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The full velocity difference model proposed by Jiang et al. [2001 Phys. Rev. E 64 017101] has been improved by
introducing velocity anticipation. Velocity anticipation means the follower estimates the future velocity of the leader.

The stability condition of the new model is obtained by using the linear stability theory. Theoretical results show that

the stability region increases when we increase the anticipation time interval. The mKdV equation is derived to describe

the kink—antikink soliton wave and obtain the coexisting stability line. The delay time of car motion and kinematic wave

speed at jam density are obtained in this model. Numerical simulations exhibit that when we increase the anticipation

time interval enough, the new model could avoid accidents under urgent braking cases. Also, the traffic jam could be

suppressed by considering the anticipation velocity. All results demonstrate that this model is an improvement on the

full velocity difference model.
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1. Introduction

In recent years, traffic flow theory has shown sub-

[1=6] Many traffic models have

[7—23]

stantial development.

been proposed by scientists. Among these mod-

7=19] describing the traffic

els, car-following models,!
behaviour of individual vehicles, have attracted much
attention for decades. In 1995, Bando et al.l'¥ pre-
sented the optimal velocity model (OVM), which is
based on the idea that each vehicle has an optimal
velocity, and the optimal velocity depends on the fol-

lowing distance from the preceding vehicle, i.e.

D) = LV Aa(0) ~ a0, ()
where 7 is the delay time, 1/7 is the sensitivity and
V(Axz,(t)) is the optimal velocity; Az, (t) = xpy1(t)—
Zn(t) is the space headway, x,(t) is the position of car
n at time ¢, and v, (t) is the velocity of car n at time
t. The OVM could reproduce many properties of real
traffic flows, such as the instability of traffic flow, the
evolution of traffic congestion, and the formation of
stop-and-go waves, so it has attracted much attention.

In 1998, Helbing and Tilch!'¥ carried out a cali-
bration of the OVM with respect to the empirical data.

They take the optimal velocity function as follows:

V(Azn(t)) = v1 + vz tanhfe (Azn(t) — le) — 2], (2)

where [, is the length of the vehicles, which can be
taken as 5 m in simulations. The resulting optimal
parameter values are 1/7 = 0.85, v; = 6.75 m/s,
vy = 7.91 m/s, ¢; = 0.13, ¢co = 1.57. Their simula-
tion results show that the OVM exhibits too high an
acceleration and an unrealistic deceleration compared
with the empirical data. Therefore, they proposed the
generalized force model (GFM), i.e.

dvy, 1
g B = Z[V(Aza(t) —va(0)
+é@(—Avn(t))Avn(t), (3)

where O is the Heaviside function, A is the responsive
factor of velocity difference; Av,,(t) is the velocity dif-
ference between cars n and n + 1, and 7 = 2.45 s
in GFM. But Jiang et al.l'® found that the GFM is
poor in anticipating the delay time of car motion and
kinematic wave speed, so they improved the GFM and
proposed the full velocity difference model (FVDM),

i.e.
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dditn(ﬂ = %[V(Axn(t)) —op(t)] + %Avn(t). (4)

In this paper, we improve the FVDM by consider-
ing velocity anticipation. Velocity anticipation means
the follower estimates the future velocity of the leader.
Although this effect has already been considered in

[24-26] yntil now few

many cellular automata models,
car-following models have considered this effect.[27:28]
In the following section, the improved model will be
introduced. In Section 3, linear stability analysis is
applied to obtain the neutral line. In Section 4, the
mKdV equation is derived by nonlinear stability anal-
ysis to describe the kink-antikink soliton wave and
obtain the coexisting stability line. In Section 5, sim-
ulations are carried out. Finally, the conclusions are

given in Section 6.

2. The new model

In real traffic, drivers always anticipate the veloc-
ity of their leading cars in the next moment. They
always judge the variation tendency of the velocity of
their leading cars, i.e., whether the leading cars will
accelerate, decelerate or just keep a steady velocity.
According to these, they could adjust their speed in
time. Furthermore, these are very important to avoid
crashing, especially in some urgent braking cases, such
as at traffic lights or car accidents. When an acci-
dent occurs in front of the leader, the follower can
also see the accident at almost the same time as his
leader. Therefore, he knows that his leader will de-
celerate, so his reaction to the accident is almost at
the same time with his leader. In a word, the follower
will adjust his speed by considering the anticipation
velocity of the leader in the next moment according
to the driving conditions. As we know, anticipation
velocity has already been considered in many cellu-
lar automata models, but until now few car-following
models have considered this effect. In this paper, this
effect will be taken into account on the basis of FVDM.
The anticipation velocity of the leader is given in the
form of v,41(t + ar), representing that the follower
could anticipate the leader’s velocity in the next mo-
ment ¢t + ar. « is a coefficient, and the anticipation
time interval a7 should not be too large. Since human
drivers’ estimation ability is limited, the larger the ar
is, the greater the error caused by anticipation is. We
will give the variation range of a7 in the next section.
Replacing vy, 4+1(t) by vnt1(t+a7) in FVDM, we could

obtain
dv,, 1
(1) = Z[V(Aza()) —va(0)
Pl an) —v0l 6

where we calculate v, 41(t + a7) by v41(t + aT) =
Un+1(t) + ata,41(t) for simplicity; and a,1(t) is the
acceleration of the leader. So, we could obtain

dv,,

SR (1) = —V(Awat)

— on(t)]
A

Aonra(t) — vn(t)] + Zaranca(t). (6

=

+

Then, the new model is given as follows:

dv, 1
(1) = ~[V(Aza()) —va(0)
+%Avn(t) + Aaan 1(t). (7)

We call Aaay,1(t) the anticipation term. One can see
that the difference between the new model and FVDM
is that the FVDM does not have the anticipation term.

3. Linear stability analysis

Linear stability analysis can be conducted for the
new model. It is obvious that the steady state is that
vehicles move with uniform space headway Az, and
the optimal velocity function V' = V(Axzg). So, the
steady-state solution is given by

2O(t) = Azgn + Vt, Azo=L/N, (8)

where IV is the number of cars, L is the road length.
For convenience, we use k, A1, A2 to represent 1/7,
/T, Ao respectively, thus & is the sensitivity. Suppose
that y,(t) is a small deviation from the steady-state
solution: z,(t) = 20 (t) + yn(t). Then, the linear
equation is obtained from Eq. (7),

d2yn (t) / dyn(t)
= A —_
dAy,(t) d®yni1(t)
+A1 dt + )\2 dtQ ) (9)
where
,  dV(Ax)
Vi= W |Am:A.’r0 .

By expanding y,(t) = exp(iaxgn + zt), the following
equation of z is obtained
22(1 = Myexp(iag)) = (V' (exp(iag) — 1) — 2)
+Aiz(exp(iar) — 1), (10)
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in which z = vi is taken, v is a real number. Setting
its real part and imaginary part to be equal to zero,
we could have

—v? = KV'(cos(ay) — 1)

—M\wsin(ag) — Aov? cos(ag), (11)

0 = kV'sin(ag) — kv + A\jv cos(ay)

— Ao — Agv?sin(ayg). (12)
From Egs. (11) and (12), one obtains,
KV sin(ag) (Mg — 1)

o
where 0 = (kA2 + A1 A2+ A1) cos(ax) — (k+ A1+ A1 A2).
Substituting Eq. (13) into Eq. (10), one has

v =

; (13)

v/ o(kAz cos(ag) + 2A1\2)(cos(ag) — 1)

—5 ; (1)
ksin®(ag) (A2 — 1)2)y
when oy, — 0, we obtain the stable condition
Ii/2 + )\1
Vi< L, 15
< (15)
Taking each parameter to the original one, we could
have
142X
Vi< —————. 16
27(1 — a) (16)
One can see that
aA<1, ar< % (17)

i.e., the anticipation time interval a7 should not be

larger than 7/X. If @ = 0, we could obtain the stable

condition of the FVDM

142X
2r

Figure 1 shows the neutral stability curves of

V' <

(18)

FVDM and the new model in the phase space. One
can see that the unstable region of the new model is
smaller than that of FVDM, i.e., the stability condi-
tion can be satisfied more easily than previous models.
From Fig. 1, one can see that with increasing «, the
critical sensitivity k. decreases, and the case of @ =0
corresponds to the FVDM model. It means that traf-
fic will become stable, with the increase of . This
phenomenon is in accordance with real traffic. How-
ever, as we have said, the anticipation time interval ar
should not be too large, because up to now, vehicles
on the highway are mostly manually manipulated. A
larger anticipation time interval will lead to a larger
error due to the limitations of human drivers’ esti-
mation ability. But with the increasingly widespread

application of the intelligent transportation system, it
is possible to use a larger ar.

1.1 T T T
stable

1.0

Sensitivity

unstable

3.0 3.5 4.0 4.5 5.0
Headway/m

Fig. 1. Phase diagram for the headway—sensitivity space.
The neutral stability curves are given based on Eq. (15).
The space is divided into three regions by the neutral sta-
bility curve and the coexisting stability curve: stable re-
gion, metastable region and unstable region.(Vimax = 2,
he =4, T = 2.45, A = 1.225).

4. Nonlinear stability analysis

For later convenience, Eq. (7) is rewritten in the
different form

%f;’(t) - K[V(Axnﬂ(t))
V(a1 - 50
dAz,4+1(t)  dAz,(t)
Hl( dt+ Ot )
+/\27d2A§:; 1(t) (19)

We choose the form of function V(Ax,1(t)) proposed
by Bando et al.'3! for the convenience of nonlinear

analysis, i.e.

V(Awn(t)) = V‘;‘a" ltanh(Az, (f) — he)
+ tanh(h.)], (20)
where h, is the safety distance and Vj,.x is the maxi-
mum velocity (for simplicity, Vipax = 2). The mKdV

equation is derived just below the critical point. We
use the slow variables X and T defined as follows: 2]

X =e(n+0bt), T = &%, (21)
where b is a constant to be determined later. The
headway is set as

Az, (t) =h.+eR(X,T). (22)

By expanding each term in Eq. (19) to the fifth order
of ¢ with the use of Egs. (21) and (22), we have the
following equation
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!/ )\ b ! . "
2(b—VkOxR +&° {zﬁ - HV? — b — AQb} O%R + ¢! {HQTR - <)\2b2 + % + ””éf >8§(R - ”‘g Ox R?
Vb \gb? v
+eb [(21)— A1 — 200b)0xOr R — (“ +:- )83‘(]%— ”12 35(33} —0, (23)
where
V= dV(Ax)| v — d?’V(Aaj)|
- dAx Ax=h;> - dA$3 Ax=h,-
Around the critical point we have (k./k) — 1 = €%, V' = ((kc/2) + A\1)/(1 — X2); by taking b = V', Eq. (23)
becomes
e0rR — g10% R + g20x R®] + £5[g30% R + g40% R + gs0% R®] = 0, (24)
where
v n MV n A V72 o v
9176 2% P g2 = 6 ° 93727
2V =M VNV n A V72 SV VI 20V AR A
9= K 6 2K K 24 6k PR 6k 12

In order to derive the standard mKdV equation,
we make the following transformations:

T'=qT, R=,/2R.
g2

So, equation (24) turns into
O R — %R +0xR?+eM[R]=0, (25)

where
1 )
MIR) =/ (g36§R’ + —g;% 0% R+ g48§(R'>.
1 2

Equation (25) is the mKdV equation with O(e) being
a correction term. We ignore the O(g) term and obtain
the mKdV equation with the kink—antikink soliton so-
lution

R)(X,T) = Vctanh [\/E(X - CT')} (26)

Suppose R (X,T") = R((X,T') + eR{(X,T"). In or-
der to determine the value of the propagation velocity
for the kink-antikink soliton solution, it is necessary
to satisfy the following condition

—+oo

(my Mg = [ axmMimy =0, (1)

where M[Rj] = M[R']. By solving this equation, we
obtain the selected value ¢3%

59293

= 2297 28
29294 — 39195 (28)

Hence, we obtain the kink—antikink soliton
solution(V' = Vipax /2 = 1, V"' = —Vipax = —2),

tanh{ C‘IHC
g2 2 K
L fe

o))

The amplitude A of the solution is

A:,/Z(’Zc—1)c, (30)

where k. = 2V/(1—X3) —2\;. Rewriting each variable

L e

Az, (t) = Axo + g€
K

to the original one, we obtain

60(1 — Ay — Ao)?

= 31
S DI S WS 5 ST w y U L
A \/(m + 3\ + 6/\2)(22&2— 2 =2~ k) (32)

The kink—antikink solution represents the coexist-
ing phase, which includes both the freely moving phase
and the jam phase. The headway of the freely moving
phase is given by Ax = h. + A. The headway of the
jam phase is given to be Az = h, — A.3Y Then, we
obtain the coexisting curve in the headway—sensitivity
space. Figure 1 shows the coexisting curves and the
neutral stability curves. For each pair of curves, the
space is divided into three regions, i.e. the stable re-
gion, the metastable region and the unstable region.
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5. Simulation

In the following simulation, the parameters of the new model are listed in Table 1. We choose Eq. (2) as the

optimal function. It can be seen that when a = 0.04, we obtain Aa = 0.05 and the anticipation time interval

at 2~ 0.1 s. When a = 0.08, we have Aa ~ 0.1 and a7 =~ 0.2 s. Both values meet Eq. (17). So, the anticipation

time interval is very small during the following simulation.

Table 1. Values of 4t and C; in FVDM and COVM.

model ot/s Cj/(km/h)
FVDM (1 =245s, A =1.225, a =0) 1.4 19.03
new model (7 =2.45 s, A = 1.225, a = 0.04) 1.37 19.40
new model (7 =2.45 s, A = 1.225, a = 0.08) 1.33 20.02

Firstly, we simulate the vehicles’ behaviours un-
der the urgent braking case based on Ref. [16]. The
urgent braking case can be as follows: a freely moving
car decelerates drastically for an accident in front of
it or a red light at an intersection, and the following
car is freely moving while the distance between the two
cars is quite small. In this paper, the simulation under
such a situation is carried out as the following. Two
successive cars move with the same speed 14.5 m/s
at the initial time ¢ = 0 and the space headway is
20 m. The leading car decelerates suddenly with the
deceleration —8 m/s? until it stops completely. The
leading car remains standing for several seconds be-
fore accelerating back to its original speed. The sim-
ulation results are shown in Fig. 2(a), which exhibits
the variation of space headway of the following car.
We can see that the space headways are smaller than
5 m when « = 0 (FVDM) and a = 0.04; this indi-
cates that the leader and the follower collide. When

l

35 .
s0{ @
254
£
E 20
S 157
g a=0.08
T 101 Ja=o.04
5 P A T
a=0
0 ——
0 5 10 15 20 25 30 35 40
Time/s

Fig. 2. Simulations for different values of a under an urgent case.

(b) The velocity of the leader.

a = 0.08, the space headway is always larger than
5 m, i.e., the accident has been successfully avoided.
Secondly, the delay time of car motion §t and kine-
matic wave speed C; at jam density are examined in
the new model. We carried out the same simulation as
that in Ref. [15]. First a traffic signal is yellow and all
vehicles are waiting with headway 7.4 m, at which the
optimal velocity is zero. Then at time ¢ = 0, the signal
changes to green and cars begin to move. The simu-
lation results are shown in Figs. 3(a), 3(b), 3(c) and
Table 1. From Table 1, we can see that when o = 0.04,
the values of §t and C; are 1.37 s and 19.40 m/s, and
when a = 0.08, the values of §t and C; are 1.33 s and
20.02 m/s. As Bando et al. pointed out, the observed
ot is of the order of 1 5,32 and Del Castillo and Benitez
indicated that C; ranges between 17 and 23 km/ h.[33]

So, the new model is successful in anticipating the two

parameters.
16 T T T T T T T
144 (b)
124

107

Velocity/(m/s)

10 15 20 25 30 35 40

Time/s

o]
ot

(a) The headway distance of the follower.
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Fig. 3. The velocity of all vehicles starting from a traffic signal for different values of o: (a) @ =0, (b) a = 0.04
and (c¢) a = 0.08. (d) The accelerations of an unobstructed leading car and its following car; both initially are

at rest for different a.

Figure 3(d) shows the variation of acceleration in the case that two successive cars are initially at rest,
and the leading car is unobstructed. At ¢ = 0, they begin to start up. We can see that the maximum value
of the leading car’s acceleration is the same for different a. As for the following car, the car accelerates more
quickly for a larger « at the initial stage, so the delay time decreases with the increase of a. Next, a numerical
simulation is carried out to investigate the traffic behaviour in the new model, similar to Ref. [15]. There are
N = 100 vehicles running on a circular road whose length is L = 1500 m. The initial disturbance is set as

below:

21(0)=1m, z,(0)=(n—1)L/N m, n#]I; (33)

on(0) = V(L/N). (34)

The velocities of all vehicles at ¢ = 300 and 2000 s are shown in Figs. 4(a) and 4(b). We can see that the traffic

Velocity
Velocity

Car number Car number

Fig. 4. The velocity of all vehicles for different values of c. (a) t = 300 s; (b) ¢t = 2000s.
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flow transforms from free flow at the initial stage to
congested flow with evolution of the time for different
values of . With the increase of «, the amplitude of
fluctuations reduces. Furthermore, it can be seen that
with the increase of «, the velocity in congested traffic
increases. When a = 0 (FVDM), the velocity in con-
gested traffic is almost zero, but when a = 0.08, the
velocity in congested traffic is almost 0.85 m/s. Thus,
we could conclude that by considering the anticipation
velocity of the leader, the follower could make a rapid
reaction to the variation of the velocity of the leader.
As a result, the traffic jam could be suppressed. Fig-
ure 5 shows hysteresis loops for different «. It can be

14 -

124

H
?

Velocity/(m/s)

Headway/m

Fig. 5. Hysteresis loops for different a.

seen that when a becomes bigger, the loops become

smaller in size.

6. Conclusions

We have improved the FVDM by considering ve-
locity anticipation. The neutral stability line is ob-
tained by using the linear stability theory. Moveover,
we derived the mKdV equation to describe the kink-
antikink soliton wave and obtained the coexisting
stability line. In the phase diagram for headway—
sensitivity space, the neutral stability lines and co-
existing stability lines are given for different values of
«. We can see that with the increase of «, the stability
region in the phase diagram increases. Numerical sim-
ulations were carried out for different circumstances.
Results show that when the value of « is big enough,
the new model could avoid accidents in the urgent
braking case. The delay time of car motion 6t and
kinematic wave speed C; at jam density are obtained
using the new model, and are consistent with the ex-
perimental data. The phase transition from free flow
to congested flow is observed, and traffic jams become
more serious when we decrease the value of a. All re-
sults show that this model is an improvement of the
FVDM.
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