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The effects of self-fields on the electron trajectory and
gain in a two-stream electromagnetically pumped

free-electron laser with axial guiding field
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A theory of a two-stream free-electron laser in a combined electromagnetic wiggler (EMW) is developed, in which

we use an axial-guide magnetic field and take into account the effects of the self-fields. The electron trajectories and the

small signal gain are derived. The stability of the trajectories, the characteristics of the linear-gain, and the normalised

maximum gain are studied numerically. The results show that there are nine stable groups of orbits in the presence of

self-fields instead of seven groups reported in the absence of the self-field. It is also shown that the normalised gains of

four groups of the orbits are decreasing and those for the rest of them are increasing with growing Ω̄0. Furthermore,

it is found that the two-stream laser with self-field enhances the maximum gain in comparison with the single stream

case.
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1. Introduction

The free-electron laser (FEL) makes use of the un-

stable interaction of a relativistic electron beam with

transverse wiggler magnetic field to generate coherent

electromagnetic radiation. The electromagnetic wig-

gler can produce a shorter wavelength as compared

to the magnetostatic wiggler. As a result, the elec-

tromagnetic wiggler has advantages over the magneto

static wiggler for generation of very short wavelength

radiation whenever a limitation on the beam energy is

encountered.[1−3] Two-stream free-electron laser am-

plifiers have been studied extensively during the last

few decades.[4−7] Dispersion relation and electron tra-

jectories with EM wiggler and axial field have been

studied by the author.[8,9] The effect of two-stream

instability on the gain of FELs with axial guide field

has been investigated in Ref. [10]. Although there is

a considerable literature on the theory of two-stream

free-electron lasers, most treatments heretofore have

neglected the influence of the equilibrium self-fields of

the electron beams. Regarding the low energy of the

beams, an axial magnetic field is usually used to guide

the electron beams. In such a configuration, equilib-

rium self-electric and self-magnetic fields, generated

by the charge and current densities of the beams,

can have considerable effects on the equilibrium or-

bits. The purpose of this paper is to investigate the

effects of the self-fields on electron trajectory and gain

in a two-stream free-electron laser with electromag-

netic wave wiggler and axial guiding field. The paper

is organised as follows. In Section 2, the analysis of

single-particle trajectories of two streams in the pres-

ence of axial guiding field, EMW and self-fields are

given. Section 3 is devoted to the derivation of the

small-signal gain. The numerical results and conclu-

sions are given in Section 4.

2. Single particle orbits

The physical configuration consists of a two-

stream relativistic electron beam propagating through

a circularly polarised electromagnetic wave wiggler in

the presence of the axial-guide magnetic field, B =

B0ẑ. The electromagnetic wave wiggler can be char-

acterised by

Bw = Bw[x̂ cos(kwz + ωwt)

+ ŷ sin(kwz + ωwt)], (1)

Ew = −Ew[x̂ sin(kwz + ωwt)

− ŷ cos(kwz + ωwt)], (2)
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with

Ew =
ωwBw

ckw
.

The beam’s equilibrium self-electric and self-magnetic

fields are

Es(x) = −2π
∑
k

nke(x x̂+ y ŷ), (3a)

Bs(x) = −2π
∑
k

nke βzk(−y x̂+ x ŷ), (3b)

and small amplitude radiation fields,

δE = −ω δA [x̂ sin(kz − ωt) + ŷ cos(kz − ωt)], (4a)

δB = kδA [x̂ cos(kz − ωt)− ŷ sin(kz − ωt)]. (4b)

The relativistic equations of motion for an electron

with rest mass m and charge −e moving with velocity

v in these combined fields are

dv

dt
= − e

mγ
[E − 1

c2
− v(v ·E) +

1

c
v ×B], (5a)

and

dγ

dt
= − e

mc2
v ·E, (5b)

with the aid of Eq. (5) and field Eqs. (1)–(3) the nor-

malised constant transverse velocity of each beam is

given by

βwi =
Ω̂w(βz 0i + βp)

2

[−ω̂2
p1 − ω̂2

p2 + βz 0i(ω̂2
p1βz 01 + ω̂2

p2βz 02) + Ω̂0(βz 0i + βp)− γi(βz 0i + βp)2]
, i = 1, 2, (6)

where Ω̂w = eBw/mec
2kw, Ω̂0 = eB0/mec

2kw, ω̂
2
bi = 2πe2nbi/mc

2k2w and βp = ωw/ckw denote the normalised

wiggler frequency, normalised cyclotron frequency, normalised beam frequency and normalised phase velocity

of the EMW, respectively.

Since energy is a constant for motion of the steady-state trajectory, we require that βw i and βz i are related

via

β2
w0 i + β2

z 0i + γ−2
0 i − 1 = 0, i = 1, 2; (6a)

using Maxwell equations together with Eqs. (6), the dispersion relation becomes

β2
p − 1 +

2 ω̂2
p1(βz 01 + βp)

2

[−ω̂2
p1 − ω̂2

p2 + βz 01(ω̂2
p1βz 01 + ω̂2

p2βz 02) + Ω̂0(βz 01 + βp)− γ1(βz 01 + βp)2]

+
2 ω̂2

p2(βz 2 + βp)
2

[−ω̂2
p2 − ω̂2

p1 + βz 02(ω̂2
p2βz 02 + ω̂2

p1βz 01) + Ω̂0(βz 02 + βp)− γ2(βz 02 + βp)2]
= 0. (7)

The stability of orbits can be determined by small per-

turbations about the steady-state orbits. To investi-

gate the orbital stability, we assume β1 i = β1 i+ δβ1 i,

β2 i = δβ2 i, βz i = βz 0i + δβz i, X1 i = δX1 i, X2 i =

Xw0 i + δXw i, βp = βp0 + δβp and γ1 i = γ0 i + δγ1 i,

i = 1, 2.

Here X represents the transverse displacement.

The orbit equations for each of the streams are

d

dt
δβ1 i = −B1i δX1 i +A1i δβ2 i, (8)

d

dt
δβ2 i = −D2i δX2 i +A2i δβ1 i + C2i δγ i, (9)

d

dt
δβz i = −B3i δX1 i +A3i δβ2 i, (10)

dδγi
dt

= A4i δβ2 i +B4i δX1 i, (11)

dδX1 i

dt
= A6i δβ1 i +B6iδβz i + C6i δX2 i, (12)

dδX2 i

dt
= A5iδβ2 i +B5i δX1 i, (13)

where

A11 i=(βp + βz0 i)−
Ω̂0

γi
− βw0 iXw0 i αi+

βw0 i βp Ω̂w

γi
,

i = 1, 2, (14a)

α1 =
1

γ1
(ω̂2

p1 + ω̂2
p2), α2 =

1

γ2
(ω̂2

p2 + ω̂2
p1), i = 1, 2,

(14b)

B1i = (−β2
w0 i + 1)αi − βz0 iPi, i = 1, 2, (14c)

P1 =
1

γ1
(ω̂2

p1 βz0 1 + ω̂2
p2 βz0 2), i = 1, 2, (14d)

P2 =
1

γ2
(ω̂2

p2 βz0 2 + ω̂2
p1 βz0 1), i = 1, 2, (14e)

A2i =
Ω̂0

γi
− (βp + βz0 i), i = 1, 2, (15a)

B2i = −βw0 i −
Ω̂w

γi
− PiXw0 i, i = 1, 2, (15b)
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C2i = −(βp + βz0 i)
βw0 i

γi
, i = 1, 2, (15c)

D2i = αi − βz0 iPi, i = 1, 2, (15d)

A31 =
1

γ1
[Ω̂w(1 + βz0 1βp) + ω̂2

p2Xw0 1(βz0 2 − βz0 1)],

(16a)

A32 =
1

γ2
[Ω̂w(1 + βz0 2βp) + ω̂2

p1Xw0 2(βz0 1 − βz0 2)],

(16b)

B31 =
1

γ1
βw0 1ω̂

2
p2(βz0 2 − βz0 1), (16c)

B32 =
1

γ2
βw0 2ω̂

2
p1(βz0 1 − βz0 2), (16d)

A4i = −βpΩ̂w + γiαiXw0 i, i = 1, 2, (17a)

B4i = γiβw0 iαi, i = 1, 2, (17b)

A5i = 1, A6i = 1, i = 1, 2, (18a)

B5i = −(βz0 i + βp), B6i = Xw0 i, i = 1, 2, (18b)

C6i = (βz0 i + βp) i = 1, 2. (18c)

Differentiating Eqs. (9) and (12) with respect to time

and employing Eqs. (8)–(18), we obtain two homoge-

neous higher order differential equations(
d2

dt2
+Ω2

1 i

)(
d2

dt2
+Ω2

2 i

)
δv2 i = 0, (19a)(

d2

dt2
+Ω2

1 i

)(
d2

dt2
+Ω2

2 i

)
δX1 i = 0, (19b)

where

Ω2
1 i =

(ω2
1 i + ω2

2 i)− [(ω2
1 i − ω2

2 i)
2 + 4NiMi]

1/2

2
, (20a)

Ω2
2 i =

(ω2
1 i + ω2

2 i) + [(ω2
1 i − ω2

2 i)
2 + 4NiMi]

1/2

2
, (20b)

with

ω2
1 i = −(A2iA1i +B2iA3i +D2iA5i +A4iC2i), (21a)

ω2
2 i = −(A6iB1i + C6iB5i +B6iB3i), (21b)

Ni = A6iA1i +B6iA3i +A5iC6i, (21c)

Mi = A2iB1i + C2iB4i +D2iB5i +B2iB3i. (21d)

Let us assume that all the variables oscillate with the

same frequency ω like

δβ1 i = A exp(iωt). (22)

Using this assumption Eq. (19) becomes

ω̄2 − (Ω2
1 i +Ω2

2 i)ω̄ −Ω2
1 iΩ

2
2 i = 0,

where

ω̄ = ω2. (23)

This equation has two roots for ω̄(ω̄1 = Ω2
1 i and

ω̄2 = Ω2
2 i). The stability of the steady-state two-

stream electron trajectory requires that these roots,

ω̄1 and ω̄2, must be real and positive.

3. Small signal gain

In this section we wish to study small signal gain; to end this job, it is sufficient to substitute Eqs. (4) in

to Eqs. (8)–(19), and then by doing some straightforward algebra, we obtain(
d2

dt2
+Ω2

1 i

)(
d2

dt2
+Ω2

2 i

)
δv2 i = [Kiω

2
2 i +MiLi]

δA

γimec2
sinψi, (24a)(

d2

dt2
+Ω2

1 i

)(
d2

dt2
+Ω2

2 i

)
δX1 i = [Li ω

2
1 i +NiKi]

δA

γimec2
sinψi, (24b)

dδβ3 i

dt
= −B3i δX1 i +A3i δβ2 i + (k − ωβz0 i)βw0 i

δA

γimec2
sinψi, (24c)

where ψi = [(k + kw)βz0 i − (ω − ωw)]t,

Ki = A2i(ω − kβz0 i − ω β2
w0 i) +B2iβw0 i(k − ωβz0 i) + C2iωγiβw0 i, (25)

Li = A6i(ω − kβz0 i − ωβ2
w0 i) +B6iβw0 i(k − ωβw0 i). (26)

With the aid of Eqs. (24a) and (24b), Eq. (24c) takes the following form

dδβ3i
dt

=
ϕi

Ω2
1 iΩ

2
2 i

δA

γimec2
sinψi, (27)

where

ϕi = A3i(Kiω
2
2 i + LiMi) +B3i(Lω

2
i1 +NiKi) + (k − ωβw0 i)βw0 i(ω

2
i1 ω

2
2 i −MiNi). (28)
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The combination of Maxwell equations and Eq. (27)

yields

2k
d

dz
δa = −2

2∑
i=1

ω̂2
bi βw0 i⟨sinψi⟩. (29)

Here

δa =
eδA

mec
,

⟨sinψi⟩ = − (ω − ωw)ϕi
2Ω2

1 iΩ
2
2 iβ

3
z0 i γi ∆k

2
i

× [sin(∆kiz)−∆kiz cos(∆kiz)], (30)

and

∆ki = k + 1− ω − βp
βz0 i

.

Using the definition of gain over some length L:[11]

GL ≡ δa(z = L)− δa(z = 0)

δa(z = 0)
, (31)

and employing Eqs. (29) and (30), we obtain

GL = −L
3ω̂2

b1βw0 1(1− (ωw/ω))ϕ1
8Ω2

11Ω
2
21β

2
z0 1γ1

d

dθ1

(
sin θ1
θ1

)2

− L3ω̂2
b2βw0 2(1− (ωw/ω))ϕ2
8Ω2

12Ω
2
22β

2
z0 2γ2

d

dθ2

(
sin θ2
θ2

)2

,

(32)

where

θ1,2 =
∆k1,2 L

2
.

Neglecting the effects of self-fields and vanishing ωp2,

this result is reduced to the reported gain formula.[11]

4. Numerical results and conclu-

sions

A numerical study of the steady-state relativis-

tic two-stream electron trajectories in an EMW in

the presence of self-fields and axial magnetic field has

been made. The typical dependence of the axial ve-

locity on B0 was obtained by simultaneously solving

Eqs. (6) and (7). The electron energy was taken to

be γ1 = 4 and γ2 = 4.1; normalised wiggler magnetic

and normalised plasma frequencies of the two beams

are chosen to be Ω̂w = 0.2, ω̂p1 = 0.212 = ω̂p2, re-

spectively. Figures 1(a) and 1(b) show the graph of

the normalised axial velocity of two-beam, βz1 and

βz2, as a function of the normalised cyclotron fre-

quency, Ω̄ = Ω̂0/γ1. As seen in these figures, the

electron trajectories in the presence of self-fields have

nine distinguishable groups of orbits rather than seven

groups reported in the absence of self-fields.[9] The

normalised electromagnetic wave wiggler frequency,

βp = ωw/ckw, is depicted in Fig. 2 as a function of

the normalised cyclotron frequency, Ω̄0.

Fig. 1. (a) Graph of the normalised axial velocity (βz1) of

the steady-state orbits as a function of the normalised cy-

clotron frequency (Ω̄0) in the case of two streams. The

chosen parameters are: Ω̂w = 0.2, ω̂p1 = 0.212 and

ω̂p2 = 0.212. (b) Graph of the normalised axial ve-

locity (βz2) of the steady-state orbits as a function of

the normalised cyclotron frequency (Ω̄0) in the case of

two streams. The chosen parameters are: Ω̂w = 0.2,

ω̂p1 = 0.212 and ω̂p2 = 0.212.

Fig. 2. (Colour online) Plot of the normalised wiggler

phase velocity (β̂p) as a function of the normalised cy-

clotron frequency (Ω̄0) in the case of a two-stream laser

for given parameters: Ω̂w = 0.2 and ω̂p1 = ω̂p2 = 0.212.
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The roots of Eq. (23) (ω̄1 and ω̄2) as a function of Ω̄0 are illustrated in Figs. 3 and 4. As seen in these

figures ω̄1 and ω̄2 are real and positive. Therefore, the nine groups are stable, in the given range for Ω̄0.

Fig. 3. (a) Graph of ω̄1 versus Ω̄0 corresponding to the G (I–IV) orbits. The choice of system parameters is

Ω̂w = 0.2, ω̂p1 = ω̂p2 = 0.212. (b) Graph of ω̄2 versus Ω̄0 corresponding to the G (I–IV) orbits. The choice of

system parameters is Ω̂w = 0.2, ω̂p1 = ω̂p2 = 0.212.

Fig. 4. (a) Graph of ω̄1 versus Ω̄0 corresponding to the G (V–IX) orbits. The choice of system parameters is

Ω̂w = 0.2, ω̂p1 = ω̂p2 = 0.212. (b) Graph of ω̄2 versus Ω̄0 corresponding to the G (V–IX). The choice of system

parameters is Ω̂w = 0.2, ω̂p1 = ω̂p2 = 0.212.

The maximum gain [normalised to the value of (GL)Max for B0 = 0] as a function of normalised cyclotron

frequency is depicted in Figs. 5(a) and 5(b). Figure 5(a) shows that the gain decreases with increasing Ω̄0, to

fall to its minimum and have a small rise until it reaches its asymptotes. The order of the normalised gains, in

the region 1.8 ≤ Ω̄0 ≤ 2.4, is ḠgIV > ḠgIII > ḠgII > ḠgI(Ḡgi denotes the normalised maximum gain for group

i). In contrast to Fig.5a, the normalised gain of groups presented in Fig. 5(b) is enhanced by increasing Ω̄0 until

it reaches its asymptotes. The order of these normalised gains is ḠgV > ḠgVI > ḠgVII > ḠVIII in the range

of 0.4 ≤ Ω̄0 ≤ 1.5. A comparison between the normalised maximum gains for two-stream and single stream is

given in Figs. 6(a) and 6(b). The results show that the two-stream enhances the maximum gain.

Fig. 5. (a) Plot of normalised maximum gain (Ḡ) with respect to cyclotron frequency (Ω̄0) for G (I–IV). The chosen

parameters are Ω̂w = 0.2, ω̂p1 = 0.212 and ω̂p2 = 0.212. (b) Plot of normalised maximum gain (Ḡ) with respect to

cyclotron frequency (Ω̄0) for G (V–IX). The chosen parameters are Ω̂w = 0.2, ω̂p1 = 0.212 and ω̂p2 = 0.212.
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Fig. 6. (a) Graph of the normalised maximum gain Ḡ for two-stream (G5) and single stream (G1) as a function

of the normalised cyclotron frequency (Ω̄0). (b) Graph of the normalised maximum gain Ḡ for two-stream (G4)

and single stream (G2) as a function of the normalised cyclotron frequency (Ω̄0).
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