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The entropy squeezing of an atom with a k-photon in the Jaynes–Cummings model is investigated. For comparison,

we also study the corresponding variance squeezing and atomic inversion. Analytical results show that entropy squeezing

is preferable to variance squeezing for zero atomic inversion. Moreover, for initial conditions of the system the relation

between squeezing and photon transition number is also discussed. This provides a theoretical approach to finding out

the optimal entropy squeezing.
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1. Introduction

The Jaynes–Cummings model (JCM)[1] is the

most fundamental model in which the interaction be-

tween the atom and the quantized electromagnetic

field is discussed. JCM reveals many important non-

classical properties such as sub-Poissonian statistics,

anti-bunching, squeezing and the collapse and revival

phenomenon.[2,3] The applications of highly excited

Rydberg atoms and the high-Q cavity make it pos-

sible to observe the phenomena predicted by quan-

tum theory. With the development of experimental

techniques, more attention has been paid to multi-

photon JCM. For example, in the two-photon JCM,

the revival can be more complicated than in the sin-

gle photon case.[4] Moreover, the multi-photon JCM

presents the theoretical foundation of a multi-photon

laser.[5,6] So far, nonclassical effects, such as decoher-

ence, squeezing and high order squeezing in the multi-

photon JCM have been investigated.[7−12]

On the other hand, much attention has been paid

to atomic squeezing due to its broad applications in

high-resolution spectroscopy, high precision atomic

fountain clock, highly-accurate spin polarization mea-

surement and generation of squeezed light.[13−21] In

all these cases the atomic squeezing has been treated

in the framework of the Heisenberg uncertainty rela-

tion (HUR). Nevertheless, the HUR cannot provide

sufficient information on the atomic squeezing. The

HUR is formulated in terms of variances of the system

observables. However, the variances, containing only

second-order statistical moments, are not an appropri-

ate measure of uncertainties in certain circumstances,

particularly in the case where the atomic inversion is

zero.[22] This difficulty has been overcome by using the

entropy uncertainty relation (EUR).[23,24] The entropy

squeezing effect of atoms has been studied in many

other systems, such as the two-photon JCM,[25] JCM

in a nonlinear medium,[26,27] and two-atom JCM.[28]

More recently, much interest has been aroused in en-

tropy squeezing and entanglement in solid-state circuit

QED,[29−31] in which a nano-resonator serves as a cav-

ity. Such systems possess great potential applications

in quantum information processing.[32−34]

In the present paper, we consider the entropy

squeezing of the atom interacting with the quan-

tized electromagnetic field through k-photon transi-

tion, that is, in the k-photon JCM. We compare en-

tropy squeezing with variance squeezing and discuss

the dependence on transition number k, the initial

states of the atom and the field, i.e. phase angles and

average photon number. These discussions provide a

theoretical foundation to find out the optimal entropy

squeezing.
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2. Reduced density operator of

the atom in the k-photon JCM

We consider a two-level atom interacting with the

field through the k-photon process. In the rotating

wave approximation, the Hamiltonian of the system

is

H = h̄νa†a+
1

2
h̄ωσz + h̄g

(
σ+a

k + a†kσ−
)
, (1)

where ω is the transition frequency of the atom; ν is

the frequency of the field; a† and a are the creation

and the annihilation operators of the field respectively;

g is the coupling constant between the field and the

atom; σz and σ± are the Pauli spin operators of the

atom. Now if the atom is in the coherent superposi-

tion state of the excited state |a⟩ and the ground state

|b⟩ at time t = 0, then the initial state vector of the

atom is

|θ, φ⟩ = cos (θ/2) |a⟩+ eiφ sin (θ/2) |b⟩ , (2)

while the field is initially in coherent state

|α⟩ =
∞∑

n=0

bn |n⟩

with

bn = exp (inβ) exp(−n̄/2)
nn/2√
n!
, (3)

where 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π, indicating the polariza-

tion of the atom, and n̄ and β are the average photon

number and the phase angle of the field respectively.

For simplicity, we consider the resonant case (ω = kν).

The state vector of the system at any time t is a linear

superposition of |n, a⟩ and |n+ k, b⟩ given by

|ψ (t)⟩ =
∞∑

n=0

[An (t) |n, a⟩+Bn+k (t) |n+ k, b⟩]. (4)

By solving the Schrödinger equation in the interaction

picture, we obtain

An (t) = cos (θ/2) bn cos(Ωnt)

− i sin (θ/2) eiφbn+k sin(Ωnt),

Bn (t) = sin (θ/2) eiφbn cos(Ωn−kt)

− i cos (θ/2) bn−k sin(Ωn−kt), (5)

where n = 0, 1, 2, . . ., b−k = b−k+1 = . . . = b−1 = 0

and Ωn = g
√
(n+ 1) (n+ 2) . . . (n+ k). After some

minor algebra, the matrix elements of the reduced

density operator of the atom ρ (t) are

ρ11 =

∞∑
n=0

|An|2, (6)

ρ12 =
∞∑

n=0

AnB
∗
n = ρ∗21, (7)

ρ22 =

∞∑
n=0

|Bn|2. (8)

By employing expressions (5)–(8), the entropy

squeezing of the atom can be studied.

3. Entropy squeezing of the atom

For the Pauli operators Sα(α ≡ x, y, z) of a two-

level atom, the Shannon information entropies are de-

fined as[22]

H (Sα) = −
2∑

i=1

Pi (Sα) lnPi (Sα), (9)

where Pi (Sα) = ⟨ψαi| ρ |ψαi⟩, i = 1, 2, which is the

probability distribution for the two possible outcomes

of measurements for the operator Sα. The informa-

tion entropies of the operators Sx, Sy and Sz satisfy

the entropy uncertainty relation[22]

δH (Sx) δH (Sy) ≥
4

δH (Sz)
, (10)

where δH (Sα) ≡ exp [H (Sα)]. The fluctuations in

the components Sα(α = x, y) of the atomic dipole are

said to be ‘squeezed in entropy’ if the information en-

tropy H (Sα) of Sα satisfies the following condition:

E (Sα) = δH (Sα)−
2

[δH (Sz)]
1/2

< 0, α = x, y.

(11)

Using the reduced density operator of the atom, ρ (t),

which is given by expressions (5)–(8), we obtain the

information entropies of the operators Sx, Sy, Sz as

H (Sx) = −
[
1

2
+ Re ρ21(t)

]
ln

[
1

2
+ Re ρ21(t)

]
−
[
1

2
− Re ρ21(t)

]
ln

[
1

2
− Re ρ21(t)

]
, (12)

H (Sy) = −
[
1

2
+ Im ρ21(t)

]
ln

[
1

2
+ Im ρ21(t)

]
−
[
1

2
− Im ρ21(t)

]
ln

[
1

2
− Im ρ21(t)

]
, (13)

H (Sz) = −ρ22(t) ln ρ22(t)− ρ11(t) ln ρ11(t). (14)
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On the other hand, the fluctuation in the com-

ponent Sα of the atomic dipole moment is said to be

squeezed if Sα satisfies

V (Sα) = ∆Sα − (|⟨Sz⟩|/2)1/2 < 0, α = x, y, (15)

where ∆Sα =

√
⟨S2

α⟩ − ⟨Sα⟩2 is the variance squeez-

ing based on the HUR. Expression (15) can be triv-

ially satisfied if ⟨Sz⟩ = 0. However, it fails to pro-

vide any useful information about atomic squeezing

because ∆Sα contains only the second-order statisti-

cal moments of the density operator. Expression (11)

is nontrivial even if ⟨Sz⟩ = 0, thus it characterizes the

fluctuation in atomic observables better.

4. Numerical simulations and dis-

cussion

In the following we discuss the entropy squeez-

ing of the atom numerically. For comparison, we also

consider the variance squeezing and atomic inversion.

We suppose that the atom is initially in an ex-

cited state and the field is in a coherent state with an

average photon number n̄ = 60 and phase β = 0. Fig-

ures 1–4 show the atomic squeezing for k = 1, 2, 3, 4

respectively by using expressions (11) and (15), while

Fig. 5 shows the corresponding atomic population in-

versions.

Figure 1 shows the squeezing conditions for the

usual JCM, i.e. for the case of k = 1. It is exactly the

same as what was depicted in Ref. [22]. According to

Fig. 1, neither entropy nor variance displays squeez-

ing for the component Sx, while there is a great dif-

ference between E (Sy) and V (Sy). Entropy squeez-

ing exists at several periods of time, while variance

squeezing occurs only at the very beginning. Espe-

cially, E (Sy) in Fig. 1(b) exhibits optimal squeezing

when the atom is in the eigenstate of Sy. However,

at this time ∆Sy = 0, thus V (Sy) in Fig. 1(d) does

not exhibit any variance squeezing. In this case, the

information provided by the HUR is not useful, thus

the EUR shows its advantages.

Fig. 1. Time evolutions of squeezing factors in the one-photon JCM. (a) E(Sx), (b) E(Sy), (c) V (Sx) and (d)

V (Sy). The atom is initially in an excited state, the field in a coherent state, with the average photon number

n̄ = 36 and β = 0.

The entropy squeezing and the variance squeezing of the atom in the two-photon JCM are depicted in

Fig. 2. Similar to the one-photon case, the entropy squeezing factor for Sy displays much longer squeezing

time than the corresponding variance squeezing factor. The latter exhibits only squeezing around τ = gt =

mπ, (m = 0,1,2,. . . ). Moreover, Fig. 2 shows no squeezing for the component of Sx. A significant distinction

in the two-photon case is that the atomic observables, including the atomic inversion in Fig. 5(b), display good

quasi-periodicity with a period of π for the scaled time τ = gt. This periodicity is due to the fact that analytical

expressions (6)–(8) can be summed exactly.[35]
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Fig. 2. Time evolutions of the squeezing factors in the two-photon JCM. (a) E(Sx), (b) E(Sy), (c) V (Sx) and

(d) V (Sy). The atom is initially in an excited state, the field in a coherent state, with average photon number

n̄ = 36 and β = 0.

The squeezing conditions for the cases of k = 3 and k = 4 corresponding to expressions (11) and (15) are

illustrated in Fig. 3 and Fig. 4, respectively. The patterns of the evolution curves are similar to those in Fig. 1.

They both exhibit squeezing only for the Sy component, and the entropy exhibits squeezing for a longer time

period than the variance. Note that unlike the entropy squeezing of the field, the atom does not necessarily

exhibit entropy squeezing when it is squeezed in variance.

Fig. 3. Time evolutions of squeezing factors in the three-photon JCM. (a) E(Sx), (b) E(Sy), (c) V (Sx), (d)

V (Sy). The atom is initially in an excited state, the field in a coherent state, with average photon number

n̄ = 36 and β = 0.

According to Figs. 1–5, we can also conclude that the revival time in the k-photon JCM decreases with

increasing k. Thus, the time evolutions of the squeezing factors fluctuate most rapidly in Fig. 4, in the four-

photon process.
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Fig. 4. Time evolutions of the squeezing factors in the four-photon JCM. (a) E(Sx), (b) E(Sy), (c) V (Sx) and

(d) V (Sy). The atom is initially in an excited state, the field in a coherent state, with average photon number

n̄ = 36 and β = 0.

Fig. 5. Time evolutions of the atomic inversion in the k-photon JCM. (a) k = 1, (b) k = 2, (c) k = 3 and

(d) k = 4. The atom is initially in an excited state, the field in a coherent state, with average photon number

n̄ = 36 and β = 0.

In Figs. 1–5, one can see that only the Sy component of the dipole moment exhibits squeezing, both in the

entropy and the variance. We find that the direction of squeezing is determined by the initial phase of the field,

β. For the one-photon JCM, when the atom is initially in an excited state, and β = mπ/2 (m= 0, 2, 4, . . .),

squeezing occurs only for the Sy component. If we change the values of the phase angles θ and φ of the atom,

squeezing for Sx can be obtained but the amount of squeezing cannot exceed that for Sy. This is because

β determines the direction of squeezing. When β = mπ/2 (m = 1,3,5,. . . ) and other parameters are kept

unchanged, squeezing occurs only for Sx component (see Fig. 6). Changing θ and φ, the amount of squeezing

for Sy cannot exceed that for Sx (see Fig. 7). When β has an intermediate value, say π/4, the two components

have the same fluctuation (Fig. 8).
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Fig. 6. Time evolutions of squeezing factors in the one-photon JCM. (a) E(Sx), (b) E(Sy), (c) V (Sx) and (d)

V (Sy). Initially θ = 0, φ = 0, the field is in a coherent state, with average photon number n̄ = 36 and β = π/2.

Fig. 7. Time evolutions of squeezing factors in the one-photon JCM. (a) E(Sx), (b) E(Sy), (c) V (Sx) and (d)

V (Sy). Initially θ = π/2, φ = π/2, the field is in a coherent state, with average photon number n̄ = 36 and

β = π/2.
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Fig. 8. Time evolutions of squeezing factors in the one-photon JCM. (a) E(Sx), (b) E(Sy), (c) V (Sx) and (d)

V (Sy). Initially θ = 0, φ = 0, the field is in a coherent state, with average photon number n̄ = 36 and β = π/4.

For the two-photon JCM, when the atom is initially in an excited state and β = mπ/4 (m= 0, 2, 4, . . .),

only the Sy component displays squeezing, while if β = mπ/4 (m= 1, 3, 5, . . .), only the Sx component displays

squeezing. For the multi-photon JCM, a similar relation also exists but it is much more complicated.

In the above discussion, we assume that the average photon number of the field is n̄ = 36. Through

numerical calculation, we also find that as n̄ increases, the revival time of the atomic inversion for the k-photon

JCM (k ̸= 2) decreases. Therefore the corresponding squeezing factors fluctuate more rapidly, while the shapes

of the curves are very similar (Fig. 9). However, the two-photon JCM is an exception, because its revival time

is independent of n̄. Thus the time evolution of the squeezing factors is almost unchanged (Fig. 10).

Fig. 9. Time evolutions of squeezing factors in the three-photon JCM. (a) E(Sx), (b) E(Sy), (c) V (Sx), (d)

V (Sy). The atom is initially in an excited state, the field in a coherent state, with average photon number

n̄ = 60 and β = 0.
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Fig. 10. Time evolutions of squeezing factors in the two-photon JCM. (a) E(Sx), (b) E(Sy), (c) V (Sx), (d)

V (Sy). The atom is initially in an excited state, the field in a coherent state, with average photon number

n̄ = 60 and β = 0.

5. Conclusions

In this paper, the entropy squeezing of an atom

in the k-photon JCM is investigated in the rotat-

ing wave approximation and compared with the vari-

ance squeezing and the atomic inversion. As photon

transition number k increases, the revival time turns

shorter, which shows that the squeezing factors fluc-

tuate more rapidly. We also discuss the effect of initial

state on atomic squeezing. The obtained results can

be summarized as follows. The initial phase of the

field, β, determines the squeezing direction and the

initial phase of the atom, θ and φ, and can change the

amount of squeezing for two components. For k ̸= 2,

the bigger the average photon number n̄ is, the shorter

the revival time of the atomic squeezing and the quasi-

period of squeezing factor will be. For k = 2, the time

evolution of the squeezing factor is independent of av-

erage photon number n̄.
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