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A novel approach to designing cylindrical-surface
shim coils for a superconducting magnet of
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For a superconducting magnet of magnetic resonance imaging (MRI), the novel approach presented in this paper

allows the design of cylindrical gradient and shim coils of finite length. The method is based on identification of the

weighting of harmonic components in the current distribution that will generate a magnetic field whose z-component

follows a chosen spherical harmonic function. Mathematical expressions which relate the harmonic terms in the cylin-

drical current distribution to spherical harmonic terms in the field expansion are established. Thus a simple matrix

inversion approach can be used to design a shim coil of any order pure harmonic. The expressions providing a spherical

harmonic decomposition of the field components produced by a particular cylindrical current distribution are novel. A

stream function was applied to obtain the discrete wire distribution on the cylindrical-surface. This method does not

require the setting of the target-field points. The discussion referring to matrix equations in terms of condition numbers

proves that this novel approach has no ill-conditioned problems. The results also indicate that it can be used to design

cylindrical-surface shim coils of finite length that will generate a field variation which follows a particular spherical

harmonic over a reasonably large-sized volume.
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1. Introduction

As is well known for a superconducting magnet
of magnetic resonance imaging (MRI), the magnetic
field inhomogeneity, ABy/Bg, over 50 cm-diameter
sphere volume (DSV) must be controlled within a few
parts per million. A superconducting MRI magnet in-
cludes a set of main coils,[!] a set of active shimming
coils, and shielding coils. All coils are immerged in
liquid helium. Although the theoretical homogeneity
of the main magnetic field of the designed main coils
is already within a few ppm,) there are several fac-
tors which compromise the ideal homogeneity. First
there exists machining tolerance with the main coils.
Second, it is impossible that the temperature coeffi-
cients of the wire and the frame of the coils are pre-
cisely the same. Third, the coils will deform because
of expanding due to heat and shrinking due to cold
down from room temperature to liquid helium temper-
ature (4.2 K). Eventually each piece of the supercon-
ducting wires finds itself counterpoise positions under
the interaction of the current flow and the magnetic
field when the coils are excited by a current source
power. Consequently, the magnetic field produced by

the main coils will deviate a great deal from the de-
signed field. Hence a set of harmonic coils as active
shimming is prepared altogether along the main coils.

Romeo and Hoult!?! presented a full mathematical
framework for designing shim coils on a cylindrical-
surface for MRI. They used a spherical harmonic to
expand the magnetic field over a diameter sphere vol-
ume (DSV) of interest into a series.[>* To improve the
field homogeneity over this DSV, each shim coil, re-
sponsible for adjusting one such harmonic, needs to be
tuned to annul the zonal and tesseral harmonic fields.
By combining current elements from various shapes,
such as loop arcs, ellipse arcs, etc., it can enhance the
harmonic of interest but eliminate unnecessary har-
monics. Unfortunately, the qualified volume calcu-
lated from this method is less than the desired specifi-
cation, especially for higher-order harmonic shim coil
design.

An alternative method to obtain considerably
larger usable volumes is the ‘target field’ method
proposed by Turner.[>6] This method has no ill-
conditioned problem because Fourier transforms

have unique inverses. In the original target field

approach,®) there is no explicit constraint on coil
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length, which may result in unnecessarily long coils.
Therefore, to restrict the coil length, Turnerl® devel-
oped his method further by adding a constraint that
the current density must fall to zero outside of a finite
interval. As a compromise it degrades the target field
method as discussed by Jin.!"]

The design of cylindrical coils of finite length that
will generate a field variation that follows a particular
spherical harmonic over a reasonably-sized volume is
particularly valuable. The pure spherical harmonic is
orthonormal so there are no mutual inductances be-
tween such superconducting shim coils one another,
and that allows the electric current in each shim coil
to be independently adjusted. Mathematically, the
compensation magnetic fields from these shim coils
governed by the Biot—Savart law can be converted
into a first-kind Fredholm integral equation to find
the current density distribution. However, the inte-
gral equation cannot be solved essentially since it is a
well-known ill-conditioned problem.

Crozier and Doddrell®l
nealing as an optimization strategy to overcome the
difficulty of finite length. Nevertheless, their method
may require many iterations to converge and is thus
Then,
Forbes and Crozier generalized the integral equation

also used simulated an-

time-consuming in terms of computation.

of the target-field approach to design finite-length
shim and gradient coils on a cylinder surface.[®1 To
overcome the ill-condition in the integral equation as
mentioned above, they used a minimization technique
combined with Tikhonov regularization to solve the
current density on surfaces of zonal and tesseral shim
coils. This method thus needs choosing of the regu-
larization function and an abstract penalty function.
However, these choices are at the discretion of design-
ers. The Tikhonov regularization method likely shows
a high superiority for designing asymmetrical shim
coils. The linear programming algorithm for shim
design!'!l embodies much flexibility for an MRI mag-
net with complex geometry. Liu et al.'? overcame
this type of problem for gradient-coil design by select-
ing a collection of the target-field points properly in-

stead of using Tikhonov regularization. Unfortunately

l
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this method seems invalid for designing higher order

shim coils.
In this paper, we combine the conven-
tional harmonics approach®¥ and target-field

approach[®6:9:10:12] t6 design cylindrical-surface shim
coils with finite length. To our knowledge, this is the
first time that the relationship between a set of cur-
rent density coefficients (corresponding to each order
and each degree harmonic) and the harmonic field
coefficient itself has been upbuilt.

2. Theory

As shown in Fig. 1, a field-point = is described
by the spherical polar coordinate system r (r,8, ¢) or
the cylindrical coordinate system r (p, @, z), while a
source-point 7’ is described by the spherical polar co-
ordinate system r’ (f, «, ) or the cylindrical-surface
coordinate system r’ (a, 1, 2’).
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Fig. 1. A cylindrical coil with radius a and length L. A
field-point coordinate 7(r,6,¢) and r(p, ¢, z), a source-
point coordinate 7’ (f, o, ) and 7’(a, 1, 2’
spectively.

) are shown, re-

For a finite length coil the current density com-
—-L/2 <
z < L/2. We suppose that the components of the cur-

ponents should be zero outside the interval

rent density on the cylindrical-surface are able to be
expanded as a Fourier series below:

x is even,

x is odd,
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where [ and k denote an order (corresponding to po-
lar angle) and a degree (corresponding to azimuth an-
gle) of a harmonic coil, respectively; k, = 2wq/L, q is
an integer; U, are the Fourier coefficients of the cur-
rent density expansion. The cylindrical-surface cur-
rent density, J = Jyéy + J,€,(éy and é, denote the
unit vector in the - and z-directions, respectively)
satisfies the continuity equation V - J = 0, which on
the cylindrical surface can be written as

aJy | 0J.
a 0y B

0. 2)

The continuity equation for the current density on the
coil surface with p = a leads to the concept of a stream
function, S(1, 2),['3 which satisfies

oS as

The stream function can be further shown as follows:

S (1, 2)

rfr’| fzzgmn

n=0m=0

Q
1
= cos(kv) Z k— 2(1 — migg) cos(kqz/2)

_77l+k51( )] (4)

Our aim is to find a relationship between the
Fourier coeflicients U, of each order harmonic coil cur-
rent and its corresponding order of spherical harmonic
magnetic field. For this aim we will expand the Biot—
Savart law in a Fourier-Legendre series. By the Biot—
Savart formulas, the current density element vector
Jdo’ at a source point 7’ (f, v, %) on the cylindrical-
surface will generate a magnetic induction vector dB
at a field point = (r, 6, ¢) within the coil, thus

dB = v x Jdo', (5)

r —T’I

where do’ = adidz is an area element. Following
the analysis of Romeo and Hoult!? over a spherical
region with radius r < fumin = a, the Green’s function
1/ |7 — 7’| can be expanded into spherical harmonic

series:

1 m=0,

(cose) (£) Pon cost)cosmo— ). 2 = (©)

2 m#0,

where P,,, (z) are Ferrer’s associated Legendre polynomials of the nth order mth degree and n > m > 0.
Substituting Eq. (6) into Eq. (5) and integrating it over the cylindrical-surface (see Appendix A), we can obtain
the z-component of the magnetic induction field, B, (r,8, ¢), which is the dominant component of interest in
MRI systems.

=323 b sty | S ). g
n=0m=0 sin(mae)
where the expansion coefficients b,,,, are given by
Mo o (L2
brm = / dz dw EmCrmJy(cos(myp) sin(map)), (8)
L/2
with
oo (n—=m)! 1 (n+1)Pu,(cosa)—(n—m+1)cosaP,i1m (cosa) )
" (n 4 m) ! frt2 sin o ’
and
1, m=0, f=va?+ 22,

Em = (10)
2, m#0, cosa = z/va? + 22.

To establish the relationship between the harmonic field coefficient b, and the corresponding harmonic coil
current coefficient U, we define

Q
o =Y Uq (1 = musr) sin (ky2/2) + mer cos (kgz)). (11)
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According to Eq. (1), we have

Jo = ju cos(). (12)
By substituting Eq. (12) into Eq. (8), we obtain
00 L/2 2
bnm = ﬁ dz/ dv) €mCrimjy(cos(k) cos(map) cos(ky) sin(ma))), (13)
—L/2 0

which can be further shown to be (see Appendix B)

L/2 Q
buum = 00 / A2Crumbim D Uy [(1= Maem) (1= 1gk) sin (kg2/2) + o pmmn cos (kg2)] (1 0). (14)
0

q=1
From the definition of the Kronecker-delta symbol dx,,, we know that the [th order kth degree harmonic coil
only generates a specific order and m = k degree of harmonic magnetic field:

(B2)nm = bumr™ Ppm (cos 0) cos(mo) Let, Trm- (15)

Other harmonics (n # the specific number, m # k) are intrinsically zero. The relationship between the index
n and [ is slightly complex. By the nature of function 7, implied in Eq. (1), we carefully analyse the indices
in Eq. (14). For non-zero harmonics we find that the index n not only relates I, but also k and an additional
integer 7. Hence we pick up those non-zero harmonics and arrange them with index ¢. The order n and degree
m of the arrayed non-zero harmonics satisfy the following relationships:

m=k;n=k+(+k)mod2+2(G—-1),i=1,2,.... (16)

Here the notation ‘x mod 4’ means to take the remainder of z divided by y. Thus, the weighting coefficient of
the ith non-zero harmonic b; can be expressed as:

L/2
bi = bpi, = Moa/ d2 Oy (14k) mod 242(i—1),k
0

Q
XY U, (1= mugk) sin (kgz/2) + mugr cos (kg2)], i=1,2,.... (17)

q=1

Picking up the current coefficients U, from the integral and for the first N non-zero harmonics (i = 1,2,...N),
Eq. (17) can be rewritten into a matrix form: b(N x 1) = D(N x Q)U(Q x 1). The elements of the coefficient
matrix D(N x @) can be expressed as:
L2
D (i, q) = loQ Ok+(l+l~c) mod 242(i—1),k [(1 — nl+k) sin (k'qZ/Q) + Mi+k COS (qu)] dz. (18)
0

Given Eqgs. (9) and (16), Cyy(14k) mod 242(i—1),k in Egs. (17) and (18) can be shown to be equal to

Crt(14+k) mod 242(i—1),k

k+({+k)mod2+2(—1)— k]! 1 1

[k+({+k)mod2+42(i— 1)+ k]! fet(+k) mod 242(i—1)+2 gin oy

x{[k + (I + k) mod 2+ 2 (i — 1) + 1] Py (14%) mod 2+2(i—1),k (COS @)
—[k+(4+Ek)mod2+2(i—1)—Fk+1]cos - Pii(14k) mod 2+2(i—1)+1,k (COS Q) }. (19)

Thus, the general magnetic field expressed by Eq. (7) is rewritten as follows:

N Q
B, = Z Z UyD (i, q) rkt(iFk) mod 2+2(l_1)Pk+(l+k) mod 242(i—1),k (cos 0) cos(kg). (20)

i=1 g=1

From Eqgs. (15)—(18) and (20), we have

Q
.\ Let .
bi = bpt(1+k) mod 24+2(i—1),k = Z U,D(i,q) == A;;, i=1,2,...,N, (21)

q=1
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where by (14k) mod 2+2(i—1),k 15 the weighting coefficient of the [k 4 (I 4+ k) mod 2 + 2 (¢ — 1)]th order, the kth
degree harmonic field, and is also the coefficient of the ith non-zero harmonic field:

(B2) k4 (1+k) mod 242(i—1),k

= bk+(l+k¢) mod 2+2(i—1),kT

N and @) may be chosen based on the accuracy re-
quired and the availability of computer resources. To
generate a desired magnetic field, it needs to find
an azimuthal current density component Jy (1, z) on
the coil surface with radius e and length L. If
Uy (g=1,2,...,Q) is found, Jy (¢, z) and J, (¢, z) be-
come known as well based on Eq. (1). In fact in the
harmonic field coefficient vector
T
A=[a 4 Ay (23)
there is only one nonzero element, which represents
a pure harmonic field. Note that in Eq.(23) super-
script ‘T” represents transpose, the subscript integer
N meets the condition: Q@ > N > (I —k)/2 + 1.
Equation (21) can be shown in its matrix format (i.e.
DU = A) and U can be obtained as

U=D"'A. (24)

When a target harmonic field coefficient is spec-
ified, the corresponding current coefficients can be
found with the aid of a standard matrix solution rou-
tine. Then, we use the stream function method!*?! to
obtain the discrete wire distribution on the cylindrical
surface.

3. Method

As a general demonstration of how to apply the
theory above to design a shim coil, we take [ and k as
the order and degree of the desired coil respectively
and denote the target shim coefficient as b?’zrget. Ac-
cording to the analyses of Eq. (14), not all the orders
and degrees of the harmonics will be generated by this
coil. So we can simplify the design by picking up the
non-zero harmonics and arraying them with the index
1. The order n and degree m of each harmonics can be
determined by Eq. (16). For each non-zero harmonics,
it can be given a target coefficient A;, then a target

T
A; Ay --- Ay | will be formed. Only

vector A = [
one harmonic 7; j, is desired among all these non-zero

harmonics so we should find out the index 7 of T} 1, set

Target

its coefficient A; to be the target value b, , ™", and set

other coefficients to be zero. To illustrate how to set

k+(l+k) mod 2+42(

Y Pt (14k) mod 242(i—1),1 (cos 0) cos(kg).

(22)

a target harmonic field coefficient vector A, we will
discuss a few typical cases as follows.

Case 1 For a linear z-gradient coil with target
gradient strength G, the target field is written as
B, = G.rPig(cosf), withn = 1 and m = 0. Thus the
order of the z-gradient coil should be set as [ = 1 and
the degree k = 0. From Eq. (16),n = 1+2(i — 1), i =
1,2,3,....
harmonic Tig,

This type of coil includes not only zonal
but also T3p, T5g, ..., in which the
harmonic coefficients are Ay, Az, As, ..., respectively.
Therefore, to design a 17 shim coil with target coeffi-
cient G, we should set A; = GG, and other harmonic
coefficients Ay = 0,43 =0,..., Ay = 0. In summary,
the target harmonic field coefficient vector should be

T
set as A = [GZ 0--- 0} , where we use G, instead

of b1 2" (the first harmonics as shown in Table 1 in
the first row) because b8
strength G.

Case 2 For a quadratic order zonal harmonic
field (B,)ao = bya ®"r2 Py (cosf) with n = 2 and
m = 0, the order of the harmonic coil should be set as
I = 2 and the degree k = 0. As required by Eq. (16),

n =0,2,4, ..., this type of coil can generate zonal har-

is the linear z-gradient

monics of Tog, Tog, Tag, ..., in which the harmonic

coefficients are Ay, As, As, ..., respectively. Corre-

spondingly we set the target harmonic field coefficient

Target T

VectorasA—L?bQO 0 ... 0] .
Case 3 or a cubic order tesseral harmonic
field (B.)s1 = by 13 Py (cosf) cos ¢ with n = 3

and m = 1. The order of the shim coils should
be set as [ = 3 and the degree £k = 1. Based on
Eq. (16), n = 1+2(i—1), ¢ = 1,2,3,... (we can

set n = 1,3,5,...).
harmonics 111, 131, T51, ...

This type of coil can generate
To design a T3; shim
coil we should set the target harmonic field coefficient
T
vector as A = [0 b3 0 ... 0

a 7177 shim coil the target harmonic field coefficient

T
vector should be set as A = {b?f 00 ... 0

If designing

Note that the coefficient b; "8 is the linear transver-
sal gradient G.

More cases of non-zero harmonics for some types
of coil are listed in Table 1. Numerical simulation was
carried out in Matlab (The Mathworks, Inc., Natick,
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MD, USA). The spherical harmonics were divided into
[2,9,10] = 0) and tesseral (m # 0)
harmonics. Any pure zonal shim coils and half of the

two subsets, zonal (m
tesseral shim coils can be directly designed using the
procedures set up here. The other half of the tesseral
shim coils can be obtained by rotating their counter-
parts with a proper angle (to be discussed later). Pro-
vided the geometry parameters for the cylinder shim

l

coil corresponding to the lth order kth degree har-
: Target :

monic bl,k are given, we can compute the current
density coefficients U, of the [th order kth degree har-
monic coil according to these formulae set up above.
Then the stream function S(1, z) in Eq. (4) will be cal-
culated. Finally, the winding patterns of the coils can
be directly obtained by contouring the stream func-
tion.

Table 1. Non-zero harmonics and target vector setting for some types of coil.

coil type: (I,k) non-zero harmonics

target vector setting as example

Targct 0 0 O 70 T

(1,0) T1,0,73,0,75,0,77,0, 79,0, - - - [ ]
T

(1, 1) T1,1,73,1,T5,1,77,1, 70,1, - - - [ prareet g 00, ..,O]
Targct T

(2,0) T0,0, 12,0, 74,0, 76,0, 18,0, - - - 0,b, ,0,0,...,0
T

2 1) T, T, To1, Ts.1, Tio 1, .- [ ba T 0, ...,o]
T

(2,2 T22,T4,2,T6,2,T8,2,T10,2, - - - [bTarget 0,0,0, .‘.,O]
T

(3, 0) T1,0,73,0,T5,0, 77,0, 79,0, - - - {0 Target ,0,0, .,0]
Target T

3,1 T1,1,T3,1,T5,1,T7,1,To,1, - - - 0,bg ,0,0,...,0
T

(3, 2) Ts.2,T5.2,Tr.2,To2, Ti1.2, ... [bT‘“g“ 0,0,0 ...,0]
T

(3,3) T3,3,T5,3, 77,3, 79,3, T11,3, - - - {bT‘"get 0,0,0, ...,0]
Target T

4,0) T0,0, 12,0, 74,0, T6,0, 13,0, - - - 0,0,b; ,0,...,0
Target T

(4, 1) To,1,T41,T6,1,T8,1, 10,1, - - 0,b,2% 0,0,...,0
Targct T

4,2) T2,2,T42,T6,2,T8,2,T10,2, - - - 0,by ,0,0,...,0
T

(4, 3) T4,3,T6,3,T8,3,T10,3,112,3, - - - [ Target, ,,,,0]
T

(4, 4) Tu,4,,T6,4,T8,4,T10,4,T12,4, - - - [bTarg“ 0,0,0, ...,0]

4. Results

Figures 2(a)-6(a) show the coil winding patterns
of the harmonics Tyg, To1, To2, T30, T4o respectively
obtained with our method. In these examples, the
coil length was set to be L = 1.2 m and its radius was
a = 0.6 m. The target field is located over a 0.5 m
DSV. In these figures the solid lines and the dashed
lines represent the forward windings and reverse wind-
ings, respectively. The magnetic component B, pro-
duced by the harmonics Thg, T51, Ta2, T30 and Ty
shim coils, as a function of (z, z) or (z, y) are shown
in (b) and (c¢) of Figs. 2-6, respectively. These spher-
ical harmonics are evaluated at the target region of
a 0.5 m DSV. In (b) and (c) of Figs. 2-6, most of

the harmonic fields B, produced by shim coils were

found to show excellent agreement with the ideal har-
monic fields. In these figures, thick dashed lines rep-
The
thin solid lines represent the field produced by the de-

resent the ideal harmonic field as a reference.

signed current-carried coils. In some figures near the
boundaries of the imaging region there are noticeable
deviations, which are caused either by discretization
of current densities or by not large enough @ values
in Egs. (1), (4), (20), and (21
can produce a shim field exactly equal to the ideal har-

). For a larger @ the coil

monic field. However, the increase in @ also leads to
more frequent mathematical oscillation of the current
density. Figure 4 in Ref. [12] shows the cases with
@ = 6 and Q = 10. The counteraction of the field
caused by the frequently reversed current necessarily
reduces the efficiency of the coils and increases the
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difficulty in manufacturing. Therefore, a compromise
must be made between accuracy and efficiency. When
the index numbers @ are chosen with propriety, the
current density just does not appear to have math-
ematical oscillation and meets the target field with
reasonable accuracy. The efficiency for 7 j shimming
coils is defined as:

Efficiency = by 1,/ Io, (25)

where b j; is the order [ and degree k harmonic coeffi-
cient of the generated field when current Iy is flowing
in the wires. Table 2 also includes terms of efficiency
for typical 1) shimming coils. These results show
that the novel method for design shim coils allows de-
composition of field harmonics into harmonic coeffi-
cients. To design a cylinder shim coil with a finite
length, given any harmonic coefficient b j, the pure
harmonic coil corresponding to the b; ;, could be com-
puted easily and efficiently.

> ———— 2
0.4 10
0.2 S e 8
I 76
E o (a) g 2 S 4
—0.2 \N \N 2
0. d oy o
—0.4 0
o — 6 ® -2 ©)
o 2 4 6 -0.3-0.2-0.1 0 0.1 0.2 0.3 -0.3-0.2-0.1 0 0.1 0.2 0.3
¢/rad x/m z/m

Fig. 2. Zonal harmonic Tg. (a) The winding pattern, with dashed lines representing reverse winding. The fields
B produced by Tho along the z-axis and the z-axis are shown in (b) and (c), respectively, where the thick dashed
lines are the ideal harmonics and the vertical dashed lines indicate the DSV boundary. Discretization during the

calculation causes the errors close to the boundary in (c).

¢/rad
Fig. 3. Tesseral harmonic T1. (a) The winding pattern, with the dashed lines representing reverse windings. The
fields B, produced by Tb; along the z-axis and the z-axis are shown in (b) and (c), respectively, where the thick
dashed lines represent the ideal harmonic field and the two vertical dashed lines indicate the boundary of the imaging
region. The linearity (gradient) of the field in the target region is clearly shown in (b) and (c).

2
=1
<
\ .
—
I
Q -1
—2
(b) (©)
-0.3-0.2-0.1 0 0.1 0.2 0.3 -0.3-0.2-0.1 0 0.1 0.2 0.3
z/m z/m

0.6 - 1
3
0.4
0
0.2 B2 =
™ @1
" L L
) — —
—0.2 > 3 -2
[y q
—0.4 "
_ (b) (©)
0 1 2 3 4 5 -0.3-0.2-0.1 0 0.1 0.2 0.3 -0.3-0.2-0.1 0 0.1 0.2 0.3
¢/rad z/m y/m

Fig. 4. T»> shim coil. (a) The winding pattern, with the dashed lines representing reverse windings. The fields B,
produced by T2 along the z-axis and the y-axis are shown in (b) and (c), respectively, where the thick dashed lines
represent the ideal harmonic field and the two vertical dashed lines indicate the boundary of the imaging region.
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=
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1

0.2 & =1
g T T
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(b) (c)

-0.3-0.2-0.1 0 0.1 0.2 0.3 -0.3-0.2-0.1 0 0.1 0.2 0.3
¢/rad z/m z/m

Fig. 5. Zonal T30 shim coil. (a) The winding pattern, with the dashed lines representing reverse windings. The

fields B, produced by T3o along the z-axis and the z-axis are shown in (b) and (c), respectively, where the thick

dashed lines represent the ideal harmonic field and the two vertical dashed lines indicate the boundary of the imaging

region.

6
H 4
?
S 2
=
N
S 0
(v) , (©
-0.3-0.2-0.1 0 0.1 0.2 0.3 -0.3-0.2-0.1 0 0.1 0.2 0.3
¢/rad z/m z/m

Fig. 6. Zonal Tyo shim coil. (a) The winding pattern, with the dashed lines representing reverse windings. The
fields B, produced by Tyo along the z-axis and the z-axis are shown in (b) and (c), respectively, where the thick
dashed lines represent the ideal harmonic field and the two vertical dashed lines indicate the boundary of the imaging

region.

Unlike Eq. (7), Egs. (15) and (20) only in-
clude harmonics associated with cos(k¢) but sin(ke).
As they are orthogonal to one another, we assume
T, and Tl’,k represent shim coils associated with
cos(k¢) and sin(k¢), respectively. For example, har-
monic fields Th; = bo172Pa1 (cosf) cos¢ and Ty, =
b217? Py (cosf) sin¢ are orthogonal to each other.
The Tj ;. shim coils can be designed directly using the
above expressions and then T3, can be obtained by
rotating the T; shim coil through 90 degrees. The
same way, the T4, shim coil can be obtained by ro-
tating the T5; shim coil through 90 degrees. Analog-
ically rotating by 45 degrees transforms Ths and T3
shim coils into T4, and T%,, respectively; rotating by

|

30 degrees transforms T33 shim coil into T45. In other
words the other half of the tesseral harmonics coils can
be obtained by simply rotating their counterparts. It
is feasible and convenient to use the current density
solved using the above equations for all terms and ro-
tate them to obtain shim terms not covered by the
equations. The aspect ratio (L/D = 1) of the shim
coils is set quite small as samples in this paper. Such
a method done here facilitates the design of super-
short MRI superconducting magnets. Although the
difficulty of designing pure harmonic shim coils is in-
creased as a compromise, not bad results are obtained

already.

Table 2. The data associated with design for these shim coils shown in Figs. 2-6.

coil type Tao To1 Ta2 T30 Tuo

chosen @ 3 3 3 3 4

Cond (D) 120 126 37.7 1740 4255
Kmax 4.6 18.1 17.5 4.4 3.6

efficiency

time taken 0.562 s 1.200 s

6.25 x 107° T/m?2/A 6.5 x 1076 T/m2/A 9.1 x 1076 T/m?/A 4.51 x 107° T/m3/A 4.70 x 10~° T/m*/A

1.133 s 0.606 s 0.962 s

018701-8
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5. Discussion

The coils designed here had the fewest negative
currents or highest power efficiency for the @ cho-
sen in Egs. (1), (4), and (21).
standard methods!'?! this new method shows remark-

Compared with other

able advantages. Firstly, this method is well condi-
tioned since it has no poor conditioning problems.
To test this point we can analyse the condition num-

28.87 16.72 —6.941 —1.474
D —3.477 —-9.152 —-10.98 —5.291
0.2122 1.400 2.735 2.835

—0.004943 —0.09986 —0.3342 —0.6080

giving A a random deviation AA, the ratio of the
fractional deviation of U to A is,

[AU|/IU]
K= . (27)

[AA/]A]
For 10° random calculations, when AA =
[-0.0004 —0.0015 —0.0095 —0.0324]T and

IAA/IIA]l < 12%, the maximum of K IS Kmax =
3.608, and Kmax < Cond(D).
a small change in A will not result in a significant

This suggests that

variation in U.

Secondly, this new method could acquire a much
more stable solution than our previous method.'?
For example, using the target-field method*?! to de-
sign a Thg shim coil by setting 7 target points over
a DSV, the Cond(D) is 1.1 x 1071, Even with
|AA]/|A| < 12%, for 10° random calculations, the
maximum of & is still Kmax = 1.9 x 10719, However, to
design the same Ty shim coil using the new method
by setting @ = 4, the Cond(D) is 4.3 x 1073, With
|AA]/||A|l < 12%, for 10° random calculations, the
maximum of k iS kKmax = 28, which is more acceptable
compared with 1.9 x 107°. Hence our target-field
method published in Ref. [12] is only used to design
MRI gradient coils. The reason for the new method
being more stable than the target field method is that
the target vector A here has only one nonzero ele-
ment, while in the other method each element of the
target vector A, magnetic induction at each target
field point, cannot be zero generally. Mathematically

ber of D, Cond(D) = |D|||D7!|, a degree of ill-
condition, in Eq. (24). Derived from Eq. (24), we
have [AU|/|U| < D] [ D[] |AA]/|AJl.09 For
different @ in Eq. (21), the Cond(D) is different. The
optimal @ and Cond (D) for these typical design cases
are listed in Table 2.

For the worst case of the Ty shim coil with @ = 4,

the maximum of Cond(D) is 4255. In this case,

Eq. (24) has
0 17.36
. 0 —23.52 .
1073, A= , U= x 103, (26)
1 16.74
0 —5.484

in this new method, the normalized vectors A form
the orthogonal base-vector in Hilbert space and are
unshakable theoretically. The poor-conditioning of an
equation is limited not only by the bad conditioning
of the coefficient matrix, but also by the target vector
A. As such, for some special vector domains, the final
equation shows no poor conditioning problem, even
if the coefficient matrix is badly conditioned. In this
paper, the vector A for each type of shim coil is set
to a target value and cannot be arbitrarily changed
according to the principle. As the A is fixed, in the
calculation A A is only caused by the imprecise com-
puter mantissa. However, in MATLAB (where our nu-
merical simulations were carried out) the accuracy is
2.204 x 10716, So even when A contains 102 elements,
|AA]/||A| is not likely to be larger than 1 x 104,
According to Table 2, the maximum Cond(D) is less
than 10°, so ||AU||/||U]|| is absolutely less than 1079,
It obviously has nothing to do with the accuracy of the
solution. Therefore the solution is stable and there are
no ill-conditioned problems.

Because the @) are not very large (less than 6) and
N is not larger than @, the coeflicient matrices are in
a small scale, and the calculations are not very time
consuming. For example, designing a T5g shim coil
using our new method with @ = 3, Cond(D) = 120,
and [|AA]/||A| < 12%, for 1000000 times of random
calculation (the maximum of & is Kmax = 4.6), the
computation time is only 0.562 s on our Intel E8200
with 4 G memory computer. In order to be clear, the

018701-9
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computation times for typical 7}, shimming coils are
listed in the lowest line of Table 2.

novel method renders the design of a pure harmonic
shim coil simple and straightforward. Except for static

shimming, it is also useful in dynamic shimming be-

6 COHCIUSiOH cause its calculation time is short.

A new analytical methodology has been devel-
2,4]

Appendix A

oped by combining the conventional harmonics!

and current target-field approaches.!®6:9:10:121 A ma_

. . & . bP . The magnetic induction field produced by the cur-
trix equation relating the field harmonics expressed by . o . .
. . rent element is referred to in Fig. A1l. The relationship
harmonic coefficients b; 5, and the unknown current o .
between the magnetic induction vector dB at a field

density expressed by a Fourier series with weighting
coefficients U, has been established. All orders and de-

grees of cylindrical-surface shim coils of finite length

point r (r, 0, ¢) within the coil and the current density
element vector Jdo’ at a source point v’ (f, a, 1) on

for a superconducting MRI scanner can be designed a cylindrical-surface is given by the Biot—Savart law

by the procedures established in this paper. This
method does not require the setting of the target-field

1

r— ']

aB = 0y

Jdo’
i X g,

(A1)

points. The discussion referring to matrix equations
in terms of condition numbers proves that the govern- ~ where do’ = a dy dz is an area element. It is well
ing matrix equation is better conditioned and has no  known that over the region with r» < funin = a, the
ill-conditioned problems. The designing results also ~ Green’s function 1/ |r — 7’| can be expanded® in a

prove the novel method to be valid and efficient. The  spherical harmonic series:

l

1 1 S (n—m)! <7’)" 1 m=0,
_ == em+———Pym (cosa) | = | Ppm (cos) cosm(¢p — , Em = A2
=] = 7 2 oyt om (0050) (7 ) P (cosO)coslm(o — )], em=q T (A
For clarity, we let
1
= ] (A3)
Z, R
Af /:‘2\
2 .‘in e,
A 7
Aq 4
a Yy
T Ay
o:¢ 0,
Ag

Fig. A1l. The geometrical nexus among the spherical polar coordinate com-
ponents Ay, Aq, the cylindrical coordinate component A,, Ay and Cartesian
coordinate component A;, Ay, at an arbitrary point within the coil.

For a cylindrical-surface coil with radius a, the coordinates of the current on the cylindrical-surface sat-
isfy a = fsina and z = fcosa (see Fig. Al). Here we only consider the z-component and use coordinate
transformation between the Cartesian and spherical coordinates; refer to Fig. Al, thus,

1
[r— /|
= AxJ-é,=A,J,— A,J,

xJ-é,
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= (Apcostp — Ay sinep)J, — (A, sine) + Ay cos)J,
= [(Afsina+ Ay cosa) cos ) — Ay sin)] Jy, cosp — [(Af sina + Ay cos o) sinyy + Ay cos ] (—Jy siny)
= (Aysina + A, cosa) Jy. (A4)

Thus, according to Eq. (Al) the z-component of the magnetic induction field is:

dB. = ¥0do' 4,0, = 22do" (Aysina+ Aacosa) Jy. (A5)
In spherical coordinates, V = %ér + %%ée + 7“511119 8a¢é¢[15] and Vﬁ = _VIﬁlﬂ; thus,
0 1 —m)!
Ap=—az— — P 1) P, — A
F="of |r —7/| le;)r;) ™ (n+m) |fn+2 m (€08 0) (n + 1) Py, (cos o) cos(m (¢ — ¢)), (A6)
10 1 —m)! r" 0P, (cos a)
Ao =g =~ m ——Pnm SU)————F——— — . A
fdofr — | nz;)mz:o6 (n+m)! f’”r2 (cosf) O cos(m (¢ — 1)) (A7)

Substituting them into (A5), we obtain

—m)! r"
.UO d Z Z 5m () f”+2 —— Py (cos ) Jy,

n=0m=0

os(m (¢ —v)). (A8)

P,
x |:(n + 1) sin aan (COS a) — COS aanm(COSOé)] c

1oJe"

Note that the z-component of the field only involves the azimuthal component .Jy;, of the current density vector.
However, this is related to the axial component J, through the continuity equation (2). In order to separate
the field and the source variables, we let

OPym (cos )
O ]

' 1 (n+1)Pyy(cosa) — (n—m+1)cosaPpiq,m (cosa)

n+m)! fot2 sin '

— [(n + 1) sin aPpy, (cOsa) — cos

(A9)

The calculus operation concerning Ferrer’s associated Legendre polynomials may refer to Ref. [15]. Thus,
Eq. (Ab) is recast as

n

dB, = d Z Z emCrmT" Ppy, (cos 0) Jy (cos(me) cos(map) + sin(me) sin(ma))

n=0m=0
B0 . i\ n : cos(mg)
=-—do Z Z EmCrm?" Pom, (cos 8) Jy, (cos(my)) sin(ma)) . (A10)
dm e sin(me)
We define a two-component expression:
poa [F/? 27
by = 2= dz/ dt) € CrmJy(cos(map) sin(map)). (A11)
4m —L/2 0
Thus,
B, = Z Z brm ™" P (cos 6) c.os(mqﬁ) ) (A12)
n=0m=0 Sln(m¢)
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Appendix B

According to the orthogonality of the trigonomet-

ric function

where d, is the Kronecker §-function, Eq. (13) is
simplified to

L2
/ sin ki sin(myp)dy = (e, — 1) ok m, i dr J_ )0 Zembnmy ( Okm/Em 0)
0 L/2
2 _ Moa .
/ cos kvp cos(myp) dyp = 216 /Em, 2 o d2CrmO%.m o ( 1 O) - (B
0
27
/0 sin ky cos(myp)dy = 0, (B1) Inserting Eq. (11) into Eq. (B2) we have
|
L/2 Q
a :
bym = % dzCpmdik.m Z Uqg [(1 — mugr) sin (kqz/2) + migr cos (kq2)] ( 1 0) . (B3)
—-L/2 =
The line integral in Eq. (B3) can be disconnected as two terms:
L/2 Q
a .
= % dzChm (%) 0k m Z Ug [(1 — miqr) sin (kq2z/2) + migr cos (kq2)] ( 1 0)
0 =t
HoaQ <
5 [ A (=)Cm (=2) S 2 Uy [ = ) sin (<2 /2) + miacos (<ke2)] (1 0) . (B4)
—L/2 et
Applying the parity of the associated Legendre function:!9]
P (—cosa) = (=1)"T" Py, (cos a), (B5)
and noting that f = v/a2 + 22, cosa = z/v/a? + 22, and according to Eq. (9) we havel'?]
(n—=m)! 1 (n+1)Puyn(—cosa)—(n—m+1)(—cosa)Pi1m(—cosa)
Cnm (_Z) - - -
(n+m)! fr+2 sin a
= (=1)""" Cpn (2) . (B6)
Inserting Eq. (B6) into Eq. (B4), we obtain
L/2 Q
b =00 [ dxComim - Uy (1= ) (1= 1) i1 (hy2/2) + s o8 (2] (10 (B)
0

g=1
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