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In this paper the relations between two spreads, between two group delays, and between one spread and one

group delay in fractional Fourier transform (FRFT) domains, are presented and three theorems on the uncertainty

principle in FRFT domains are also developed. Theorem 1 gives the bounds of two spreads in two FRFT domains.

Theorem 2 shows the uncertainty relation between two group delays in two FRFT domains. Theorem 3 presents the

crossed uncertainty relation between one group delay and one spread in two FRFT domains. The novelty of their

results lies in connecting the products of different physical measures and giving their physical interpretations. The

existing uncertainty principle in the FRFT domain is only a special case of theorem 1, and the conventional uncertainty

principle in time-frequency domains is a special case of their results. Therefore, three theorems develop the relations of

two spreads in time-frequency domains into the relations between two spreads, between two group delays, and between

one spread and one group delay in FRFT domains.
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1. Introduction

The uncertainty principle is an elementary prin-

ciple in signal processing[1−14] and physics.[15−20] In

conventional time-frequency domains, the product of

time spread and frequency spread cannot be unlim-

itedly small, which is called the uncertainty princi-

ple, i.e. for a given real absolutely integrable sig-

nal f(t) (without loss of generalization, assuming

that
∫ +∞
−∞ |f(t)|2dt = 1 and f(t) is a real absolutely

integrable function unless otherwise stated) and its

Fourier transform F (u), the product has the lowest

bound

∆t2 ·∆u2
cl =

∫ +∞

−∞
|(t− t0) f(t)|2dt

×
∫ +∞

−∞
|(u− u0)F (u)|2du

≥ 1/4, (1)

where t0 =
∫ +∞
−∞ t |f(t)|2 dt, u0 =

∫ +∞
−∞ u |F (u)|2 du,

∆t2 is the time spread, and ∆u2
cl is the frequency

spread. Let t0 = 0 (for a given f(t) we assume t0 ≡ 0)

and u0 = 0, and the essence of the uncertainty princi-

ple will not be changed. Inequality (1) can be written

as

∆t2 ·∆u2
cl

=

∫ +∞

−∞
|tf(t)|2dt ·

∫ +∞

−∞
|uF (u)|2du

≥ 1/4. (2)

For inequalities (1) and (2) one often acquires

higher frequency resolution from lower time reso-

lution or vice versa.[1,2] Fractional Fourier trans-

form (FRFT) is a more generalized time-frequency

tool,[2,10,11] which is the generalization of Fourier

transform etc. The FRFT has been applied to phys-

ical optics and signal processing. With the devel-

opment of time-frequency analysis, the uncertainty

principle has been proved to be true by using vari-

eties of transforms: from conventional Fourier trans-

form and short-time Fourier transform to generalized

Fourier transform[2−9] (fractional Fourier transform).

However, in existing research,[8,9,12−14] only spreads

of time and frequency are involved. Since the FRFT

has one additional parameter, but the conventional

Fourier transform does not, then do other new uncer-

tainty relations hold in the new domain—the FRFT
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domain? In the present paper, the uncertainty princi-

ple is extended from the time-frequency domain to the

FRFT domain, and new uncertainty relations in the

FRFT domain are presented. The rest of the present

paper is organized as follows. The basic conception

of FRFT and its properties are reviewed in Section

2. Three results of the uncertainty principle in the

FRFT domain are presented in Section 3. An exam-

ple of their results is given in Section 4. Finally, some

conclusions are drawn from the present study in Sec-

tion 5.

2. Fractional Fourier transform

For a given function f(t), its FRFT[2] is defined

as

Fα(u) = Fα (f(t)) =

∫ +∞

−∞
f(t)Kα(u, t)dt =


√

1−i cotα
2π · e

iu2 cotα
2

∫ +∞

−∞
e

−iut
sinα e

it2 cotα
2 f(t)dt, α ̸= nπ

f(t), α = 2nπ

f(−t), α = (2n± 1)π.

(3)

In the following, we assume that α ̸= nπ. FRFT

has some properties:[1,2,14]

1) Additivity property:

Fα {Fβ (f(t))} = F(α+β) (f(t)) , (4)

2) Reversibility property:

Fα {F−α (f(t))} = f(t), (5)

3)Product property:

Fα {tf(t)} = u cosα · Fα(u) + i sinαF ′
α(u), (6)

4)Differential property:

Fα {f ′(t)} = cosαF ′
α(u) + iu sinαFα(u), (7)

5) Parseval’s principle:∫ +∞

−∞
f(t)g∗(t)dt

=

∫ +∞

−∞
F(a,b,c,d)(u)G

∗
(a,b,c,d)(u)du. (8)

Since f(t) is real absolutely integrable, i.e.∫ +∞
−∞ |f(t)| dt < +∞, then limt→±∞ f(t) =

0, limt→±∞ |f(t)|2 = 0, limt→±∞ t |f(t)|2 = 0. We

obtain ∫ +∞

−∞
tf(t)f ′(t)dt = −1/2, (9)∫ +∞

−∞
f(t)f ′(t)dt = 0. (10)

3. Uncertainty principle in the

FRFT domain

In the time and frequency domain,∫ +∞
−∞ |tf(t)|2dt=

∫ +∞
−∞ |F ′(u)|2du and

∫ +∞
−∞ |uF (u)|2du

=
∫ +∞
−∞ |f ′(t)|2dt hold, and the conventional uncer-

tainty principle (2) can be written as:∫ +∞

−∞
|tf(t)|2dt ·

∫ +∞

−∞
|uF (u)|2du

=

∫ +∞

−∞
|F ′(u)|2du ·

∫ +∞

−∞
|f ′(t)|2dt

=

∫ +∞

−∞
|F ′(u)|2du ·

∫ +∞

−∞
|uF (u)|2du

≥ 1/4. (11)

The obvious observation is that the uncertainty

principle has different representations, i.e. inequality

(11), but in the conventional time-frequency domain

these different representations are equivalent. How-

ever, in the FRFT domain we have found that differ-

ent representations have different bounds and physical

meanings.

Before discussing the following three theorems, we

introduce a lemma as:

Lemma 1 For any given f(t), if Fα(u) and Fβ(v)

are two FRFTs of f(t) respectively for different pa-

rameters α and β, and
∫ +∞
−∞ u |Fα(u)|2du ≡ 0, then∫ +∞

−∞ v |Fβ(v)|2dv ≡ 0.

Proof From Parseval’s principle (8) and product
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property (6), we obtain∫ +∞

−∞
u |Fα(u)|2du

=

∫ +∞

−∞
uFα(u) · (Fα(u))

∗
du

=

∫ +∞

−∞
(cosα · tf(t) + i sinαf ′(t)) f∗(t)dt

= cosα

∫ +∞

−∞
tf2(t)dt+ i sinα

∫ +∞

−∞
f(t)f ′(t)dt

= cosα · t0
≡ 0. (12)

Therefore, we have∫ +∞

−∞
v |Fβ(v)|2dv = cosβ · t0 ≡ 0. (13)

The proof is completed.

Lemma 1 shows that if the mean value of a vari-

able in an FRFT domain is zero, then the mean value

of the valuable in any other FRFT domain must be

zero. So in this paper we can assume that the mean

value of a valuable in an FRFT domain is zero. Thus

the effect of time shifting on our results will not be

involved in this paper.

3.1.Uncertainty relation for two spreads

Theorem 1 For a given function f(t), if Fα(u)

and Fβ(v) are two FRFTs of f(t) respectively for dif-

ferent parameters α and β, then∫ +∞

−∞
u2 |Fα(u)|2 du ·

∫ +∞

−∞
v2 |Fβ(v)|2 dv

≥ (cosα sinβ − cosβ sinα)
2

4

+

(
cosα cosβ∆t2 +

sinα sinβ

4∆t2

)2

. (14)

Furthermore

∫ +∞

−∞
u2 |Fα(u)|2 du ·

∫ +∞

−∞
v2 |Fβ(v)|2 dv

≥ (cosα sinβ + sgn(W ) cosβ sinα)
2

4
, (15)

where sgn(s) =

+1, s ≥ 0,

−1, s < 0,
, W =

sin(2α) · sin(2β)/4.

Proof From product property (6) and Parseval’s

principle (8), we have

∫ +∞

−∞
u2 |Fα(u)|2 du

=

∫ +∞

−∞
|cosα · tf(t) + i sinα · f ′(t)|2dt, (16)∫ +∞

−∞
v2 |Fβ(v)|2 dv

=

∫ +∞

−∞
|cosβ · tf(t) + i sinβ · f ′(t)|2dt. (17)

Using the Cauchy–Schwartz inequality, (16) and

(17), we obtain

∫ +∞

−∞
u2 |Fα(u)|2 du ·

∫ +∞

−∞
v2 |Fβ(v)|2 dv

≥
∣∣∣∣∫ +∞

−∞

(
cosα · t · f(t) + i · sinα · df(t)

dt

)(
cosβ · t · f(t) + i · sinβ · df(t)

dt

)∗

dt

∣∣∣∣2 . (18)

Now for real f(t)∣∣∣∣∫ +∞

−∞

(
cosα · t · f(t) + i · sinα · df(t)

dt

)(
cosβ · t · f(t) + i · sinβ · df(t)

dt

)∗

dt

∣∣∣∣2
=

∣∣∣∣∫ +∞

−∞

(
cosα cosβ · t2f2(t) + sinα sinβ (f ′(t))

2
+ i (cosα sinβ − cosβ sinα) tf(t)f ′(t)

)
dt

∣∣∣∣2 . (19)

In a conventional Fourier transform domain, the following equality holds:∫ +∞

−∞
|f ′(t)|2dt = ∆u2

cl. (20)
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From expressions (18), (19), (20), (9) and (10), we obtain∫ +∞

−∞
u2 |Fα(u)|2 du ·

∫ +∞

−∞
v2 |Fβ(v)|2 dv

≥ (cosα sinβ − cosβ sinα)
2

4
+
(
cosα cosβ∆t2 +∆u2

cl sinα sinβ
)2

. (21)

Furthermore, inserting inequality (2) into inequality (21) yields∫ +∞

−∞
u2 |Fα(u)|2 du·

∫ +∞

−∞
v2 |Fβ(v)|2 dv ≥ (cosα sinβ − cosβ sinα)

2

4
+

(
cosα cosβ∆t2 +

sinα sinβ

4∆t2

)2

. (22)

From the left-hand side of inequality (22), we have the following relations:

If sgn(cosα cosβ) = sgn(sinα sinβ), then(
cosα cosβ∆t2 +

sinα sinβ

4∆t2

)2

≥

(
2

√
cosα cosβ∆t2 · sinα sinβ

4∆t2

)2

= cosα cosβ sinα sinβ; (23)

If sgn(cosα cosβ) = −sgn(sinα sinβ), then(
cosα cosβ∆t2 +

sinα sinβ

4∆t2

)2

≥ 0. (24)

Thus, combining inequality (22) with inequalities (23) and (24) leads to∫ +∞

−∞
u2 |Fα(u)|2 du ·

∫ +∞

−∞
v2 |Fβ(v)|2 dv ≥ (cosα sinβ + sgn(W ) cosβ sinα)

2

4
, (25)

where W = sin(2α) · sin(2β)/4.
The proof of theorem 1 is completed.

Theorem 1 shows that for a given function f(t), the product of its two spreads in any two different

FRFT domains cannot be unlimitedly small, and its lowest bound is associated with parameters α and β.

If their mean values are not zero, through appropriate shifting we can make them equal zero like conventional

counterparts.[8,12] In the following, we will study extended relations for the given f(t) in different domains.

3.2.Uncertainty relation for two group delays

Theorem 2 For a given function f(t), if Fα(u) and Fβ(v) are two FRFTs of f(t) respectively for different

parameters α and β, then∫ +∞

−∞
|F ′

α(u)|
2
du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv ≥ (sinα cosβ − cosα sinβ)
2

4
+

(
sinα sinβ∆t2 +

cosα cosβ

4∆t2

)2

. (26)

Furthermore ∫ +∞

−∞
|F ′

α(u)|
2
du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv ≥ (sinα cosβ + sgn(W ) cosα sinβ)
2

4
, (27)

where W = sin(2α) · sin(2β)/4.
Proof From the differential property (7) and the generalized Parseval’s principle (10), we have∫ +∞

−∞
|F ′

α(u)|
2
du =

∫ +∞

−∞
|cosα · f ′(t) + i sinα · tf(t)|2dt, (28)∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv =

∫ +∞

−∞
|cosβ · f ′(t) + i sinβ · tf(t)|2dt. (29)

From the Cauchy–Schwartz inequality, then we have∫ +∞

−∞
|F ′

α(u)|
2
du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv
014203-4
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≥
∣∣∣∣∫ +∞

−∞
(cosα · f ′(t) + i sinα · tf(t)) (cosβ · f ′(t) + i sinβ · tf(t))∗ dt

∣∣∣∣2 . (30)

Now for a real function f(t), from expressions (2), (9), (10), (20) and (30) we have∫ +∞

−∞
|F ′

α(u)|
2
du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv ≥ (sinα cosβ − cosα sinβ)
2

4
+

(
sinα sinβ∆t2 +

cosα cosβ

4∆t2

)2

. (31)

From the left side of inequality (31), we have the following relations:

If sgn(cosα cosβ) = sgn(sinα sinβ), then(
sinα sinβ∆t2 +

cosα cosβ

4∆t2

)2

≥

(
2

√
sinα sinβ∆t2 · cosα cosβ

4∆t2

)2

= sinα sinβ cosα cosβ; (32)

If sgn(cosα cosβ) = −sgn(sinα sinβ), then(
sinα sinβ∆t2 +

cosα cosβ

4∆t2

)2

≥ 0. (33)

Therefore ∫ +∞

−∞
|F ′

α(u)|
2
du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv ≥ (sinα cosβ + sgn(W ) cosα sinβ)
2

4
. (34)

Then the proof of theorem 2 is completed.

Theorem 2 shows that for a given function f(t), the product of its two ‘differential energies’ in any two

different domains cannot be unlimitedly small.

Furthermore, set Fα(u) = A e iϕ(u), Fβ(v) = B e iφ(v), where A and B are constants. From inequality (27),

we have ∫ +∞

−∞
|ϕ′(u)|2 |Fα(u)|2 du ·

∫ +∞

−∞
|φ′(v)|2 |Fβ(v)|2dv ≥ (sinα cosβ + sgn(W ) cosα sinβ)

2

4
, (35)

where ϕ′(u) and φ′(v) are generalized group delays in FRFT domains. From inequality (35) we know that the

product of group delay covariances (without loss of generalization, assuming that the mean value of group delay

is zero) cannot be unlimitedly small.

If ϕ′(u) ≡ τ1, φ′(v) ≡ τ2, i.e. they are constants simultaneously, then inequality (35) reduces into∫ +∞

−∞
|ϕ′(u)|2 |Fα(u)|2 du ·

∫ +∞

−∞
|φ′(v)|2 |Fβ(v)|2dv = (τ1τ2)

2 ≥ (sinα cosβ + sgn(W ) cosα sinβ)
2

4
. (36)

That is to say, the product of group delays in two FRFT domains for different parameters cannot be

unlimitedly small, and the smallest product is

τ1τ2 ≥ |sinα cosβ + sgn(W ) cosα sinβ|
2

. (37)

In fact, inequality (37) represents an ideal case, and it discloses the physical meaning to a great extent.

From inequalities (35)–(37), theorem 2 discloses the mutual relations of group delays in two FRFT domains

for different parameters.

The above two cases are concerned with the relations between one spread and one spread, and between one

group delay and one group delay. What about the crossed relation between one spread and one group delay?

3.3.Uncertainty relation for spread and group delay

Theorem 3 For a given function f(t), if Fα(u) and Fβ(v) are two FRFTs of f(t) respectively for different

parameters α and β, then∫ +∞

−∞
|uFα(u)|2du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv ≥ (cosα cosβ − sinα sinβ)
2

4
+

(
cosα sinβ∆t2 +

sinα cosβ

4∆t2

)2

. (38)
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Furthermore ∫ +∞

−∞
|uFα(u)|2du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv ≥ (cosα cosβ + sgn(W ) sinα sinβ)
2

4
, (39)

where W = sin(2α) · sin(2β)/4.
Proof From the product property (6), the differential property (7) and the generalized Parseval’s principle

(8), we have ∫ +∞

−∞
u2 |Fα(u)| du =

∫ +∞

−∞
|cosα · tf(t) + i sinαf ′(t)|2dt, (40)∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv =

∫ +∞

−∞
|cosβ · f ′(t) + i sinβ · tf(t)|2dt. (41)

From the Cauchy–Schwartz inequality and expressions (40) and (41), we have∫ +∞

−∞
|uFα(u)|2du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv
≥
∣∣∣∣∫ +∞

−∞
(cosα · tf(t) + i sinαf ′(t)) (cosβf ′(t) + i sinβ · tf(t))∗ dt

∣∣∣∣2 . (42)

Now for a real function f(t), from inequalities (2), (11), (24) and (42) we have∫ +∞

−∞
|uFα(u)|2du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv ≥ (cosα cosβ − sinα sinβ)
2

4
+

(
cosα sinβ∆t2 +

sinα cosβ

4∆t2

)2

. (43)

From the left side of inequality (43), we have the following relations:

If sgn(cosα sinβ) = sgn(sinα cosβ), then

(
cosα sinβ∆t2 +

sinα cosβ

4∆t2

)2

≥

(
2

√
cosα sinβ∆t2 · sinα cosβ

4∆t2

)2

= cosα sinβ sinα cosβ; (44)

If sgn(cosα sinβ) = −sgn(sinα cosβ), then(
cosα sinβ∆t2 +

sinα cosβ

4∆t2

)2

≥ 0. (45)

We have ∫ +∞

−∞
|uFα(u)|2du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv ≥ (cosα cosβ + sgn(W ) sinα sinβ)
2

4
. (46)

The proof of theorem 3 is completed.

Theorem 3 shows that the product of one ‘differ-

ential energy’ and spread in two different FRFT do-

mains cannot be unlimitedly small. To some extent we

can say that theorem 3 has the mixed physical mean-

ing of theorem 1 and theorem 2. Theorem 1 shows

the relation between spreads of two variables in two

FRFT domains, and theorem 2 indicates the relation

between two group delay covariances in two FRFT do-

mains. Instead, theorem 3 reveals the crossed relation

between one group delay covariance and one variable’s

spread.

One special case is that α = 2nπ + β, Fα(u) =

A e iϕ(u), and A is a constant, then inequality (46) be-

comes∫ +∞

−∞
|uFα(u)|2du ·

∫ +∞

−∞
|F ′

α(u)|
2
du ≥ 1

4
. (47)

Inequality (47) shows that the group delay and

the spread have a crossed relation in an FRFT do-

main, and they have the lowest bound 1/4.

The conditions under which equalities in three

theorems hold can be found easily through solving

some differential equations, therefore they will not be

involved in this paper.
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3.4. Special cases

If α = 2nπ and β = 2nπ + π/2, three theorems

can reduce into the conventional uncertainty principle

(2) in a time-frequency domain.

Theorem 1 reduces into∫ +∞

−∞
u2 |Fα(u)|2 du ·

∫ +∞

−∞
v2 |Fβ(v)|2 dv

=

∫ +∞

−∞
t2 |f(t)|2 dt ·

∫ +∞

−∞
v2 |F (v)|2 dv

≥ 1

4
. (48)

Theorem 2 reduces into∫ +∞

−∞
|F ′

α(u)|
2
du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv
=

∫ +∞

−∞
|f ′(t)|2du ·

∫ +∞

−∞
|F ′(v)|2dv

≥ 1

4
. (49)

Theorem 3 reduces into∫ +∞

−∞
|uFα(u)|2du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv
=

∫ +∞

−∞
|tf(t)|2dt ·

∫ +∞

−∞
|F ′(v)|2dv

≥ 1

4
. (50)

Thus any of the three theorems is the generaliza-

tion of the conventional uncertainty principle.

In FRFT domains the uncertainty principle has

two types: the product of time spread and the

spread in the FRFT domain, and the product of

spreads in two FRFT domains for different rotation

parameters.[1,2] The former is a special case of the lat-

ter.

Obviously, we have found that the uncertainty

principle by Shinde is a special case of our theorem

1. Therefore, the cases[9,13,14] involved with the prod-

uct of the time spread and the spread in the FRFT

domain are our special case of theorem 1. Further-

more, our theorem 3 can reduce into cases in Refs. [9]

and [14]: ∫ +∞

−∞
|uFα(u)|2du ·

∫ +∞

−∞

∣∣∣F ′
π/2(v)

∣∣∣2dv
=

∫ +∞

−∞
|uFα(u)|2du ·

∫ +∞

−∞
|tf(t)|2dt

≥ sin2 α

4
. (51)

As shown above, any of the three theorems is the

generalization of the conventional uncertainty princi-

ple in time-frequency domains, and they are different

in both bound and physical meaning. These theorems

develop conventional relations between two spreads in

time-frequency domains into the relations between dif-

ferent spreads, between different group delays or be-

tween the crossed relation of spread and group delay

in the FRFT domain.

4. An experiment

Let f(t) = Hn(t) e
−t2/2, and the fractional

Fourier transform Fα(u) for f(t) can be easily

found:[2,4] Fα(u) = e−jnαHn(t) e
−u2/2, where Hn(t)

is the Hermite polynomial[2,4,5] of degree n. For sim-

plicity, let n = 1, α = π/4, and β = 3π/4, we have

∆t2 =

∫ +∞

−∞
|tf(t)|2dt =

∫ +∞

−∞
t2

∣∣∣∣∣
(

2√
π

) 1
2

t e−
t2

2

∣∣∣∣∣
2

dt =
3

2
, (52)

∆u2
α =

∫ +∞

−∞
|uFα(u)|2du =

∫ +∞

−∞
u2

∣∣∣∣∣ e−jα

(
2√
π

) 1
2

t e−
u2

2

∣∣∣∣∣
2

du =
3

2
, (53)

∆u2
β =

∫ +∞

−∞
|vFβ(v)|2dv =

∫ +∞

−∞
v2

∣∣∣∣∣ e−jβ

(
2√
π

) 1
2

t e−
v2

2

∣∣∣∣∣
2

dv =
3

2
. (54)

Thus ∫ +∞

−∞
u2 |Fα(u)|2 du ·

∫ +∞

−∞
v2 |Fβ(v)|2 dv

=
9

4
≥ (cosα sinβ − cosβ sinα)

2

4
+

(
cosα cosβ∆t2 +

sinα sinβ

4∆t2

)2

=
25

36
, (55)
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−∞
u2 |Fα(u)|2 du ·

∫ +∞

−∞
v2 |Fβ(v)|2 dv =

9

4
≥ (cosα sinβ + sgn(W ) cosβ sinα)

2

4
=

1

4
. (56)

Thus, theorem 1 defined by inequalities (14) and (15) holds.
∫ +∞
−∞ u2 |Fα(u)|2 du ·

∫ +∞
−∞ v2 |Fβ(v)|2 dv is

indeed greater than the bound defined by theorem 1.

From properties (6) and (7) and α = π/4, β = 3π/4, we have the following relations:∫ +∞

−∞
|F ′

α(u)|
2
du =

∫ +∞

−∞
u2 |Fα(u)|2 du =

3

2
; (57)

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv =

∫ +∞

−∞
v2 |Fβ(v)|2 dv =

3

2
. (58)

Thus we have ∫ +∞

−∞
|F ′

α(u)|
2
du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv
=

9

4
≥ (sinα cosβ − cosα sinβ)

2

4
+

(
sinα sinβ∆t2 +

cosα cosβ

4∆t2

)2

=
25

36
; (59)

∫ +∞

−∞
|F ′

α(u)|
2
du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv =
9

4
≥ (sinα cosβ + sgn(W ) cosα sinβ)

2

4
=

1

4
. (60)

Thus, theorem 2 defined by inequalities (26) and (27) holds.
∫ +∞
−∞ |F ′

α(u)|
2
du ·

∫ +∞
−∞

∣∣∣F ′
β(v)

∣∣∣2dv is indeed

greater than the bound defined by theorem 2.

In the same manner, we obtain∫ +∞

−∞
|uFα(u)|2du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv
=

9

4
≥ (cosα cosβ − sinα sinβ)

2

4
+

(
cosα sinβ∆t2 +

sinα cosβ

4∆t2

)2

=
25

36
; (61)

∫ +∞

−∞
|uFα(u)|2du ·

∫ +∞

−∞

∣∣F ′
β(v)

∣∣2dv =
9

4
≥ (cosα cosβ + sgn(W ) sinα sinβ)

2

4
=

1

4
. (62)

Thus, theorem 3 defined by inequalities (38) and

(39) holds.
∫ +∞
−∞ |uFα(u)|2du ·

∫ +∞
−∞

∣∣∣F ′
β(v)

∣∣∣2dv is in-

deed greater than the bound defined by theorem 3.

This example proves that the bounds introduced by

us are effective.

5. Conclusions

In the present paper, the uncertainty relations be-

tween two spreads, between two group delays, and

between one spread and one group delay, which are

unlike the conventional uncertainty principle in time-

frequency domains, are investigated and three theo-

rems on the uncertainty principle in FRFT domains

are presented. The novelty of these theorems lies in

connecting the products of different physical measures

and giving their physical interpretations, which has

a great potential usage in quantum mechanics.[21−23]

Theorem 1 gives the bound of two spreads in two

FRFT domains. Theorem 2 gives the relation between

two group delays in two FRFT domains. Theorem 3

shows the crossed relation between one group delay

and one spread in two FRFT domains. The existing

uncertainty principle in the FRFT domain is only a

special case of our first theorem, and the conventional

uncertainty principle in time-frequency domains is a

special case of the uncertainty principle in FRFT do-

mains. We give an example to show the efficiency of

our results.

Future work includes finding out how to develop

these results from FRFT domains to the linear canon-

ical transform domain and the multidimensional case.

014203-8



Chin. Phys. B Vol. 19, No. 1 (2010) 014203

References

[1] Exampleh V, Ozaktas M and Aytur O 1995 Signal Pro-

cess. 46 119

[2] Tao R, Qi L and Wang Y 2004 Theory and Application

of the Aroctional Fourier Transform (Beijing: Tsinghua

University Press) p23 (in Chinese)

[3] Yuan L 2008 Chin. Phys. B 17 170

[4] Namias V 1980 J. Inst. Math. Appl. 25 241

[5] McBride A C and Kerr F H 1987 IMA J. Appl. Math. 39

159

[6] Bo W R G, Ping Z L, Ren H P, Sheng Y L and Wu W K

2003 Chin. Phys. 12 610

[7] Jian X H, Zhang C M and Zhao B C 2007 Acta Phys. Sin.

56 824 (in Chinese)

[8] Shinde S and Vikram G M 2001 IEEE Trans. Signal Pro-

cessing 49 2545

[9] Mustard D 1991 J. Austral. Math. 33 180
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