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Solving (2 4 1)-dimensional sine-Poisson equation
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ordinary differential equation method*
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By introducing a more general auxiliary ordinary differential equation (ODE), a modified variable separated

ordinary differential equation method is presented for solving the (2+ 1)-dimensional sine-Poisson equation. As a result,

many explicit and exact solutions of the (2 + 1)-dimensional sine-Poisson equation are derived in a simple manner by

this technique.
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1. Introduction

Nonlinear evolution equations (NEEs) are fre-
quently used to model a wide variety of phenomena
in physics, chemistry, biology and even in social sci-
ence field. Therefore, solving NEEs and seeking ex-
plicit and exact solutions of NEEs has become one
of the most exciting and extremely active domains in
nonlinear science. In recent years, a vast variety of
powerful and efficient approaches have been developed
to construct explicit and exact solutions to NEEs.
They are the hyperbolic tangent function expansion
method,!' =3 the homogeneous balance method,%7!

the trial function method,3—11

d.112-16]

the Jacobi elliptic
function expansion metho the trial equation
method,*"18] the homotopy method,[!9=23] the vari-
able coefficient algebraic method,/?*! the combina-
tion method,?®=2" the (w/g)-expansion method, !
the additional generating condition method,??! the
transplantation method of solution,) the (G’/G)-
expansion method,31733 the extended symmetry
method,®¥ the direct method,® the Wronskian-
form expansion method,®® and so on. Recently,
Sirendaoreji and Sun®”) developed a direct algebraic
method named as the variable separated ordinary dif-
ferential equation (ODE) method for solving sine-
Gordon type equations, which has scientific value and

reliability and which works effectively if the equation

involves sine, cosine, hyperbolic sine and hyperbolic
cosine functions. In the present paper, we would fur-
ther modify the method of Sirendaoreji and Sun and
present a modified variable separated ODE method
to pick up rich types of solutions for the (2 + 1)-
dimensional sine-Poisson equation by introducing a
more general auxiliary ODE and with the aid of its
manifold types of solutions.

2. Solutions to (2 4+ 1)-dimensional

sine-Poisson equation

The celebrated (2 + 1)-dimensional sine-Poisson

equation reads!>®!

Ut — Uz — Uyy + m?sinu = 0, (1)

where the subscripts denote partial derives in terms of
its argument. We look for its traveling wave solutions
in the following form

Substituting Eq. (2) into Eq. (1) yields the following
ODE for &

& =kx+ly—wt. (2)

(w? = k* = 1P + m?sinu = 0, (3)

where primes stand for the derivatives for £.
In order to facilitate the solution of Eq. (3), here
we suppose that u(£) in Eq. (3) satisfies the following
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additional ODE

L

k
1 1 ,
w =ag+ Z (aj cos iu + b; sin §u) cos’ 1 5

j=1
2,..)andb; (j=1,2,..
stants to be determined, and the positive integer k can

where a; (j =0, 1, .) are con-

be determined by the leading-order analysis method.
Making use of the following formulas

eiu + e—iu

cosU = ————, (5)

and inserting Egs. (5) and (4) into Eq. (3) and em-

siny = ———
21 ’

ploying the leading-order analysis method, we obtain
k =1, and hence
, 1 1
1 = ag + a1 cos §u+b1 sin iu (6)

For the sake of generality, in the following we first
By the method of
variable separation and with the aid of Mathematica,

explore the solutions to Eq. (6).

we can find the solutions of Eq. (6), which are listed

as follows:
Case 1 When a; =b; =0, and a¢ # 0,
u(§) = ao§ + &o. (7)
Case 2 When ag =b; =0, and a1 # 0,
u(§) = 4arctan [exp (%f + 5())] -, (8)
u(§) = 4arccot {— exp (%5 + fo)} -, (9)
u(§) = £4 arccos {\/; [1 + sech (%f + {0)} } ,
(10)
u(€) = 2arcsin [tanh (%5 + §0>} , (11)
u(§) = 2arcsin {coth (%f + fo)] , (12)
u(€) = 2arcsin [ tanh(a:€ + &)
+isech(a:1€ + &)], (13)
u(€) = 2arcsin [ coth(ar € + &)
+ esch(ar€ + &), (14)
o P tanh(a1§ + fo)
u(€) = 2arcsin T T sech(aie + 50)] (15)
_ : coth(ai€ + &o)
u(§) = 2arcsin T T Tosch(aé + 50):| (16)
_y A cosh(ai1& + &) £ VA2 + B?
u(§) = 2arcsin Asinh(a1§+ &) £ B ’
- (17)
9 aresi A sinh(a:1& + &) £ vVB? — A?
u(§) = 2arcsin Acosh(a1€+ &)+ B ’
- (18)
u(§) = 2arccos [sech (%f + 50)], (19)

u(€) = 2arccos [i csch (%g + go)} : (20)
u(€) = 4arctan [tanh (%ugo)}, (21)
u(€) = darctan [coth (%5 +6)], (22)
u(€) = 4arccot [tanh (%5 n 50)] , (23)
u(€) = 4arccot [coth (%5 +6)] (24)

In the above equations, A and B are two non-
zero real constants and satisfy the constraint condition
B? > A%

Case 3 Whenag=a; =0, by #0

u(§) = 4arctan [exp (%15 + fo)} , (25)
u(§) = 4arccot { exp (%f + §0>:| , (26)
u(é)
= +4 arccos {\/; {1 + sech (%5 + 50)] } _
(27)
u(§) = 2arcsin [sech (%5 + 50” , (28)
u(§) = 2arcsin [i csch (%f + EO)] ) (29)
u(§) = 2arccos -tanh (%f + 50)] , (30)
u(§) = 2arccos _coth (%f + 50)} , (31)
u(&) = 2 arccos _tanh(blﬁ +&o)
+isech(bi€ + fo)}, (32)
u(§) = 2arccos _coth(b1§ + &)
+ csch(b € + 50)] , (33)
_ tanh(b1€ + &)
u(§) = 2arccos T T sech(bi + 50)} (34)
_ coth(b1§ + &)
u(§) = 2arccos T T Toseh(bi + 50)} (35)
(€) = 2arccos -Acosh(blg +&) £ VA2 + B?
S A T Sinh(by € + &) + B !
- (36)
. [ Asinh(by€ + &) £ VB2 — A2
u(§) = 2arccos Acosh(bi€ 1 &) £ B .(37)

In the above equations, A and B are two non-zero

real constants and satisfy the constraint condition

B? > A%
Cased4 W

hen a; =0, ag #0, by #0,

Case 4.1 For a2 > b2,
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u(§) = 4arctan +m,

[ ag + by \/m
_@/ao_bltan( 04 1{-&-&3)
PRV
[ Joth o VB R,

_H2 2 _ 12

V2 (ran (Ve 4 ) e YU

0o— b1

b NG —b2 NCE

Vg (ot (7 1€+fo)i686(ia°2 )

u(§) = 4arctan

u(§) = 4arctan

u(§) = 4arctan
et (LB )
u(§) = 4arctan — 7 +m,
a0~ b 1+ sec ( + & )
[ o (Y20 f +60)
u(§) = 4arctan ao — bl e +,
0 ' 1+ csc ( «E &o )

- (\/a02* 1§+§o>i A2 — B2

\/m/l cos
ag — b1

u(§) = 4arctan —— +m,
Asin (GOT_bleréo) +B
r )
5, Asin (Mﬁ—kﬁo) + VA2 - B2
u(€) = 4arctan Uzotbl 2\/2_172 +7
o Acos (%E—i—fo) + B

(45)

In the above equations, A and B are two non-zero real constants and satisfy the constraint condition A% > B2.

Case 4.2 for a3 < b3,

[ /B2 — a2
u(§) = 4arctan |4/ bt ao tanh (17%5 + §0) +m,
b1 — Qg 4
[ /12 _ 2
u(§) = 4arctan |4/ bt a0 coth (Mf + 50) +,
b1 — ap 4
[Ty (ETE e (VR
u(§) = 4arctan b — a0 (t anh (?5 + 50) +isech (ff + 50)
B [ by +ag b; —ag bt — ag
u(§) = 4arctan P (coth <?£ + fo) =+ csch (Tﬁ + 50))
- \/1727
by + ao tanh ( O¢ + &))
u(§) = 4arctan |4/ +,
b1 —a 2 _
P £ sech (@5 + fo)
[ b — a2
2 coth \/jf + &o
u(§) = 4arctan |4/ 1+ +
o b —a Vb2 — ’
! Olj:icsch( b aof f)
- \/1727
b A cosh ( V¢ + ﬁo) A? + B?
u(§) = 4arctan bl +do \/1)27 + ,
Vo, —a —
YT Asinh (%54—&) +B
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Asinh
b
u(§) =4arctan |4/ 1+ o (
b1 — Qg

In the above equations, A and
Case 4.3 For b; = ay,

Case 4.4 For by = —ag,

Case 5 When b; =0, ag
Case 5.1 For a2 > a?,

u(§) = 4arctan

u(§) = 4arctan

u(§) = 4arctan

u(§) = 4arctan

u(§) = 4arctan

u(§) = 4arctan

u(§) = 4arctan

u(§) = 4arctan

In the above equations, A and
Case 5.2 For a2 < a3,

u(§) = 4arctan

u(€) = 4arctan

u(€) = 4arctan

u(€) = 4arctan

Y —
%f-ﬁ-fo)i B2 _ A2
(Vi

2
B are two non-zero real constants and satisfy the constraint condition B2 > AZ2.

+ . (53)

Acosh §+§o) +B

u(§) = 4arctan (%E + 50) + . (54)
u(§) = —4arccot (%f + §0) + . (55)
7&0, aiq #0,
[ ag + ay a2 — a?
_ ao_altan(v e+ )|, (56)
[ ap + ay a2 — a?
,/ao?alcot( 04 1§+fo) , (57)
[ [ao + a1 . a —a? n a2 —a? -
aofal(an( 2 f+§0) Sec( 2 §+€O)) ’ (58)
- a0+a1< t( a%—a%g_’_é_)i ( ag_a%£+£>) (59)
p— co 5 o) Eesc 5 0 ,
- pr— ;
[ao + a1 tan( P 1£+£) (60)
aoiallﬂ:sec( ai—a%ﬁ-i-ﬁo)
_ s .
[ao + ay COt( %2 a1§+50> (61)
G 14 csc <7“ a(%2— Q%E +€0)
a1 g Acos (7"(1(2)_(1%5 +§0> + A2 - B2
0+ ax 9 (62)
_ )
WTI Agin (%gﬁo) +B
——— Asin (7”3_“%&50) +\/A2_ B2
0t n 2 (63)
_ /2 _ 2
o m A cos (%f +§o> +B

B are two non-zero real constants and satisfy the constraint condition A2 > B2.

\/mtamh <m5 +6)|, (64)
aiy — ap 4
W coth (Wf +&)|. (65)
1— Qo
Zl + ZO (tanh (@f + §o> =+ isech (@5 T 50))] ’ (66)
1— Qo
ay + ag a? — a? Vai— a2
T o () s ()],
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_ Vai—ag
u(§) = 4arctan \/m tanh (%5 + 50) "
n (@5 + fo)

1 + sech
i Va2 —a?
h #5+§
aL + ao cot ( 5 0
u(§) = 4arctan \/7 c , (69)
' Olzticsch( il a0§+§0>

Vo R—
" Acosh(uf—i—fo)i A2 + B2
17T ao 2
a —a —
T Asinn (7“12 B¢ go) +B

2 2
Asinh (Mu&) +\/B2_ A2
u(§) = 4arctan G+ do 2 (71)
B ay — agp Va? — a2 .
A cosh (%5 + fo) +B

In the equations, A and B are two non-zero real constants and satisfy the constraint condition B2 > AZ2.
Case 5.3 For a1 = ag,

u(§) = 4arctan (%rf + §0>. (72)
Case 5.4 For a; = —ay,
a
u(§) = —4arccot (305 + fg). (73)
Case 6 When ag =0, a; #0, by #0,

u(§) = 4arctan -'azj_b% tanh (7‘a%4+b%§ + f()) + % , (74)

u(€) = 4arctan -”aijb% coth ( > ai—i— b%£ + 50) Zﬂ , (75)

u(§) = 4arctan -szb%(tanh (@f + Eo) =+ isech (7'(1%24—[)%5 + fo)) + Zi] , (76)

u(§) = 4arctan - aij_ i ( oth (%ﬁ + 50) =+ csch (7%%5 + €0>> + % , (77)

u(§) = 4arctan | : ai—k i tanh ( az: b%i+ 50) + b ) (78)
I ' 1+sech (7%2—&— b &+ fo) '

r 2 + b2
/a1 52 coth (7%15 + fo) by 79
+—1,
252
ay 1iicsch(\/a1+b1§+§0) ay

u(€) = 4arctan

L 2
r )
\/mAcosh (ﬂg + &)) +VA2+ B2
u(§) = 4arctan L1 2 +— (80)
a NC RN ai |’
Asinh (%5 + fo) + B
r [T 2
\/mAsinh <a17—|—b1§ + &)) +vB2-A?2
u(€) = 4arctan 1 1 2 + 1. (81)
ay Va2 +b? ay
Acosh (%g + 50) +B

In the above equations, A and B are two non-zero real constants and satisfy the constraint condition B2 > AZ2.
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Case 7 When ag # 0, a; # 0, by # 0,

Case 7.1 For aZ > a? + b3,

/2 b2 2 b2
u(€) = 4arctan g+ a; i b; tan ( %o 4a1 Le+ 50) — 2arctan % +,
L apg — ay + 1 1
I 2 2 22
u(§) = 4arctan g+ a; i b; ot ( % 4@1 ! £+ EO) — 2arctan % +,
|V @0 —+v/af + 01 1
Ny a2 —a? —b? aZ —a? — b3
u(€) = 4arctan ao a;—&—b; ( n( 0 5 L 15-1—50) + sec (%5—1—50))
L 00— 1 1

a
— 2arctan — + m,
by

24 p2 \/2_72_1)2 \/2_72_()2
u(§) = 4arctan Rl VA (cot ( S S Eo) + csc (&f + 50))
|V a0 — \/ai + b7 2 2
— 2arctan “u + m,
by
_ S i
0 — a1 — by
2 ;2 tan ( &+ 50)
u(§) = 4arctan Gt Var t 0 2 — 2arctan <L + T,
PENCET R b
1 4 sec ( 5 E+ fo)
272 T
ag —aj — by
2 2 cot < £+ 60)
u(§) = 4arctan dot Vai + 0 2 ~ 2arctan X +
aop a? + b2 2—a? -3 b1
1+ csc ( 5 &+ fo)

i \/m
QACOS(MH&)) L5

u(§) = 4arctan 2

|

ai
— 2arctan — 4+,

N T
Asin (%f—i—ﬁo) +B !
i /a2 —a? —b?
ot Asin (VR e ) V42 - 2 .
u(§) = 4arctan - 7 S —2arctan—1+7r.
(U 1 1 0 %Y1
Aeos (VE— AR ¢V ap
I cos 5 E+ &

(82)

(83)

(84)

(89)

In the above equations, A and B are two non-zero real constants and satisfy the constraint condition A% > B2.

Case 7.2 For a2 < a? + b3,

u(§) = 4arctan
u(€) = 4arctan

u(€) = 4arctan

2 b2
Ve tota, (

Vai+b3 —ag

2 b2
vaitbitao (

Vai+b? —ag 4
Vai+b? +ag (tanh (\/a% + b2 — a2
Vai+b? —ag 2

a
— 2arctan b—l +

u(€) = 4arctan

a%—i—b%—l—ao

i

21 2
ay + b7 —ag

ay
— 2arctan — 4+,

(=
[y

(coth ( ;

Vai + bt —aj
\/a% —|—b% —a%

4

&+

Va2 +b? —a

100302-6
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§+§0) :I:csch(

)

§+§o) :tisech(

Vai+bi —ag

a
— 2arctan b—l + T,

1

a
— 2arctan b—l +m,

1

2

2

VETR=G )

£+¢))

(92)
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/a%—i—b%—l—ao tanh(

u(§) = 4arctan 2

\/a%—kb% —a%

f‘f—fo)

2
1

~a%er%iaolj:sech(

2

NCET T

a? +b? — a3

%—i—b% a
2

— 2arctan l + m,
by

£+6)

)

0¢ + &

u(§) = 4 arctan

ai
— 2arctan — + T,

2 b2_ /2 b2_ 2
vai+ 07 90 4 4 5 esch (wg_,_&)) 1
r 2 12 _ 2
vai+ b7 —aj )
%1771 %0 4+ /A2 1 B2
5 £+ &o +

u(§) = 4arctan \/m + ag A cosh (
Asinh (

VTV g A5

2

vai+b? —a?
Vai +bi —ag

a
— 2arctan — + 7,
1

; §+§0)iB

£+£o>j: B2 — A2

u(§) = 4 arctan

/2 2 _
a1 +bi—ao Acosh(

NCELET]

ai
— 2arctan — + .
1

5 §+§0)iB

(94)

(95)

(96)

(97)

In the above equations, A and B are two non-zero real constants and satisfy the constraint condition

B? > A2,

Case 7.3 For \/a? + b? = ay,

u(§) = 4arctan (%5 + §0>

Case 7.4 For \/a? + b? = —ao,

u(§) = —4 arccot(%f + §0>

— 2arctan % +m. (98)
1

— 2arctan % + 7. (99)
1

Substituting Eq. (6) into Eq. (3) and equating the
coefficients of those sine and cosine functions yield a
system of algebraic equations for the undetermined
constants ag, a1, by, k, [ and w as follows:

agbi (k* +1? —w?) =0,
apay (k? + 12 — w?) =0,
arbi(k* +12 —w?) =0,
(B> 4+ 12 —wh (a3 —b3) +4m? =0.  (100)

Solving the above set of algebraic equations, we
obtain the following results:

4m?

G0 = a1 =0, b A0, w =y [k 412 =

(101)

4 2
ag=0b1 =0, a1 #0, w=% k2+12+a—n;.
L (102)

Utilizing Eqgs. (101) and (102) and considering
Case 2 and Case 3, we obtain the following solutions
to the (241)-dimensional sine-Poisson equation (1)

u(x,t) = 4arctan {exp (%f + 60)] , (103)

100302-7

u(z,t) = 4arccot {— exp (%f + fo)] ;

u(x,t)

= 44 arccos {\/; [1 + sech (%f + EO)] }

u(z,t) = 2arcsin [sech (%g + EO)} 7

u(z,t) = 2arcsin [i csch (%15 + 50)} ’
u(x,t) = 2arccos {tanh (%15 + fo)} 7

u(z,t) = 2arccos {coth (%f + EO)] ;

u(z,t) = 2arccos [tanh(b1 & + &)

+isech(b1§ + &),
u(z,t) = 2arccos [coth(b1 € + &)
+esch(b1€ + &),
B tanh(b1€ + &)
u(x,t) = 2arccos L T sech(b € +§0)] )
B coth(b1€ + &o)
u(x,t) = 2arccos L T icsch(bi€ + 50)} )
u(z,t)
_ [4 cosh(bi€ + &) + VA2 + B2
= 2arccos Asinh(b &+ &)+ B ’
u(z,t)
., [ Asinh(b€ + &) + VB2 — A2
= carccos Acosh(b1§ + &) = B

(104)

T,

(105)
(106)

(107)
(108)

(109)

(110)

(111)

(112)

(113)

(114)

'(115)



Chin. Phys. B Vol. 19, No. 10 (2010) 100302

In the above equations,

4m?2

E=kx+lyF |k +1%2— —t,

and by, k, [ and & are arbitrary constants with by # 0.

u(x,t) = 4arctan [exp (%f + fo)} -, (116)
u(z,t) = 4arccot [— exp (%5 + 50)} -,
(117)
u(z,t) = 4 arccos {\/; [1 + sech (%f + fo)] },
(118)
u(x,t) = 2arcsin [tanh (%5 + fo)} , (119)
u(x,t) = 2arcsin {coth (%f + 50)} (120)
u(z,t) = 2arcsin [tanh(a1€ + &)
+isech(ai1& + &), (121)
u(z,t) = 2arcsin [coth(a1§ + &)
+esch(ar€ + &), (122)
_ - tanh(a1€ + &o)
u(x,t) = 2arcsin [1 T sech(ait 1 50)] (123)
[ coth(@E+ &)
u(z,t) = 2arcsin L T osch(mE + 50)} (124)
u(z,t)
9 aresin A cosh(a1€ + &) + VA2 + B?
I Asinh(a1§ + &) £ B ’(125)
u(z,t)
g aresin [ Asinh(a € + &) + VB2 — A2
I Acosh(a1€§ + &)+ B ’ (126)
u(x,t) = 2arccos [Sech (%5 + fg)] ) (127)

u(w,t) = 2arccos [iesch (@5 +6)] (128)
u(z,t) = 4arctan [tanh ( €4 50)} : (129)
u(z,t) = 4arctan [coth ( £+ go)] , (130)
u(z, t) = darccot [tanh ( £+6)] (131)
(i, t) = darccot [coth ( €+ 50)] . (132)
In the above equations, ¢ = kx + ly F (k* + 12 +

4m?t/a)"/?, and ay, k, I, and & are arbitrary con-
stants with a1 # 0.

3. Conclusions

To sum up, we have modified the method of Siren-
daoreji and Sun by introducing a more general ODE;,
and with the aid of its rich types of solutions, we pick
up many explicit and exact solutions for the (2+1)-
dimensional sine-Poisson equation in a concise way.
The main idea of our approach is to convert a non-
linear partial differential equation in question into an
auxiliary ODE and to solve the resulting equation by
separation of variables. Thus, the problem for solving
nonlinear partial differential equations is significantly
simplified. The topic we discussed may be interest-
ing in solution theory of nonlinear partial differential
equations, and the results obtained could be a good
supplement to the existing literature as a new exam-
ple of exact solutions for the (2+1)-dimensional sine-
Poisson equation. How to extend this approach to
solve other NEEs in mathematical physics is worth
while to further study.
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