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Elastic behaviour of an edge dislocation near a sharp
crack emanating from a semi-elliptical blunt crack∗
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The interaction between an edge dislocation and a crack emanating from a semi-elliptic hole is dealt with. Utilizing

the complex variable method, closed form solutions are derived for complex potentials and stress fields. The stress

intensity factor at the tip of the crack and the image force acting on the edge dislocation are also calculated. The

influence of the morphology of the blunt crack and the position of the edge dislocation on the shielding effect to the

crack and the image force is examined in detail. The results indicate that the shielding or anti-shielding effect to

the stress intensity factor increases acutely when the dislocation approaches the tip of the crack. The effect of the

morphology of the blunt crack on the stress intensity factor of the crack and the image force is very significant.
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1. Introduction

It is well known that dislocations in the vicinity of

a crack tip play an important role in fracture mechan-

ics. Therefore, the elastic interaction between dislo-

cations and cracks has been extensively studied by

many theoretical and experimental researchers.[1−10]

The stress field, image force and strain energy of dis-

location, and the stress intensity factor at the crack tip

are the major concerns in these investigations. When

plastic deformation has occurred around a crack tip,

the stress field in the vicinity of the tip alters. One

of the mechanisms, the dislocation emitted from the

crack tip into the plastic zone, can reduce the stress

intensity factor at the crack tip. This phenomenon

is known as the dislocation shielding effect.[11] Apart

from the dislocation shielding effect, crack blunting

is another important mechanism which can reduce

the stress field around the crack tip. Hence, the in-

teraction between dislocations and blunt cracks has

prompted many investigations. Lung and Wang[12]

and Lee[13] simulated a blunt crack by an elliptic hole

and calculated the image force acting on the screw

dislocation near the blunt crack tip. Chen et al.[14]

analysed the stress field, image force and shielding ef-

fect of an edge dislocation in the vicinity of an ellip-

tical hole. Fischer and Beltz[15] examined the effect

of crack blunting on the competition between dislo-

cation emission and cleavage for an elliptical notch

under mode I loadings. Qian et al.[16] calculated the

stress distribution ahead of a blunt crack tip after dis-

location emission. Huang and Li[17] obtained an ex-

plicit solution for prediction of the critical stress in-

tensity factor (SIF) for edge dislocation emission from

a blunt crack tip under mode I and II loading condi-

tions. The shielding effect of the screw dislocation on

an elliptically blunted crack is discussed by Li et al.[18]

The shielding effect and emission criterion of a screw

dislocation near an interfacial blunt crack is studied

by Song et al.[19] In addition, the behaviour of an ex-

tended dislocation near an elliptical blunt crack is also

investigated by Song et al.[20]

On the other hand, Vehoff and Neumann[21] pro-

vided experimental evidence that the crack widens as

it propagates, but its tip still remains sharp. In addi-

tion, Ohr[22] also provided experimental evidence that

the emission of a dislocation from a crack tip results

in crack blunting. When the crack is blunted to a cer-

tain extent, the emission of dislocations from a crack

tip can be interrupted. The blunted crack will not

propagate until the nucleation of a new sharp crack.

The dislocation may be re-emitted from a sharp crack

emanating from the blunt crack. Therefore, Shiue and

Lee,[23,24] and Lee et al. [25] considered the problem of

the elastic interaction between screw dislocations and

the blunt crack with a sharp crack. The elastic inter-
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action between a screw dislocation dipole and a sharp

crack emanating from a surface semi-elliptic hole is in-

vestigated by Yang et al.[26] However, the problem of

edge dislocations interacting with a crack emanating

from a surface semi-elliptic hole has not been studied

due to the complexity of the calculation.

In the present paper, we analyse the elastic inter-

action between an edge dislocation and a sharp crack

emanating from a surface semi-elliptic hole by the con-

formal mapping technique and the complex variable

method. The stress intensity factor at the tip of the

crack and the image force acting on the edge disloca-

tion are derived. The impact of the morphology of the

blunt crack and the position of the edge dislocation on

the shielding effect to the crack and the image force is

discussed.

2. Problem statement and solu-

tion

The current problem is shown in Fig. 1(a). A

free surface x = 0 contains a semi-elliptic hole whose

centre is located at the origin, and A and B are the

lengths of the major semi-axis and minor semi-axis of

the ellipse, respectively. A sharp crack of length L−A
emanates from the semi-elliptic hole along the positive

x-axis. An edge dislocation of Burgers vector (bx, by)

is located at z0 = x0 + iy0.

Fig. 1. (a) An edge dislocation near a sharp crack emanating from a semi-elliptic hole. (b) The ζ-plane

after conformal mapping.

For the plane strain problem, stress fields and

displacement fields can be expressed in terms of two

Muskhelishvili’s complex potentials φ(z) and ψ(z).[27]

σxx + σyy = 2[φ′(z) + φ′(z)], (1)

σyy − iσxy = φ′(z) + φ′(z) + zφ′′(z) + ψ′(z), (2)

2µ(ux + iuy) = κφ(z)− zφ′(z)− ψ(z) (3)

with z = x+iy and κ = 3−4ν, in which µ is the shear

modulus and ν is Poisson’s ratio. The superposed bar

denotes a complex conjugate, and the prime denotes

differentiation with respect to the argument z.

Let us introduce the following mapping

function[26]

z = ω(ζ)

=
A
√
ζ2 + L2 +B

√
ζ2 + L2 − C4P 2

C2P
(4)

with ζ = η + iξ, P =
L

LA−B
√
L2 − C2

and C =
√
A2 −B2, which maps the surface blunt crack in the

z-plane into a half space in the ζ-plane (η > 0), as

shown in Fig. l(b).

With the aid of the mapping function Eq. (4),

Eqs. (1) and (2) can be rewritten in the ζ-plane as

follows:

σxx + σyy = 2[Φ(ζ) + Φ(ζ)], (5)

σyy − iσxy = Φ(ζ) + Φ(ζ) +
ω(ζ)

ω′(ζ)
Φ′(ζ) + Ψ(ζ), (6)

where Φ(ζ) = φ′(ζ)/ω′(ζ), Φ′(ζ) = [φ′′(ζ)ω′(ζ)

−φ′(ζ)ω′′(ζ)]/[ω′(ζ)]2 and Ψ(ζ) = ψ′(ζ)/ω′(ζ).

Let us firstly analyse the singularities of the com-

plex potentials. If an edge dislocation is located at an

arbitrary point z0 in the z-plane, the expressions of
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the complex potentials φ(z) and ψ(z) can be chosen

as:

φ(z) = γ ln(z − z0) + φ0(z), (7)

ψ(z) = γ̄ ln(z − z0)−
γz̄0
z − z0

+ ψ0(z), (8)

where γ =
µ

π(1 + κ)
(by − ibx), φ0(z) and ψ0(z) refer

to the terms resulting from the interaction of the edge

dislocation with the surface blunt crack.

Substituting Eq. (4) into Eqs. (7) and (8), the

complex potentials in the ζ-plane are given as

φ(ζ) = γ ln(ζ − ζ0) + φ0(ζ), η > 0, (9)

ψ(ζ) = γ̄ ln(ζ − ζ0)−
γω(ζ0)

H1(ζ − ζ0)
+ ψ0(ζ), η > 0,

(10)

where

H1 =
1

C2P

(
Aζ0√
ζ20 + L2

+
Bζ0√

ζ20 + L2 − C4P 2

)
.

Applying the Riemann–Schwarz symmetry prin-

ciple, a new analytic function χ(ζ) can be introduced:

χ(ζ) = ω(−ζ)φ
′(ζ)

ω′(ζ)
+ ψ(ζ), η > 0. (11)

The substitution of Eqs. (9) and (10) into Eq. (11)

yields

χ(ζ) =
Hγ

ζ − ζ0
+ γ̄ ln(ζ − ζ0) + χ0(ζ), (12)

where

H = −A
√
ζ20 + L2 +B

√
ζ20 + L2 − C4P 2

Aζ0√
ζ20 + L2

+
Bζ0√

ζ20 + L2 − C4P 2

−A
√
ζ̄20 + L2 +BC

√
ζ̄20 + L2 − C4P 2

Aζ0√
ζ20 + L2

+
Bζ0√

ζ20 + L2 − C4P 2

.

Following Muskhelishvili’s treatments, the

traction-free boundary condition along the imaginary

axis is satisfied by

φ(ζ) +
ω(ζ)

ω′(ζ)
φ(ζ) + ψ(ζ) = 0. (13)

To treat the boundary conditions on the inter-

face, it is convenient to introduce the following ana-

lytic function:

Ω(ζ) = −χ(−ζ)

= − Hγ

−ζ − ζ0
− γ ln(−ζ − ζ0) +Ω0(ζ),

η < 0. (14)

Using Eq. (13) together with Eq. (14), we have

φ+(t)−Ω−(t) = 0, (15)

where t denotes the point on the imaginary axis in

the ζ-plane. The superscripts + and − denote the

boundary values of a physical quantity when ζ ap-

proaches the imaginary axis from η > 0 and η < 0,

respectively. Considering Eqs. (9) and (14), boundary

condition Eq. (15) can be rewritten as:

φ+
0 (t)−Ω−

0 (t) = −γ ln(t− ζ0)−
Hγ̄

−t− ζ̄0

−γ ln(−t− ζ̄0). (16)

According to the Plemeij formula, we obtain

φ0(ζ) = − Hγ̄

−ζ − ζ̄0
− γ ln(−ζ − ζ̄0), (17)

Ω0(ζ) = γ ln(ζ − ζ0). (18)

Substituting Eq. (17) into Eq. (9), the complex

potential φ(ζ) is given as

φ(ζ) = γ ln(ζ − ζ0)−
H̄γ̄

−ζ − ζ̄0
− γ ln(−ζ − ζ̄0).(19)

From Eqs. (14) and (18), the complex potential χ(ζ)

can be obtained

χ(ζ) =
Hγ

ζ − ζ0
+ γ̄ ln(ζ − ζ0)− γ̄ ln(−ζ − ζ̄0). (20)

The substitution of Eqs. (19) and (20) into Eq. (11)

yields

ψ(ζ) =
A
√
ζ2 + L2 +B

√
ζ2 + L2 − C4P 2

Aζ√
ζ2 + L2

+
Bζ√

ζ2 + L2 − C4P 2

(
γ

ζ − ζ0
+

γ

−ζ − ζ̄0
− H̄γ̄

(−ζ − ζ̄0)2

)

+
Hγ

ζ − ζ0
+ γ̄ ln(ζ − ζ0)− γ̄ ln(−ζ − ζ̄0). (21)
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In order to validate the analytical results derived in this manuscript, we give the degenerated results. First

letting B = 0 and A = L, then letting A = 0, in this case ζ = z and ζ0 = z0, the results given in Eqs. (19) and

(21) can be reduced to

φ(z) = γ ln(z − z0)− γ ln(−z − z0) +
(z0 + z0)γ̄

−z − z0
, (22)

ψ(z) = γ̄ ln(z − z0)− γ̄ ln(−z − z0)−
γz0
z − z0

+
γz

−z − z0
+
z(z0 + z0)γ̄

(−z − z0)2
. (23)

As expected, the stress fields are the same as those obtained by Hirth and Lothe[27] for the case of an edge

dislocation near a half-plane.

In view of Eqs. (1)–(6) and the obtained complex potentials in Eqs. (19) and (21), the stress fields and

displacement fields can be easily derived. Here we omit the details to save space.

3. Stress intensity factors at the crack tip

Stress intensity factors (SIFs) near crack tips are a very important and meaningful physical quantum.

According to Zhang et al.,[28] the stress intensity factors at the crack tip can be found from the complex stress

field as:

KI − iKII =
√
2π lim

ζ→0

√
ω(ζ)− ω(0)(σyy − iσxy)

=
√
2π lim

ζ→0

√
ω(ζ)− ω(0)

[
φ′(ζ)

ω′(ζ)
+
φ′(ζ)

ω′(ζ)
+ ω(ζ)

φ′′(ζ)ω′(ζ)− φ′(ζ)ω′′(ζ)

[ω′(ζ)]3
+
ψ′(ζ)

ω′(ζ)

]
(24)

with

φ′(ζ) =
γ

ζ − ζ0
− H̄γ̄

(−ζ − ζ̄0)2
+

γ

−ζ − ζ̄0
, (25)

φ′′(ζ) = − γ

(ζ − ζ0)2
− 2H̄γ̄

(−ζ − ζ̄0)3
+

γ

(−ζ − ζ̄0)2
, (26)

ψ′(ζ) = − Hγ

(ζ − ζ0)2
+

γ̄

ζ − ζ0
+

γ̄

−ζ − ζ̄0
− ω(ζ)

ω′(ζ)
φ′′(ζ) +

[
ω′′(ζ)ω(ζ)

[ω′(ζ)]2
− 1

]
φ′(ζ), (27)

ω′(ζ) =
1

C2P

(
Aζ√
ζ2 + L2

+
Bζ√

ζ2 + L2 − C4P 2

)
, (28)

ω′′(ζ) =
1

C2P

(
AL2

(ζ2 + L2)3/2
+

B(L2 − C4P 2)

(ζ2 + L2 − C4P 2)3/2

)
. (29)

The substitution of Eqs. (25)–(29) into Eq. (24) yields

KI − iKII =
√
π
LCP

√
L2 − C4P 2

√√√√ A

L
+

B√
L2 − C4P 2

P

LB +A
√
L2 − C4P 2

(
γ

−ζ0
− H̄γ̄

ζ̄20
+

γ

−ζ̄0
−H̄γ̄
ζ̄20

+
γ

−ζ̄0
+

γ

−ζ0

)
. (30)

Using Eq. (30), Figs. 2 and 3 show the normalized SIF

KI0 = KI/[µ
√
bx + by/π(1+κ)] versus θ(radian) with

different values of L/A. It is found that, if by = 0,

the edge dislocation component bx will shield the tip

first, and then anti-shield it with the increment of the

absolute value of θ (radian). Therefore, the edge dis-

location with Burgers vector (0, by) reduces the SIF

KI of the crack only when it is located in the certain

region. There exists a critical value of θ and the stress

intensity factor KI = 0. The shielding effect is max-

imal around θ = 0.6 and the anti-shielding effect is

maximal around θ = 2. It is seen that KI0 is always
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negative when bx = 0, which means the edge disloca-

tion with Burgers vector (0, by) can always reduce the

SIF KI at the tip of the crack (shielding effect). The

shielding effect to KI produced by the edge disloca-

tion component by is maximal around |θ| = 1.1. The

shielding effect to KI decreases with the increment of

L/A.

Fig. 2. The normalized SIF KI0 versus θ with different

L/A for by = 0, A/bx = 104, B/bx = 103, d/bx = 103.

Fig. 3. The normalized SIF KI0 versus θ with different

L/A for bx = 0, A/by = 104, B/by = 103, d/by = 103.

Figure 4 shows the normalized SIF KI0 =

KI/[µ
√
bx + by/π(1 + κ)] versus x0/L(z0 = x0 + iy0)

with different values of B/A. The shielding effect in-

creases with the increase of B/A, but decreases with

the increase of x0/L. In addition, the shielding effect

to the SIFs increases acutely when the dislocation ap-

proaches the tip of the crack.

The variation of the normalized SIF KII0 =

KII/[µ
√
bx + by/π(1 + κ)] with respect to θ is shown

in Figs. 5 and 6 with different values of L/A. It is

seen that KII0 is always negative when by = 0, which

means the edge dislocation with Burgers vector (bx,

0) can reduce the SIF KII of the crack (shielding ef-

fect). The shielding effect toKII produced by the edge

dislocation component bx is maximal as θ = 0. The

shielding effect to KII also decreases with the incre-

ment of L/A. It is found that, if by = 0, the edge

dislocation component bx will shield the tip first, and

then anti-shield it with the increment of the absolute

value of θ (radian). Therefore, the edge dislocation

with Burgers vector (0, by) reduces the SIF KII of the

crack only when it is located in a certain region. The

shielding effect is maximal around θ = 0.6 and the

anti-shielding effect is maximal around θ = 2.

Fig. 4. The normalized SIF KI0 versus x0/L with differ-

ent B/A for L/A = 2, A/by = 104, bx = by .

Fig. 5. The normalized SIF KII0 versus θ with different

L/A for by = 0, A/bx = 104, B/bx = 103, d/bx = 103.

Fig. 6. The normalized SIF KII0 versus θ with different

L/A for bx = 0, A/by = 104, B/by = 103, d/by = 103.
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Figure 7 shows the normalized SIF KII0 =

KII/[µ
√
bx + by/π(1+ κ)] versus x0/L(z0 = x0 + iy0)

with different values of B/A. It is also found that the

shielding effect to KII increases with the increase of

B/A, but decreases with the increase of x0/L.

Fig. 7. The normalized SIF KII0 versus x0/L with differ-

ent B/A for L/A = 2, A/by = 104, bx = by .

4. Image force on the dislocation

In the current problem, of particular interest is

the image force acting on the edge dislocation. Since

the elastic strain energy of the system depends on the

dislocation position, the unit length of dislocation line

is subject to a force (fx,fy), which may be calculated

through the Peach–Koehler formula:[28]

fx − ify

=
[
σ∗
xybx + σ∗

yyby
]
+ i
[
σ∗
xxbx + σ∗

xyby
]
, (31)

where σ∗
xx, σ

∗
yy and σ∗

xy are the perturbation stress

fields at the dislocation point. The perturbation

stresses can be evaluated by the perturbation com-

plex potentials and the Peach–Koehler formula can

be rewritten as

fx − ify =
µ(b2y + b2x)

π(1 + κ)

[
Φ∗(ζ0) + Φ∗(ζ0)

γ
+
ω(ζ0)Φ

∗′
(ζ0) + Ψ∗(ζ0)

γ̄

]
. (32)

According to the work of Stagni,[29] the perturbation complex potentials Φ∗(ζ0), Φ
∗′
(ζ0) and Ψ∗(ζ0) may

be calculated as follows:

Φ∗(ζ0) = lim
ζ→ζ0

[
φ′(ζ)

ω′(ζ)
− φ′

0(ζ)

ω′(ζ)

]
, (33)

Φ∗′
(ζ0) = lim

ζ→ζ0

[
φ′′(ζ)ω′(ζ)− φ′(ζ)ω′′(ζ)

[ω′(ζ)]3
− φ′′

0(ζ)ω
′(ζ)− φ′

0(ζ)ω
′′(ζ)

[ω′(ζ)]3

]
, (34)

Ψ∗(ζ0) = lim
ζ→ζ0

[
ψ′(ζ)

ω′(ζ)
− ψ′

0(ζ)

ω′(ζ)

]
. (35)

With the substitution of Eqs. (25)–(29) into Eqs. (33)–(35), we obtain

Φ∗(ζ0) =

− H̄γ̄

(−ζ0 − ζ̄0)2
+

γ

−ζ0 − ζ̄0

1

C2P

(
Aζ0√
ζ20 + L2

+
Bζ0√

ζ20 + L2 − C4P 2

) , (36)

Φ∗′
(ζ0) =

− 2H̄γ̄

(−ζ0 − ζ̄0)3
+

γ

(−ζ0 − ζ̄0)2[
1

C2P

(
Aζ0√
ζ20 + L2

+
Bζ0√

ζ20 + L2 − C4P 2

)]2

−

(
− H̄γ̄

(−ζ0 − ζ̄0)2
+

γ

−ζ0 − ζ̄0

)((
A(ζ20 + L2)−Aζ20

(ζ20 + L2)3/2
+
B(ζ20 + L2 − C4P 2)−Bζ20

(ζ20 + L2 − C4P 2)3/2

))
1

C4P 2

[(
Aζ0√
ζ20 + L2

+
Bζ0√

ζ20 + L2 − C4P 2

)]3 , (37)

Ψ∗(ζ0) =
C2P γ̄(

Aζ0√
ζ20 + L2

+
Bζ0√

ζ20 + L2 − C4P 2

)(
−ζ0 − ζ̄0

)
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+

(
A
√
ζ20 + L2 +B

√
ζ20 + L2 − C4P 2

)(
− 2H̄γ̄

(−ζ0 − ζ̄0)3
+

γ

(−ζ0 − ζ̄0)2

)
1

C2P

(
Aζ0√
ζ20 + L2

+
Bζ0√

ζ20 + L2 − C4P 2

)2

−


C2P

(
A(ζ2 + L2)−Aζ2

(ζ2 + L2)3/2
+
B(ζ2 + L2 − C4P 2)−Bζ2

(ζ2 + L2 − C4P 2)3/2

)(
A
√
ζ20 + L2 +B

√
ζ20 + L2 − C4P 2

)
(

Aζ0√
ζ20 + L2

+
Bζ0√

ζ20 + L2 − C4P 2

)3

− C2P(
Aζ0√
ζ20 + L2

+
Bζ0√

ζ20 + L2 − C4P 2

)

(
− 2H̄γ̄

(−ζ0 − ζ̄0)3
+

γ

(−ζ0 − ζ̄0)2

)
. (38)

Now the detailed expression of the image force can

be found by Eq. (32) together with Eqs. (36)–(38).

In the following discussion, we consider the case

that an edge dislocation lies on the x-axis (z0 =

x0 > L) and the component of the edge dislocation

by = 0. Figure 8 shows the normalized image force

fx0 = fxπ(1+κ)/µ(b
2
x+b

2
y) versus x0/L with different

values of L/A. It can be found that the normalized im-

age force fx0 is always negative, which means the edge

dislocation is always attracted by the crack. The at-

traction force acting on the edge dislocation decreases

with the increment of L/A and x0/L. Figure 9 shows

the normalized image force fx0 = fxπ(1+κ)/µ(b
2
x+b

2
y)

versus B/A with different values of L/A and z0/L. It

is seen from Fig. 9 that the attraction force acting

on the dislocation increases with the increase of B/A.

The attraction force also decreases with the increment

of L/A and x0/L.

Fig. 8. The normalized image force fx0 versus x0/L with

different L/A for A = 1, B = 0.1, by = 0.

Fig. 9. The normalized image force fx0 versus B/A with

different L/A and z0/L for A = 1, by = 0.

5. Conclusions

The problem of an edge dislocation interacting

with a sharp crack emanating from a surface semi-

elliptic hole is solved by the conformal mapping tech-

nique and the complex variable method. Closed form

solutions are derived for complex potentials and stress

fields. The SIF at the tip of the crack and the image

force acting on the edge dislocation are also calcu-

lated. The influence of the morphology of the blunt

crack and the position of the edge dislocation on the

shielding effect to the crack and the image force is

discussed.

The results show that the edge dislocation with

Burgers vector (0, by) can always reduce the SIF KI

at the tip of the crack (shielding effect) and the edge

dislocation with Burgers vector (bx, 0) can always re-

duce the SIF KII at the tip of the crack. The shielding

effect of the edge dislocation with Burgers vector (0,
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by) to the SIF KI occurs only when the dislocation

is located in a certain region. Similarly, the shield-

ing effect of the edge dislocation with Burgers vector

(bx, 0) to the SIF KII only occurs when the disloca-

tion is located in a certain region near the crack. The

shielding or anti-shielding effect to the SIF increases

acutely when the dislocation approaches the tip of the

crack. In addition, the effect of the morphology of the

crack on the image force on the dislocation is very sig-

nificant. The attraction force produced by the blunt

crack increases with the increase of B/A but decreases

with the increase of L/A and x0/L.
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