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A kind of integrable coupling of soliton equations hierarchy with self-consistent sources associated with §l(4) has
been presented (Yu F J and Li L 2009 Appl. Math. Comput. 207 171; Yu F J 2008 Phys. Lett. A 372 6613). Based
on this method, we construct two integrable couplings of the soliton hierarchy with self-consistent sources by using the

loop algebra §Z(4), In this paper, we also point out that there are some errors in these references and we have corrected

these errors and set up new formula. The method can be generalized to other soliton hierarchy with self-consistent

sources.
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1. Introduction

Soliton equations with self-consistent sources
(SESCS)['~8l may have attracted considerable atten-
tion. Physically, the sources may result in solitary
waves with a non-constant velocity and therefore lead
to a variety of dynamics of physical models. For ap-
plications, these kinds of systems are usually used to
describe interactions between different solitary waves
and are relevant to some problems of hydrodynamics,
solid state physics, plasma physics, etc. For example,
a nonlinear Schrodinger equation with self-consistent
sources is relevant to some problems of plasma physics
and solid state physics. Some of these kinds of non-
linear integrable systems were constructed by adding
a new operator to the original Lax representation and
by other methods in Refs. [1]-[8].

How to obtain an integrable coupling of the
SESCS has also attracted attention.!®!%) Yu has de-
rived an integrable coupling of integrable hierarchy
with self-consistent sources such as the Dirac soliton
with self-consistent sources by making use of the loop
algebra sl(4). But there are some errors in Refs. [9]
and [10]. In this paper, we have corrected these errors
and constructed a new integrable coupling with self-
consistent sources by making use of the loop algebra

sl(4) and a new idea.

This paper is organized as follows. In Section 2,
we will deduce a kind of integrable coupling of soliton
equations with self-consistent sources associated with
sl(4). In Section 3, a new integrable coupling of the
TC hierarchy with self-consistent sources is derived
by using the loop algebra sl(4). In Section 4, a new
integrable coupling of the generalized Burgers soliton
hierarchy with self-consistent sources is derived by us-
ing the loop algebra s~l(4). Finally, some conclusions

are drawn.

2. A new formula on integrable
couplings of soliton equation
hierarchy with self-consistent

sources

In the following, we consider a set of matrix Lie
algebra sl(4) based on Ref. [11]
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0100 001 0 where the loop algebra §l(4) is defined by span
100 0 000 —1 {\"Aln € Z,A € si(4)}, and R[)\] is a polynomial
€3 = 0001l €4 = 0000 |’ ring on .
Consider the auxiliary linear problem
00-10 000 O
0001 00 0 1 1 2
0010 00-10 0 2 =U(u,\) 92 ,
es = y €6 = .
0000 0000 ¢3 93
0000 0000 01/, 2
6
Let U(u7 )‘) = él()‘) + Z uiéi()‘)7
i=2
Sl(4) = Span{el7627€3364565766}3 (bl (;51
sl(4)1 = span{eq, e, e3},
(4)1 = span{es, ez, e3} G2 _ Y (g, 0) b2 ’ 3)
sl(4)2 = span{eu, e, e} ?3 b3
. o o P4
Therefore we construct three Lie algebras satisfying tn
sl(4) = sl(4)1 © sl(4)2, [sl(4)1,51(4)2] = sl(4)151(4)2 —  where u — (ur,. . us)Touy = wilz,t) (i = 1,2,
sl(4)2sl(4)1 C sl(~4)2. In what follows, we introduce . ,8),6; = bj(x,1) (j = 1,2,3,4) are field variables
the loop algebra sl(4) defined on z € Rt € R,&(\) € sl(4),sl(4) denotes

9(4) = [AIA € RDx 14 a finite-dimensional Lie algebra over R. The general
si(4) = {AlA € R\ @ sl(4)}, scheme of searching for the consistent V(™ and gener-

sl(4)1 = {A[A € R[N @ sl(4)1}, ating a hierarchy of zero curvature equations has been
sl(4)y = {A|A € R\ @ sl(4)2}, (2)  proposed as follows.[®11=18] We solve the equation
|
Vo, =0V -VU,
QA bm “+ Cm dm €m + fm
> o bm — Cm —0am €m — fm *dm
V = Vi (W)A™™ = ' ’ ' AT (4)
mz::() mz::o 0 0 Gm  bm+cm
0 0 b — Cm  —Qm

We search for (A,, € sl(4)) such that V(™ can be constructed by

Anl An? + AnS An4 An5 + An6

i Apa — Ay A, Aps — Ay A,
VO = STV @A Ay N), Ag(wn) = [ T oo e
m—=0 0 0 Anl AnZ + AnS
0 0 An2 - An?) _Anl

where A,,; are linear functions of a,,, b,, ¢,, d,, e, and where Tr denotes the trace of a matrix. Define a scalar
fn- H = H(u,\) by the equation

Under certain conditions, there is a constant ~
such that the trace identity holds!*9!

(e o ) ()
(@R @ aEme o
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From the trace identity, we obtain that

oUu
Tr (V 5ui)

i TI'(Vmei)Aim.
m=0

5H’77L

Z 5ul -

(8)

The set {H,,} proves the conserved densities of
Eq. (6). In Ref. [18

Tu scheme to find a Hamiltonian function, a recursion

], Ma proposed the generalized

operator L and symplectic operator J of the hierarchy
based on zero curvature equation. The Hamiltonian

form with H,, 41 can be written as

6Hn+1

=J =1,2,... 9

utn 5u , N 94y 9 ( )
0Hn _  OH, s

Su ou

0Hy

= L"—— =1,2,... 10

(S’U,7 n ) 4y ’ ( )

where ng > 0 is the minimum integer such that
0Hp, /6u # 0 and §Hy /du = 0 for k < no,

S (o 0N
Su \duy " dus/)
According to the condition (8), we obtain a new

For N distinct A\j,j =
1,..., N, the following systems result from expression

3)

auxiliary linear problem.

P15 ¢1;
6
5 | (él()\) + 3w ) “5 | 1N, (11a)
3, i—2 3,
b4 ) | Puj
o1j P15
P2j (v n—m P25 o
= D Vi (@A™ + Ay (u, \) , j=1,...,N. (11b)
3, m=0 3,
b4 ), P
The following equation was presented in Ref. [20]
N
5Hk
Z Q" = 7 (12)
where ¢ are constants, 0 Hy/du determines a finite-dimensional invariant set for the flow (12).
For Eq. (11a), we have the following result based on Ref. [20]
o\ OU (u, A
L= a;Tr (w]g;ﬂ)) = a;Tr(We;(N;)), i=1,2, (13)
where
brjpa;  —P1;  D3ida;  —93
2 2
v, b3, —b1i92 b1 —¢>3j2¢4j 1N
0 0 @025 —91;
0 0 P5;  —P1jP2;
And o is a constant.
For i = 3,4 we define that
o\ AUy (u, \;)
= B, Tr | Wy —2—"12 14
S = gyt (0 2 ) (1)
where
2
. Ui Uy W= ¢3j2¢4j —¢3;
0 Uy s b1 — 03045
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and f; is a constant.
According to Egs. (13) and (14), we obtain a kind of integrable couplings of Hamiltonian soliton equation
hierarchy with self-consistent sources as follows:

An 41
N N
5Hn+1 5)\] bn+1 5)\]
u, =J—" +JZ§U J . Zéu,n 2, (15)
j=1 n+1 j=1
d7z+1

Remarks Here we point out that there are some errors in Refs. [9] and [10]. For example, equations (17)
and (18) in Refs. [9] and [10] are not true. We see that the left-hand side of Egs. (17) and (18) is a number
entry. But the right side of Eqgs. (17) and (18) is a 4 x 4 matrix. And equation (16) in Refs. [9] and [10] is also

inaccurate.

3. Integrable couplings of TC hierarchy with self-consistent sources

In Ref. [21], Yan have obtained integrable couplings of the TC hierarchy. In order to set up integrable
couplings of the TC hierarchy with self-consistent sources, we consider the following matrix spectral problem

Uy +u
0 1+ ! 2 2 us U3 + Ug
A+ et 0 —Uu3 + Ug —Uusg
2 Uy Uy
0 0 R e 0 Uy
2\
0 0 P 3 12 0

where A is a spectral parameter and U; satisfies ¢, = Ui which is matrix spectral problem of the TC soliton

(11]

hierarchy.'*" Therefore, by using the zero curvature equation

Uy — V™ + [U,v™] =0, (17)

we have the following integrable couplings of the TC soliton hierarchy:

(h-2e)
U9 -

U1 Uy
— | che — —bng
U2 U2
Ut = = —
us dpz + (U1 +ug)e, — uy (1 + ul) Cn
U2
Uy ‘
3}
—ena + (ug + u2)d, — us (1 + ) Cn
u2
o ol 0 0
U2
U _b”
—0 0 0 0
N (75 Cn
B ULU
0 ugt ——0b 0 —(u1 +uz) dn
U2 e
ULU n
0 wus+ 13 —(u1+UQ) 0
U2
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where

0
~b,, —by )
Cn n—1 1 n—1 §ﬁ“2
dn dy 55“3
e €1
n 1
55“4
-1 Loy
**8 u18 *58 Uza 0 0
1 1 1 1
—Cup 20D ——uy + - 0 0
2 4 U 2 4
L= 1 1 1
——=Uus 5’&3 —*(Ul + UQ) -0
1 1 1 1
—§U4 5'&4 58 5('&1 + 'LL2)

According to formulas (13) and (14), we have the following results by direct computations:

S N0
o 25 % 2
Suy Jj=17y Jj=1
. N1 N
5)\j . dus . Jj=17 j=1
Zl ou Zl Y | X 2 2
7= 7= Sus jgl(%j + ¢ + 2¢3045)
oA N
duy Zl(¢421j — $3;)-
]:

(18)

by taking o; = 1, 5; = 1 in formulas (13) and (14). Therefore we have a novel integrable coupling system of
the TC equations hierarchy with self-consistent sources as follows:

where @z = ((bil, ..

N 1 2 ol 2
Z )\7(?2_]’ - Z ¢1]
Jj=17y Jj=1
_bn _bl N ]. N
c c Z:l TQS%J * Z:1 d)%]
up = J n :JLn_l 1 +J 7= J J=
dy, di ol 2 2
> (93; + 01 + 203;045)
€n €1 Jj=1
ol 2 2
(¢4] - d)?)j)
j=1
DRI P
0 YA =
1 N1 2 X 2
~Bus > 92+ 2 9
et | 2 =17 j=1
= JL 1 +J )
N
3P (635 + 63, + 203047)
1 =t
Pl N
Zl(¢4j — #35)
=

S oin)T, i =1,2,3,4. (-,-) is the standard inner product in R and 3 # 0.
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It is obvious that the following equation is the TC soliton hierarchy with self-consistent sources

1 N N
—by Jj=17y Jj=1 0 j=1 j=1
Up = J/L/n—l + J/ - — J/L/n—l 1 + J/
‘1 L1, LR 5 Buz S LR
> 393 T 2 9 2 393 T 2 9
j=17y j=1 Jj=17Y Jj=1
where
U 1
o 0— —207 w0 =20 lugd
J/ — 2 L/ —
U ’ 1 1 1 1
=9 0 —uz+ Za%a S+ 702
2 2
When n = 1, we have

Ut =

N
fﬁuza + 82 (

1 U N 1

2 2 1 2 2
— 5. — ¢ + 00— E — 5 .
=1 )\j 2 1‘7> U . A

1 u N 1
1
Uzt = 56“29: 6(2 ()\j(b%7 - (ﬁJ) )
Jj=1
1 ULU N
use = 5fuse + (U4+ ;;) (Z

Jj= =1
1 N
(Xd)%j + ¢%J) ) + 6(2 (¢§j + ‘ﬁj + 2¢3j¢45) )
j=1 " j=1

N N
ULU 1
Ugr = §BU4$ + (US + ;23> (Z ()\j P35 + Qﬁj) ) (u1 + ug Z ¢3j + ¢421j + 2035 ¢45)

j=1 =1

N

+9 Z (925421] Q%j) ’
=1
U1 + U9
D1jz = <1 + 30 > G2 + u3P3; + UsPaj, P2z = <>\ +
J

)91513 (ug — u3) @3,

ur +u U —u .

P3j0 = <1+ oy 2)% ¢4n=<Aj+122)¢3j, j=1,...,N,
J

— U3P4j,
which are nonlinear evolution equations with self-consistent sources

(20)

4. Integrable couplings of generalized Burgers hierarchy with self-
consistent sources

Consider the following isospectral problem

1 A+ uy + us 5@63 Uy
1
_ _ A+ up —ug -1 —usg —3us Ui Uy
¢3¢ = U¢7 )‘t = Oa U= 2 = ) (21)
0 0 1 —A 4 uy + uy 0t
0 0 A+ up — us -1

where ) is a spectral parameter and U; satisfies ¢, = Uy which is a matrix spectral problem of the generalized
Burgers soliton hierarchy.!??) Therefore, by using the zero curvature equation
U, — V™ 4 [U,v™] =0
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we have the following integrable couplings of the the generalized Burgers soliton hierarchy:

1.1
0 0 0 —=0-
4 r
U1 1 4bp1 +4fnt1 88
0 0 1 —_—
w — U2 . 2U2 _4cn+1 - 4gn+1 o JL” 4ﬁ(7“ + U4) (22)
t = = - b
us 0 -1 0 & Q41 0
U2
—4 4
Uy . i _i L uy . Cn+1 Br
4u2 2U2 U9

where L is a recurrence operator and § # 0 is a constant. According to formulas (13) and (14), we have the
following results by direct computations:

o

Qz

5'&1 J=1(¢2j B d) )

A N , 2((D2, P2) — (D1, P1))
iv: 0N i uz _ 2]21( 1+ 03;) _ | 22, P2) + (1, 91) (23)
= | - dus6y (@5,24)

?;\3 N (D3, P3) + (Py, Py)

it Z (¢3; + 03;)

Oy j=1

Therefore we have a novel integrable coupling system of the generalized Burgers equations hierarchy with
self-consistent sources as follows:

86 2((®2, P2) — (D1, 1))
48 (us + 2(By, Bo) + (D1, P
w = JL" Bluz + ua) L (P2, D2) + (D1, 91)) (24)
0 (D3, Py)
4p8r (D3, P3) + (D4, Pa)
by taking a; =1, 8; = 1 in formulas (13) and (14). When n = 1, we have
UL U2y 2u2m —1 1 1
Y et L) — 20— (D3, B3) + (Da, Ds)),
Uit 5( " " U2> 1 u2(< 3, P3) + (Py, Py))
1
ugy = —B(—uge + 2uy) + (D3, Py) + Tg(<@3’¢3> + (D4, Py)),
Uzt = 4ﬂ[M6'U,2 —+ (UQ —+ U4)(U1 — QUQ(? ul) — 27.112} — 2(<@2,@2> + <@1,@1>)
U
+O+4ym@wu%@»
2U1
Uy = 2—8M1 — —8 0 8M2 —2— + (’LLQ + U4)
Uz U2 U2 2
1
= ot - Eonts — (1459} (0 us — uss)| — ——O((@y, By) — (B, D
Lont,— Zow, (+UJ< quuﬂ o 0((2s,0)  (21,0)
1
— —{(Py, D b1, 1— — | {(D3,D
i (02,22} (00, 01)) (1= 22 (@4, 0),
1
Grje = 15 + (=X +ur + ug)d2j + §U3¢3j + ug04 ,
1
P2jz = (=Aj +ur —u2)¢1j — b2 — uadsj — Susdaj,
¢3je = ¢35 + (U1 +uz — \j)oaj,
Gajz = (U1 —ug — Nj)¢3j — daj, j=1,...,N, (25)
which are nonlinear evolution equations with self-consistent sources, where
1
=0t 0 — —0;
2U2
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1
My = —4(9_111,1 + 8_1u26 + —
U2

us 2

My=——=— " 89 8" — 20" Yugus + 0 tusd + 20 tus + 28_1u3u28_1;

U2 U2
usz + 4
U2

Mg =0 + 2u 07t

and B # 0 is a constant.

5. Conclusions

In this paper, we have set up a set of new formulas (13) and (14) and two new integrable couplings of

soliton equations hierarchy with self-consistent sources based on the new formulas. The method can be used

to other soliton hierarchy with self-consistent sources. In the near future we will investigate exact solutions of

soliton equations with self-consistent sources which derived by using our method.
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