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A theory of a two-stream free-electron laser in a combined electromagnetic wiggler (EMW) is developed, in which

we use an axial-guide magnetic field and take into account the effects of the self-fields. The electron trajectories and the

small signal gain are derived. The stability of the trajectories, the characteristics of the linear-gain, and the normalised

maximum gain are studied numerically. The results show that there are nine stable groups of orbits in the presence of

self-fields instead of seven groups reported in the absence of the self-field. It is also shown that the normalised gains of

four groups of the orbits are decreasing and those for the rest of them are increasing with growing 2p. Furthermore,

it is found that the two-stream laser with self-field enhances the maximum gain in comparison with the single stream

case.
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1. Introduction

The free-electron laser (FEL) makes use of the un-
stable interaction of a relativistic electron beam with
transverse wiggler magnetic field to generate coherent
electromagnetic radiation. The electromagnetic wig-
gler can produce a shorter wavelength as compared
to the magnetostatic wiggler. As a result, the elec-
tromagnetic wiggler has advantages over the magneto
static wiggler for generation of very short wavelength
radiation whenever a limitation on the beam energy is
encountered.! 3! Two-stream free-electron laser am-
plifiers have been studied extensively during the last
few decades.[*~7] Dispersion relation and electron tra-
jectories with EM wiggler and axial field have been
studied by the author.[®°! The effect of two-stream
instability on the gain of FELs with axial guide field
has been investigated in Ref. [10]. Although there is
a considerable literature on the theory of two-stream
free-electron lasers, most treatments heretofore have
neglected the influence of the equilibrium self-fields of
the electron beams. Regarding the low energy of the
beams, an axial magnetic field is usually used to guide
the electron beams. In such a configuration, equilib-
rium self-electric and self-magnetic fields, generated
by the charge and current densities of the beams,
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can have considerable effects on the equilibrium or-
bits. The purpose of this paper is to investigate the
effects of the self-fields on electron trajectory and gain
in a two-stream free-electron laser with electromag-
netic wave wiggler and axial guiding field. The paper
is organised as follows. In Section 2, the analysis of
single-particle trajectories of two streams in the pres-
ence of axial guiding field, EMW and self-fields are
given. Section 3 is devoted to the derivation of the
small-signal gain. The numerical results and conclu-

sions are given in Section 4.

2. Single particle orbits

The physical configuration consists of a two-
stream relativistic electron beam propagating through
a circularly polarised electromagnetic wave wiggler in
the presence of the axial-guide magnetic field, B =
Byz. The electromagnetic wave wiggler can be char-
acterised by

By, = By [ cos(kwz 4+ wyt)

+ 9 sin(kyz + wyt)], (1)
E,, = —Ey[ sin(kyz + wyt)
— gcos(kwz + wywt)], (2)
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with The relativistic equations of motion for an electron
B Ww By

o with rest mass m and charge —e moving with velocity
W . .
The beam’s equilibrium self-electric and self-magnetic v in these combined fields are

fields are 1 1
gl wem+iexBl ()
. N dt mry c? c
E (x) = —QWane(:ﬂ T+y7), (3a)
k
() = —27 3" nge Bun(—y &+ 2 9) wy
B,(x) = —2n nge Buu(—y T+ 9),
k dlZ—LU'E» (5b)

and small amplitude radiation fields,
with the aid of Eq. (5) and field Egs. (1)—(3) the nor-

0E = —wdA[Esin(kz —wt) + geos(kz —wt)],  (4a) malised constant transverse velocity of each beam is
0B = kdA [T cos(kz — wt) — gsin(kz — wt)]. (4b)  given by
|
A _ 2
Bwi = QW(BZ 0+ 6p) i=1,2, (6)

[—02) — @2 + B2 0i(@2 Bz01 + @25B202) + 20(Bz0i + Bp) — ¥i(Boi + Bp)?]

where 2, = By /MeCPhy, 0 = eBy /MeCky, c&%i = 2me?ny; /mc?k? and B, = wy,/cky denote the normalised
wiggler frequency, normalised cyclotron frequency, normalised beam frequency and normalised phase velocity
of the EMW, respectively.

Since energy is a constant for motion of the steady-state trajectory, we require that Sy ; and 3, ; are related

via
voi B0 T, —1=0, i=1,2 (6a)
using Maxwell equations together with Eqs. (6), the dispersion relation becomes
202 (Bz01 + Bp)?

[—@3) — @29 4 B0 (@21 8201 + @28z 02) + 20(B201 + Bp) — 1 (Bz01 + Bp)?]

n 2@32(@2 + ﬁp)Q —0 (7)
[—@2) — @21 + Br02(@02yBz 02 + @21 Bo01) + 20(Bz02 + Bp) —12(Bzo2 + Bp)?]

Br—-1+

The stability of orbits can be determined by small per- doXzi = A5;0B9; + B5;6 X1, (13)
turbations about the steady-state orbits. To investi- dt
gate the orbital stability, we assume B1; = 81+ 514, where . )
B2i = 0B2iy Bri = Broi + 0Bzi, X4 = X714, X2y = Al = (B, +5Z0i)_& —6W01XW0iOéi+ﬂW70iﬁp QW)
Xwoi +0Xwi, Bp = Bpo + 98, and v15 = Y04 + 0714, ' i Vi
i=1,2. i=1,2, (14a)
Here X represents the transverse displacement. — ,, = i(@fﬂ + @52) as = i(@fﬁ + @;2)1)’ i=1,2,
The orbit equations for each of the streams are " 72 (14b)
d Bli = (=Bro; + Vi — Bo0iPiy i=1,2, (14c)
afsﬂu = —B1; 0X1;+ Al; 6B24, (8) 1., )
q P = 7(@101 Bz01+ @pa Bro2), i=1,2, (14d)
afwzi = —D2; §X2;+ A2; 6B1i + C2; 0vi,  (9) 11
d Py = — (@3 Beo2 + @2 B01), i=1,2, (14e)
3 00=i = —B3i 06Xy + A3, 0By, (10) ™
0 )
doy; A2; = — — + B.04)y 1=1,2, 15a
d: = A4;0B2; + B4;6 X1, (11) i Vot o) o)
0
déXq; N L _ W _ p . =
= 46,081+ B60B. + 060Xy, (12) BT Twoim 20 Bieoi =12, (15b)
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—(ﬁp+ﬁz0i)ﬂw?i, i=1,2, (15¢)

D2; = a; — B.o:Ps, i 1,2, (15d)
A3 = %[Qw(l + B.0108p) + <fJgngol(/jzoz — B201)]s
(16a)

A39 = %[Qw(l + B.020p) + @31Xw02(5201 — Bz02)],
(16b)

B3 = a1 (oo = o), (16¢)
B3 = — 2oy (Boor — Braa), (16d)
A4, = =B + viiXyoi =12, (17a)
B4; = vifwoic;, 1=1,2, (17b)
A5, =1, A6; =1, i=1,2, (18a)
B5;i = —(Ba0s + Bp), B6; = Xuos, i=1,2, (18b)
=(B0i+06p) i=1,2 (18c)

Differentiating Egs. (9) and (12) with respect to time
and employing Egs. (8)—(18), we obtain two homoge-
neous higher order differential equations

d? d
(dt2 Q ) (dt2+022>5v21—0

d? d?
(v (£ v om0

(19a)

(19b)

3. Small signal gain

where

Q%z _ (wlz +w§z) — [(w% ;WQ'L) + 4N M]1/2 (203)
ng _ (wlz+w§z)+[(w% ;WQ’L) +4NM] ,(20b)
with

W2, = (A2 AL + B2,A3; + D2,Ab; + A4,C2,), (21a)
w2, = —(A6; B1; + C6,B5; + B6; B3;), (21b)

Let us assume that all the variables oscillate with the
same frequency w like

0p1; = Aexp(iwt). (22)

Using this assumption Eq. (19) becomes

02 — (27, + 25,)0 — (3,05, =0,

where

0 =w’ (23)
This equation has two roots for @(w; = 2%, and
We = (23.). The stability of the steady-state two-

stream electron trajectory requires that these roots,
w1 and wo, must be real and positive.

In this section we wish to study small signal gain; to end this job, it is sufficient to substitute Egs. (4) in

to Egs. (8)—(19), and then by doing some straightforward algebra, we obtain

d? 9 d 9 0A .

((‘th + .Q ) (dtQ + Q2z> 5'()21 = [KiUJQi + MiLi]i’yimccz Sin wi, (24&)
d? 02 d? 02 9 .
dt2 + 14 dt2 + 24 5X11 = [Lz wli + Ni Ki]m blnwi7 (24b)

déBs; A
553 =—B3, X1, + ASz 5,621 (k‘ wﬁzol)ﬂw(” 0 bln %, (24(})
dt 'Vimec

where ¥; = [(k + kw)B20: — (w — ww)]t,
K; = A2;(w — kB0i — w B2g;) + B2iBwoi(k — wBi0i) + C2iwYiBwoi, (25)

L; = A6;(w — kB0
With the aid of Egs. (24a) and (24b), E

déBa; @i

—wh2y;) + B6iBuoi(k — whyoi). (26)

q. (24c) takes the following form

0A

de 22,02, yimec?

where

bi = A3i(Kw2, + L;M;) + B3;(Lw? + N;K;) +

sin w’h (27)

(k — wBwoi)Bwoi(w? w3, — M;N;). (28)
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The combination of Maxwell equations and Eq. (27)

yields
d 2
2k@5a =2 ; WF; Bwo i (sin ;). (29)
H
ere 5 A
oa = ,
MeC
. N (W - ww) ¢i
(ein i) = 2008, 823,82 v AK?
X [sin(Ak;z) — Ak;z cos(Ak;2)], (30)
and 3
Ak =k+1-2"
201

Using the definition of gain over some length L:1"

Gy = da(z :(SQL()Z—ég)(z = O)7 (31)

and employing Eqgs. (29) and (30), we obtain

Gr = _L3°AJ12)16W01(1 - (WW/W))(bl i (Sin 91>2
89%1931530 1M do, 01
3 L322, Byo2(1 — (ww/w))¢2d<sin92)2
8 027,025,820 972 doy \ 6, (3’2)
h
where N
91)2 == T

Neglecting the effects of self-fields and vanishing wpa,
this result is reduced to the reported gain formula."]

4. Numerical results and conclu-

sions

A numerical study of the steady-state relativis-
tic two-stream electron trajectories in an EMW in
the presence of self-fields and axial magnetic field has
been made. The typical dependence of the axial ve-
locity on By was obtained by simultaneously solving
Egs. (6) and (7).
be 71 =4 and 72 = 4.1; normalised wiggler magnetic

The electron energy was taken to

and normalised plasma frequencies of the two beams
are chosen to be 2, = 0.2, &p1 = 0.212 = &y, Te-
spectively. Figures 1(a) and 1(b) show the graph of
the normalised axial velocity of two-beam, (,; and
8.2, as a function of the normalised cyclotron fre-
quency, 2 = QO/%. As seen in these figures, the

electron trajectories in the presence of self-fields have
nine distinguishable groups of orbits rather than seven
groups reported in the absence of self-fields.[?) The
normalised electromagnetic wave wiggler frequency,
Bp = wyw/cky, is depicted in Fig. 2 as a function of
the normalised cyclotron frequency, (2.
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Fig. 1. (a) Graph of the normalised axial velocity (8.1) of
the steady-state orbits as a function of the normalised cy-
clotron frequency (£29) in the case of two streams. The

Qw = 02, &p1 = 0.212 and
(b) Graph of the normalised axial ve-

chosen parameters are:
Gp2 = 0.212.
locity (B.2) of the steady-state orbits as a function of
the normalised cyclotron frequency ({2) in the case of

two streams. The chosen parameters are: 2y, = 0.2,

wp1 = 0.212 and @p2 = 0.212.
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Fig. 2. (Colour online) Plot of the normalised wiggler

phase velocity (Ep) as a function of the normalised cy-
clotron frequency (£20) in the case of a two-stream laser
for given parameters: 2y = 0.2 and Wp1 = @p2 = 0.212.
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The roots of Eq. (23) (@1 and @s) as a function of 2y are illustrated in Figs. 3 and 4. As seen in these
figures @; and @, are real and positive. Therefore, the nine groups are stable, in the given range for 2.
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Fig. 3. (a) Graph of @1 versus 2 corresponding to the G (I-IV) orbits. The choice of system parameters is
2w = 0.2, ®p1 = @p2 = 0.212. (b) Graph of &y versus {2y corresponding to the G (I-IV) orbits. The choice of
system parameters is Dy = 0.2, Wp1 = Wp2 = 0.212.
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Fig. 4. (a) Graph of @1 versus 2y corresponding to the G (V-IX) orbits. The choice of system parameters is
0y =0.2, wp1 = Wp2 = 0.212. (b) Graph of w2 versus 29 corresponding to the G (V-IX). The choice of system
parameters is Dy = 0.2, Wp1 = Wp2 = 0.212.

The maximum gain [normalised to the value of (G )max for By = 0] as a function of normalised cyclotron
frequency is depicted in Figs. 5(a) and 5(b). Figure 5(a) shows that the gain decreases with increasing {2y, to
fall to its minimum and have a small rise until it reaches its asymptotes. The order of the normalised gains, in
the region 1.8 < 2y < 2.4, is G’gw > G‘gm > G’gn > Ggl(égi denotes the normalised maximum gain for group
i). In contrast to Fig.5a, the normalised gain of groups presented in Fig. 5(b) is enhanced by increasing 2y until
it reaches its asymptotes. The order of these normalised gains is égV > GgVI > van > Gy in the range
of 0.4 < 2y < 1.5. A comparison between the normalised maximum gains for two-stream and single stream is
given in Figs. 6(a) and 6(b). The results show that the two-stream enhances the maximum gain.
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Fig. 5. (a) Plot of normalised maximum gain (G) with respect to cyclotron frequency ({2) for G (I-IV). The chosen

parameters are 2y = 0.2, @p1 = 0.212 and Qp2 = 0.212. (b) Plot of normalised maximum gain (G) with respect to
cyclotron frequency (20) for G (V-IX). The chosen parameters are 2y = 0.2, @p1 = 0.212 and Qpz = 0.212.
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Fig. 6. (a) Graph of the normalised maximum gain G for two-stream (G5) and single stream (G1) as a function
of the normalised cyclotron frequency (£20). (b) Graph of the normalised maximum gain G for two-stream (G4)
and single stream (G2) as a function of the normalised cyclotron frequency ({2o).
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