the elements
o00(t) and o19(t) of the reduced density matrix for
the open qubit in the super-Ohmic (s = 2), Ohmic
(s = 1), and sub-Ohmic (s = 1/2) baths. The upper
three panels in Fig. 1 are the plots of ogo(t), which

are obtained from initial state o(0) = | @) (4], where
|®1) =10). It is shown that the open qubit in a super-
Ohmic bath has a longer relaxation time than that in
the Ohmic bath, and the qubit has a longer relaxation
time in the Ohmic bath than that in the sub-Ohmic
bath. The lower three panels in Fig. 1 are the plots of
o10(t). Here, we set the system evolve from the initial
state 0(0) = | ¥1) (¥, with | ;) = 1/3/2(]0)+]1)). Tt
is shown that the open qubit also has the longest deco-
herence time when it is embedded in the super-Ohmic
bath, and has the shortest decoherence time when it
is embedded in the sub-Ohmic bath. In each panel
of Fig. 1, we plot the evolutions of the elements of re-
duced density matrix for the open qubit not only from
master equations of Redfield form but also from the
Bloch equations. It is shown that the Redfield equa-
tions predict longer decoherence and relaxation times
than the Bloch equations, it does no matter which
bath the qubit is embedded in. In Figs. 2 and 3 we
consider the different initial states and different tem-
In left
panel of Fig. 2 we plot the evolutions of the o1¢(t)
as the initial states are o(0) = |¥1) (¥1], | ¥2) (Ps|,
and | @3) (W3], where |¥,) = 1/2(v/30) + |1)), and
05) = 1/V5(2]0) + [1)).
Fig. 2 we plot the evolutions of the o () as the initial
states are o(0) = |P1) (1|, | P2) (P2|, and | Ps) (D3],
where |@5) = |Ws), and |P3) = |W¥3). It is shown that
the Redfield equations predict longer decoherence and

peratures as the qubit in the Ohmic bath.

In the right panel of the

relaxation time than the Bloch equations do in dif-
ferent initial states. Similarly, the conclusion is also
correct for different temperatures which can be seen
in Fig. 3.

100308-5



Chin. Phys. B Vol. 19, No. 10 (2010) 100308

super-Ohmic 1,0+

g00

Ohmic 1.0 1 sub-Ohmic 1

0.9

J10

10 20 30 40 50
t/ns

Fig. 1. The evolutions of ogo(t) [upper three panels, where the initial state of the qubit is set as |¥1)], and o10(t)
[lower three panels, where the initial state of the qubit is set at | $1)], which are obtained from the master equations of
Redfield form and the Bloch equations in super-Ohmic (s = 2), Ohmic (s = 1), and sub-Ohmic (s = 1/2) baths. Here,

we set temperature 7' = 30 mK.

o |$1)-R 11.0
o |€152>7R
« |#3)-R {0.9
—|®1)-B
- -122)-B {5
< Y.
g |$3)-B g
-‘ b
1 10.7
X
N
N
. < 10.6
(b)
T T T T T T T T T T T |O.5
0 6 12 18 1 2 3 4 5 6
t/ns t/ns

Fig. 2. The evolutions of the o1¢(t) starting from initial
state | W1), |¥2), | ¥3), and ooo(t) starting from the initial
state |®1), | P2), |P3) at temperature T = 30 mK. In the
legends of Fig. 2 and the following Fig. 3, the letter “R”
denotes the results calculated from solving the Redfield
equations, and the letter “B” means that the results are
obtained from solving the Bloch equations.

If the cut-off
frequency is not much larger than the characteristic

In this paper we set w. = 50wy.

frequency of the qubit, for example, w. < 10wy, from
the master equation of Redfield form and the Bloch
equation we cannot obtain the practical dynamics of
the system of interest seriously. In this case we should
seek non-Markov methods to investigate the reduced
dynamics of the qubit model.*®! However, as the cut-
off frequency increases from 50wy, the dynamics will

have no visible changes. It means that it is appropri-
ate to use the cut-off frequency of the bath modes for
solving the non-Markov dynamics.

0.5

0.4 1

0.3 1%,
a

a
[=]

6

4

Jg10
g00

0.291

0.1

t/ns

Fig. 3. The evolutions of o19(t) start from initial state
| 1), and ogo(t) from the initial state |91) at different
temperatures 7' = 30 mK and 7" = 150 mK.

In summary, in this paper we have investigated
the dynamics of an open qubit model via solving the
Bloch equations and master equations of the Redfield
form. The two sets of equations are obtained from the
perturbation and Markov approximations. It shows
that the different approaches give different dynamics
of the qubit, and the Redfield equations predict longer

decoherence and relaxation times.
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