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Based on the rotation transformation in phase space and the technique of integration within an ordered product

of operators, the coherent state representation of the multimode phase shifting operator and one of its new applications

in quantum mechanics are given. It is proved that the coherent state is a natural language for describing the phase

shifting operator or multimode phase shifting operator. The multimode phase shifting operator is also a useful tool to

solve the dynamic problems of the multimode coordinate–momentum coupled harmonic oscillators. The exact energy

spectra and eigenstates of such multimode coupled harmonic oscillators can be easily obtained by using the multimode

phase shifting operator.
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1. Introduction

The coherent state of the harmonic oscillator is

an important concept and a useful tool in quantum

physics.[1−5] By using the coherent state, it is pos-

sible to use more transparent classical language to

describe the quantum phenomena. It is well known

that unitary transformation plays a significant role in

solving many dynamic problems, while by the tech-

nique of integration within an ordered product of op-

erators (IWOP),[6−9] the coherent state has more ap-

plications in unitary transformations (for example,

the Wigner transformation and squeezing transforma-

tion) and the corresponding coherent state represen-

tations of the Wigner operator and the squeezing op-

erators were obtained, separately.[7−10] Recently, the

coherent state was applied to the Fresnel transforma-

tions in Fourier optics, then the corresponding coher-

ent state representations of both one-mode and two-

mode quantum optics Fresnel operators were derived,

separately.[11−13] Therefore, some useful operators of

the unitary transformations in quantum physics can

be expressed by the coherent state.

In quantum optics, the phase shifting operator

corresponds to the unitary rotation transformation in

phase space and has important applications in a single

mode radiation field, especially in the practical homo-

dyne detection of squeezed light.[14−16] In the present

work, we search for the coherent state representations

of the phase shifting operator and multimode phase

shifting operator, then we prove that the coherent

state is a natural language for describing the phase

shifting operator or multimode phase shifting opera-

tor. It is more important that we first give its new

application to the dynamic problems of multimode

coordinate–momentum coupled harmonic oscillators.

In quantum mechanics many physical problems are re-

lated to coupled harmonic oscillators. Therefore, some

methods have been put forward, and great attention

has been paid to research on the dynamic problems of

the coupled harmonic oscillators.[17−23] But the appli-

cation of the phase shifting operator to the dynamic

problems of multimode coupled harmonic oscillators

has not been reported. In the present work, we prove

that the multimode phase shifting operator (or phase

shifting operator) is also a more suitable tool for solv-

ing the dynamic problems of such multimode coupled

harmonic oscillators. The exact energy spectra and

eigenstates of multimode coordinate–momentum cou-

pled harmonic oscillators can be easily obtained by

the multimode phase shifting operator method.

The remainder of the present paper is organized

as follows. In Section 2, based on the rotation trans-

formation in phase space and the IWOP technique,
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we introduce the natural representations of the phase

shifting operator and the multimode phase shifting op-

erator in a coherent state. In Section 3, we show that

the Hamiltonian of multimode coordinate–momentum

coupled harmonic oscillators can be easily diagonal-

ized by the multimode phase shifting operator. Its

exact energy spectra and eigenstates are then easily

obtained. Therefore, this is a new application of the

phase shifting operator to quantum mechanics. Fi-

nally, some conclusions drawn from the present study

are given in Section 4.

2. New representations of phase

shifting operator and multi-

mode phase shifting operator

To start with, we briefly recall the phase shift-

ing operator. In quantum optics, one actually is to

measure the rotated quadrature operators in practi-

cal homodyne detection,[24] while the rotated quadra-

ture operators can be obtained when the phase shift-

ing operator acts on the coordinator or momentum

operators.[14] Therefore, the phase shifting operator is

an important concept in quantum optics. It is explic-

itly expressed as[14]

Û(θ) = e−iθâ†â (1)

with which the rotation transformation in phase space

can be realized. Now, we show that this phase shifting

operator can be naturally expressed by coherent state

|z⟩. The coherent state is an eigenstate of a bosonic

annihilation operator â, i.e. â |z⟩ = z |z⟩. The normal-

ized coherent state of the harmonic oscillator in Fock

space is expressed as [4]

|z⟩ = exp

(
−1

2
|z|2 + zâ†

)
|0⟩ , (2)

where |0⟩ is the ground state in Fock space, â† is the

bosonic creation operator and z represents a complex

number, i.e. z = (mω/(2~))1/2x+i(2~mω)−1/2p, with

x and p denoting the coordinate and the momentum

of a harmonic oscillator, respectively. In quantum-

mechanical phase space, the coherent state has also

been proved to be useful.[1−5] Following a method sim-

ilar to that in Refs. [7] and [25], we introduce a non-

symmetric integration projective operator into the co-

herent state to realize the rotation transformation in

phase space

R̂1(θ) =

∫
d
2
z

π

∣∣∣ e−iθz
⟩
⟨z| , (3)

where the parameter θ denotes the rotation angle of

phase space. Equation (3) appeared first in Ref. [7],

but its detailed physical explanation in quantum-

mechanical phase space was not given in detail. By

using the IWOP technique and the following results[9]

|0⟩ ⟨0| =: e−â†â :,

exp[λâ†â] =: exp[( eλ − 1)â†â] :, (4)∫
d
2
z

π
exp[λ |z|2 + fz + gz∗]

= − 1

λ
exp[− fg/λ], Re(λ) < 0, (5)

where :: denotes the normal product, and after per-

forming integration of Eq. (3) over all the phase space,

one can obtain

R̂1(θ) =

∫
d
2
z

π

∣∣∣ e−iθz
⟩
⟨z| = e−iθâ†â. (6)

We can easily prove that R̂1(θ) is a unitary opera-

tor. In the same way, we introduce the following non-

symmetric projective operator

R̂†
1(θ) =

∫
d
2
z

π
|z⟩

⟨
e−iθz

∣∣∣ = e iθâ†â ≡ R̂−1
1 (θ). (7)

Therefore, the operator R̂1(θ) is just a unitary oper-

ator and obeys R̂1(θ)R̂
†
1(θ) = R̂†

1(θ)R̂1(θ) = 1. Com-

paring Eq. (6) with Eq. (1) yields

R̂1(θ) = Û(θ) =

∫
d
2
z

π

∣∣∣ e−iθz
⟩
⟨z| . (8)

Therefore, this unitary operator R̂1(θ) is just the

phase shifting operator in quantum optics.[14] This is

a new representation of R̂1(θ) (or Û(θ)). It can be

seen that the phase shifting operator can be naturally

expressed in the coherent state. In other words, the

coherent state is a natural language for describing the

phase shifting operator.

Naturally, we can introduce the following non-

symmetric integration projective operator into the

multimode coherent state

R̂n(θ) =

∫
d
2
z1d

2
z2 . . . d

2
zn

πn

×
∣∣∣ e−iθz1, e

−iθz2, . . . , e
−iθzn

⟩
×⟨z1, z2, . . . , zn| , (9)

where the |z1, z2, . . . , zn⟩ is the multi-

mode coherent state, and |z1, z2, . . . , zn⟩ =
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n∏
i

exp(− 1
2 |zi|

2
+ ziâ

†
i ) |0⟩.[1] By the IWOP technique,

Eqs. (4) and (5), after calculating, we can obtain

R̂n(θ) =
n∏

i=1

exp(−iθâ†i âi)

=
n∏
i

R̂i, i = 1, 2 . . . , n, (10)

where R̂i = exp(−iθâ†i âi) is the one-mode phase

shifting operator. By employing the IWOP tech-

nique, we can immediately prove that the operator

R̂n(θ) is a unitary operator and obeys R̂n(θ)R̂
†
n(θ) =

R̂†
n(θ)R̂n(θ) = 1. Compared with Eq. (1), Eq. (10)

can be just called the multimode phase shifting oper-

ator. Thus we can identify from Eqs. (9) and (10) that

the coherent state is also a natural language for de-

scribing the multimode phase shifting operator. Equa-

tion (9) is just the coherent state representation of the

multimode phase shifting operator. Since the phase

shifting operator can realize the rotation transforma-

tion in phase space, next, with the help of the mul-

timode phase shifting operator, we focus our research

on the dynamic problems of multimode coordinate–

momentum coupled harmonic oscillators.

3. New application of multimode

phase shifting operator

It is well known that many physical problems in

various fields (such as quantum mechanics, quantum

optics, quantum chemistry and so on) are related to

the coupled harmonic oscillators. So, it is important

to study the exact solutions for such problems. Some

methods have been put forward to solve the dynamic

problems of coupled harmonic oscillators in previous

studies.[17−23] For multimode coordinate–momentum

coupled harmonic oscillators, its Hamiltonian is[22]

Ĥ =
n∑

i=1

[
1

2m
p̂2i +

1

2
mω2

i x̂
2
i + γi(x̂ip̂i + p̂ix̂i)

]

=
n∑

i=1

Ĥi, i = 1, 2 . . . , n, (11)

where γi is the real number, [q̂i, p̂i] = i~ and Ĥi is the

Hamiltonian of a one-mode harmonic oscillator with

coordinate–momentum coupling. In addition, the one-

mode squeezing state can be produced by this Hamil-

tonian Ĥi in quantum optics. The expression of Ĥi

is

Ĥi =
1

2m
p̂2i +

1

2
mω2

i x̂
2
i + γi(x̂ip̂i + p̂ix̂i). (12)

In this work, we prove that the multimode phase shift-

ing operator is also a useful tool to solve the dynamic

problems of such multimode coupled harmonic oscil-

lators. Then its exact energy spectra and eigenstates

can be easily derived.

Firstly, we introduce the following bosonic anni-

hilation and creation operators:

âi =

√
mωi

2~

(
x̂i +

ip̂i
mωi

)
,

â†i =

√
mωi

2~

(
x̂i −

ip̂i
mωi

)
, i = 1, 2, . . . , n. (13)

When the multimode phase shifting operator acts on

both sides of Eq. (11), we can easily obtain

R̂n(θ)ĤR̂−1
n (θ) =

n∑
i=1

R̂n(θ)ĤiR̂
−1
n (θ)

=
n∑

i=1

R̂i(θ)ĤiR̂
−1
i (θ), (14)

where R̂i = exp(−iθâ†i âi) is the one-mode phase shift-

ing operator and the bosonic commutative [âi, â
†
j ] =

δij has been used. It is convenient to calculation the

item R̂i(θ)ĤiR̂
−1
i (θ) in Eq. (14). When the phase

shifting operator R̂i(θ) acts on âi and â†i , one can

derive[14]

R̂i(θ)âiR̂
−1
i (θ) = âi e

iθ,

R̂i(θ)â
†
i R̂

−1
i (θ) = â†i e

−iθ. (15)

Combining Eq. (13) and Eq. (15), one can imme-

diately obtain the rotated quadrature operators[14,15]

R̂i(θ)x̂iR̂
−1
i (θ) =

√
~

2mωi
(âi e

iθ + â†i e
−iθ) = x̂i cos θ −

p̂i
mωi

sin θ, (16)

R̂i(θ)p̂iR̂
−1
i (θ) = i

√
~mωi

2
(â†i e

iθ − âi e
−iθ) = p̂i cos θ +mωix̂i sin θ. (17)

It can be seen that the phase shifting operator can realize the rotated transformation in quantum phase space.
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Combined Eq. (16) and Eq. (17), the item R̂i(θ)ĤiR̂
−1
i (θ) can be rewritten as

R̂i(θ)ĤiR̂
−1
i (θ) =

1

2m
(p̂i cos θ +mωix̂i sin θ)

2 +
1

2
mω2

i

(
x̂i cos θ −

p̂i
mωi

sin θ

)2

+γi

[
i~+ 2(p̂i cos θ +mωix̂i sin θ)

(
x̂i cos θ −

p̂i
mωi

sin θ

)]
, (18)

where we have used the commutation relation [q̂i, p̂i] =

i~. It is evident that when θ = π/4, Eq. (18) can be

simply written as

R̂i

(π
4

)
ĤiR̂

−1
i

(π
4

)
=

p̂2i
2µi

+
1

2
µiΩ

2
i x̂

2
i . (19)

Therefore, substituting Eq. (19) into Eq. (14), we can

immediately obtain

R̂n

(π
4

)
ĤR̂−1

n

(π
4

)
=

n∑
i=1

(
p̂2i
2µi

+
1

2
µiΩ

2
i x̂

2
i

)
, (20)

where

µi =
mωi

ωi − 2γi
, Ω2

i = (ω2
i − 4γ2

i ), i = 1, 2, 3 . . . , n.

(21)

It is evident that the Hamiltonian of multimode

coordinate–momentum coupled harmonic oscillators

has been diagonalized. The coordinate–momentum

coupled items can be easily eliminated by the rotation

transformation in phase space. Therefore, compared

with the quadratic form theory,[21,22] the multimode

phase shifting operator is a more suitable tool for diag-

onalizing the Hamiltonian of such multimode coupled

harmonic oscillators.

It is well known that the energy eigenvalues of

quantum systems do not change under unitary trans-

formation. Therefore, from Eq. (20), we can immedi-

ately obtain the exact solution of the energy spectra

of the multimode coordinate–momentum coupled har-

monic oscillators

Ej1j2...jn =

n∑
i=1

(
ji +

1

2

)
~Ωi, ji = 0, 1, 2 . . . . (22)

By employing the multimode phase shifting operator,

we can easily derive the energy eigenstates of the mul-

timode coordinate–momentum coupled harmonic os-

cillators. Based on Eq. (20), for multimode harmonic

oscillators without coupling, their energy eigenstates

are just the multimode Fock states

|j1, j2, . . . , jn⟩

=
n∏

i=1

|ji⟩ =
n∏

i=1

â†jii√
ji!

|0⟩, ji = 0, 1, 2 . . . , (23)

where |ji⟩is the energy eigenstate of an individual sim-

ple harmonic oscillator with frequency Ωi. In or-

der to derive the energy eigenstates of multimode

coordinate–momentum coupled harmonic oscillators,

we write the Schrödinger equation of Hamiltonian (11)

i~
∂

∂t
|Ej1j2...jn⟩ = Ĥ |Ej1j2...jn⟩ , (24)

where |Ej1j2...jn⟩ is just the energy eigenstate of mul-

timode coordinate–momentum coupled harmonic os-

cillators. Then based on Eqs. (20) and (24), one can

confirm that the energy eigenstate |Ej1j2...jn⟩ is con-

nected with the multimode Fock states |j1, j2, . . . , jn⟩
by the unitary transformation operator R̂−1

n (π/4)

|Ej1j2...jn⟩

= R̂−1
n

(π
4

)
|j1, j2, . . . , jn⟩ . (25)

From Eq. (25) it follows that the energy eigenstates of

multimode coordinate–momentum coupled harmonic

oscillators can be obtained just by applying a phase

space rotation of an angle θ = π/4 to the multimode

Fock states. This explicit solution of Eq. (25) is more

simple and convenient.

4. Conclusions

In this paper, new representations of the phase

shifting operator and multimode phase shifting op-

erator in a coherent state are obtained by using the

IWOP technique. It is found that the coherent state

is a natural language for describing the phase shifting

operator or multimode phase shifting operator. Be-

cause the phase shifting operator can realize the ro-

tation transformation in phase space, based on this

quantum property its new application to the dynamic

problems of multimode coordinate–momentum cou-

pled harmonic oscillators is given. It is found that the

Hamiltonian of the multimode coordinate–momentum

coupled harmonic oscillators can be easily diagonal-

ized by the multimode phase shifting operator. Then,
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its exact energy spectra and eigenstates are easily ob-

tained. In addition, the energy eigenstates of multi-

mode coordinate–momentum coupled harmonic oscil-

lators are just multimode Fock states with a rotating

angle θ = π/4 in phase space. Therefore, in this pa-

per, a new application of the multimode phase shifting

operator to the dynamic problems of multimode cou-

pled harmonic oscillators is given. It is proved that the

multimode phase shifting operator is also a useful tool

to solve the dynamic problems of multimode harmonic

oscillators with the coupling form γi(x̂ip̂i + p̂ix̂i).
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