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This paper aims to study the stochastic period-doubling bifurcation of the three-dimensional Rossler system with an
arch-like bounded random parameter. First, we transform the stochastic Rossler system into its equivalent deterministic
one in the sense of minimal residual error by the Chebyshev polynomial approximation method. Then, we explore
the dynamical behaviour of the stochastic Rossler system through its equivalent deterministic system by numerical
simulations. The numerical results show that some stochastic period-doubling bifurcation, akin to the conventional one
in the deterministic case, may also appear in the stochastic Rossler system. In addition, we also examine the influence
of the random parameter intensity on bifurcation phenomena in the stochastic Rossler system.
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1. Introduction

Due to the randomness of material character-
istics, geometric dimensioning, boundary conditions
and physical properties, structural models in real-
ity often possess uncertainty, which is usually de-
scribed by a random parameter. Structures mod-
elled with random parameters are known as stochas-
tic structures. For analysing their dynamic responses,
there are three basic mathematical methods: the
Monte Carlo method, the stochastic finite element
method and the orthogonal polynomial approxima-

The third one exhibits remarkable
[1-5]

tion method.
effectiveness. In recent years, orthogonal poly-
nomial approximation methods, such as the Cheby-
shev polynomial approximation method®—14 and the
Laguerre polynomial approximation method™® have
been successfully applied to explore stochastic bifur-
cation and stochastic chaos of many typical dynamical
systems with bounded random parameters.

Consider the well-known deterministic Rossler
system described as('6!

T=-y—z
y=z+ay,
2=b+z(x—r),

where x, y, z are state variables and a, b, r are
positive system parameters. This system first intro-
duced by Réssler!'dl in the 1970s is a basic proto-
type exhibiting complex dynamics and chaos related
to processes of chemical kinetics.['5] A number of re-
searchers have studied the dynamical behaviours of
the deterministic Rossler system with regular or ran-

s.17-21] However, so far people have

dom excitation
not yet explored the stochastic Rossler system with
bounded random parameters. Therefore, we try to
study period-doubling bifurcation of the stochastic
Rossler system with a bounded random parameter by
the Chebyshev polynomial approximation method in

this paper.

2. Chebyshev polynomial

As most of the random parameters in the real
world are bounded, so we consider a bounded random
variable with an arch-like distribution, as shown in
Fig. 1, of which the probability distribution function
(PDF) can be expressed as follows:[*

(2/m)/1-& [¢l <1,

p(§) = 0. €l > 1

(1)
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Fig. 1. The arch-like PDF p(¢) curve for random vari-
able €.

Choice of the orthogonal polynomial basis de-
pends on the PDF of the random variable in the or-
thogonal polynomial approximation method. For the
arch-like PDF, the second Chebyshev polynomial is
the right choice, given as follows:4

W (n— k)!
Hal) = 3 (DM o (26 (@)
k=0

The recurrent formula for the second Chebyshev
polynomials is

%[Hn_l(f) + Hyp1(8)]- (3)

The orthogonality of the second Chebyshev poly-

an(f) =

nomials can be expressed as

1 . .
2 Li=y,
[ avimem@mnea=4 " Tr
-1 0,7 #j.
Owing to the orthogonality of Chebyshev polyno-
mials, we can expand any measurable function f(§) C
L? into the following form:

F©) =D ciHi(8), (5)
=0
where .
¢ = / POF (€ Hi(E)e (6)

Practically, we can only take finite terms in
N

Eq. (5), hence the sum f(£) = > ¢;H;() is merely an
i=0

approximation of f(§) with a minimum mean square

residual.l4

3. Chebyshev polynomial approx-

imation for the stochastic

Rossler system

Consider the stochastic Rossler system, whose dif-
ferential equation is expressed as

‘i?:_y_zv
y=z+ay, (7)
Z=b+z(x—r),

where a, b are constants, and r is a random parameter
expressed as

r=7+0d¢, (8)

in which 7 is the mean value, and ¢ is the standard
deviation, also regarded as the intensity of r. £ is
a random variable defined on [—1, 1] with an arch-
like PDF. Since the system (7) itself is stochastic, its
response must be a function of time ¢ and random
variable &, namely

x =z(t,§),

y:y(tvg)a Z:Z(t7£)'

According to the orthogonal polynomial approxi-
mation method, the responses of Eq. (7) can take the
following series:

N
2(t,8) = 3w () Hi(©),
=0

N
y(t,&) = Zyi(t)Hi(f)a
i=0

N

Z(t,f) = zi(t)Hi(§>7 (9)

=0

where the subscript 7 stands for the sequential num-
ber of Chebyshev polynomials and N represents the
largest order of the polynomials we have taken. It is

worth noting again that JXV: x;(t)H;(§), JXV: yi(t)H; (&)
‘ i=0

=0
N
and Y z;(t)H;(§) are strictly equivalent to the re-
i=0
sponses of the stochastic Rossler system only if N —

0.
Substituting Eqgs. (8) and (9) into Eq. (7), we have
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N N N
S ait)Hi(€) == i) Hi(&) =Y z(t)Hi(€),

1;0 Ni:O i]\?o
S Uit H(&) =Y wi(t)Hi(§) +a Y yi(t) Hi(©), (10)
1;0 i=0 N i=0 N N
Zzl(t)HZ(g):b—k(Z )(Zz ) (F+06) Y zi(t)H

i=0 i=0 i=0 i=0

\
From the definition of the Chebyshev polynomial, we  where m;(t) are the coefficients of H;(t) (i =

have 0, 1, ... ,2N). By using the recurrent formula (3)

Ho(6) =1, Hi(6)Ho(€) = Hi(€) of Chebysh(ix[/ polynomials, we can reduce the nonlin-

_ ear term & > z;(¢)H; (&) in Eq. (10) into
Hy(§)Hy (€) = Ha(€) + Ho(€), 2 (0 Hi(E) (10)
(11)
N N
. 1

Since we can reduce any product of two Chebyshev fzzi(t)Hi(f) =5 Zgi(t)[HFl(g) + Hiy1(€)]
polynomials into a linear combination of individual i=0 i=0

Chebyshev polynomials, and might as well put the

nonlinear term < % xi(t)Hi(§)> ( ﬁo zi(t)Hi(f)) in N

1=0 1=

Eq. (10) as follows:

[zi—1(t) + zip1 ()] Hi(E),
(13)

N | =
.MZ

s
I
o

where z_; = 0 and (z;_1(t) + z;4+1(t))/2 are the co-

N N 2N
(le(ﬁ)Hl(fo (Zzl(t)Hz(£)> = ij(t)Hj(g), efficients of H;(¢t) (¢ = 0, 1, ..., N). Substituting
i=0 i=0 j=0 (12)  Egs. (12) and (13) into Eq. (10), we have
|
N N N
a6 = =D wi)Hi(€) = ) z()Hi(€),
i=0 N i=0
SO G OHE) = 3w HE) + a3 gD HiE), (14)
i=0 =0 =0 g
LGH(€) =b+ Y mi(t)Hi(&) =7y zilt —5 D (zica () + 241 (8) Hi(€)-
i=0 i=0 i=0 i=0
Multiplying both sides of Eq. (14) by H;(§) (: = 0,1, ..., N) in sequence and taking expectation with
respect to £, we finally obtain the equivalent deterministic system. According to the accuracy requirement in the
following numerical analysis, we take N = 6, namely, x;(t) = y;(t) = z;(t) =0, (i =7, ... ,N) and m;(t) =0
(i=17,...,2N), and then obtain the corresponding equivalent deterministic system as follows:
Zo(t) = —yo(t) — 20(t), 9o(t) =xo(t) +ayo(t), Zo(t) =b+mo(t) —rzo(t) — gzl(t),

1(t) = —y1(t) —21(t), $1(t) =21(t) +ayr(t), Z(t) =ma(t) —ra(t) - g(zo(t) + 22(t)),
(15)

i5(t) = —ys(t) — z5(t), Us(t) = x5(t) +ays(t), 25(t) = ms(t) —ras(t) — 2(24(7?) + 26(1)),

olt) = —vo(t) — 20(t), io(t) = 26(1) + ayo(t),  Z0(t) = mo(t) — rzo(t) — 2 5(0).

This is just the equivalent deterministic system of Eq. (7), which plays an important role in this paper. As we
have taken some expectation with respect to & in the process of derivation, the obtained equivalent deterministic
system is a kind of weighted average system. Therefore, the response of the equivalent deterministic system
must reflect some averaging characteristics of the original stochastic system. By taking averaging with respect
to & we obtain the ensemble mean response of the equivalent deterministic system (15)
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6

=0

Ey(t,8)] ~ Zyi(t)E [Hi(§)] = yo(t),

E[z(t,€)] = in(t)E [Hi(&)] = zo(1),

Elz(t,6)] = Y z()E [Hi(€)] = 20(t).

If we sample the random parameter in the equivalent deterministic system (15) as & = 0, namely, r = T,

then the sample responses of the equivalent deterministic system (16) can be expressed as

6

2(t,0) ~ Z zi(t)H;(0) =

=0

When & = 0 or § = 0, the stochastic Rossler sys-
tem (7) is reduced to the deterministic system as fol-
lows:

T = -y -5
y=z+ay, (18)

Z=b+z(x—7).

4. Stochastic period-doubling bi-
in the

Rossler system

furcation stochastic

In this section, we are going to study the stochas-
tic period-doubling bifurcation phenomena in the
stochastic Rossler system (7) comparatively, through
four different kinds of responses. They are the deter-
ministic response of the deterministic system (DRM)
(18), the ensemble mean response of the equivalent de-
terministic system (EMR) (15), the sample response of
the equivalent deterministic system (SRM) (15) and
the sample response of the stochastic system (SSR)
(7). Having found the responses of system (15) by the
fourth-order Runge-Kutta method, we can easily ob-
tain any of DRM or EMR or SRM. Furthermore, we
are able to analyse SSR by the Monte Carlo simulation
method too.

The initial condition (IC) for the equivalent de-
terministic system (15) is expressed as

. 7x6(0)]T7 y(O) = [yO(O)a s 7y6(0)]Ta

- 26(0)] 7,

y(t,0) ~ Zyi(t)Hi(o) =yo(t) — y2(t) + ya(t) — ys(t).

z(t,0) ~ in(t)Hi(O) = 20(t) — 2(t) + 24(t) — 76(t),

(17)

20 (t) — 22 (t) + 24 (t) — Zg (t)

[
and the IC for systems (7) and (18) as

2(0) = z0(0),  ¥(0) =50(0), 2(0) = 2(0).

In this paper, the parameter § is taken to be a
small quantity, so we take the initial conditions of the
equivalent deterministic system (15) to be the same
as the initial conditions of the stochastic system (7)
and the deterministic system (18). In the following,
the ICs are taken to be

(0) = [0,0,0,0,0,0,0]",

y(0) = [-0.7,0,0,0,0,0,0]T, (19)
2(0) =[0.7,0,0,0,0,0,0]T,
and
x(0) =0,
y(0) =—-0.7, (20)
2(0) = 0.7.

4.1. Stochastic period-doubling bifurca-
tion phenomenon

It is well known that there are abundant period-
doubling bifurcation and saddle-node bifurcation phe-
nomena in the deterministic Rossler system (18). Sim-
ilarly, period-doubling bifurcation may also occur in
the stochastic Rossler system (7) with ¢ = 0.01 when
a takes different values from 0.08 to 0.19, if we take
Eq. (19) as the IC and choose the system parameters
to be b = 0.6 and r = 6. Numerical simulation results
are shown in Fig. 2.
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Fig. 2. Bifurcation diagram of EMR against a for the
equivalent deterministic system (15).

When system parameters are chosen to be b = 0.6,
7 =6, 6 = 0.01, and a is taken as the bifurcation
parameter. For a = 0.1, the numerical results show
that there is a steady state 1T (T: period) periodic
EMR, together with SSR, whose phase trajectories
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and time history diagrams are shown in Figs. 3(a) and
3(b) respectively, while for a = 0.15, there is another
steady state 2T periodic EMR, together with SSR,
whose phase trajectories and time history diagrams
are shown in Figs. 4(a) and 4(b) respectively. As we
take a = 0.18, 4T periodic EMR and SSR replace
the former 2T periodic ones, whose phase trajectories
and time history diagrams are shown in Figs. 5(a) and
5(b). Meanwhile, the coherent phase trajectories and
time history diagrams of DMR and SRM for a = 0.1,
0.15 and 0.18 are shown in Figs. 3(c), 3(d), Figs. 4(c),
4(d) and Figs. 5(c), 5(d) respectively. From Figs. 3,
4 and 5, it is obvious that DMR and SRM are very
close to each other while SSR coincides with EMR
very well, so these coherences illustrate the validity of
the Chebyshev polynomial approximation method. It
is also certain that the stochastic period-doubling bi-

furcation must happen between a = 0.1 and a = 0.18.

0 920 940 960 9é0 1000

t

) 920 940 960 980 1000

t

Fig. 3. Phase trajectories and time history diagrams for EMR of period-doubling bifurcation for a = 0.1,
b=0.6, r =6.0 and § = 0.01. (a) Phase trajectories of SSR and EMR; (b) time history diagrams of SSR and
EMR; (c) phase trajectories of DMR and SMR; (d) time history diagrams of DMR and SMR.
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Fig. 4. Phase trajectories and time history diagrams of period-doubling bifurcation for a = 0.15, b = 0.6,
r =6.0 and § = 0.01. (a) Phase trajectories of SSR and EMR; (b) time history diagrams of SSR and EMR; (c)
phase trajectories of DMR and SMR; (d) time history diagrams of DMR and SMR.
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Fig. 5. Phase trajectories and time history diagrams of period-doubling bifurcation for ¢ = 0.18, b = 0.6,
r =6.0 and § = 0.01. (a) Phase trajectories of SSR and EMR; (b) time history diagrams of SSR and EMR; (c)
phase trajectories of DMR and SMR; (d) time history diagrams of DMR and SMR.
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4.2. Influence of ¢ on stochastic period-doubling bifurcation phenomenon

From Subsection 4.1, we know that stochastic period-doubling bifurcation phenomena may take place in
the equivalent deterministic Rossler system (15) at a fixed intensity § = 0.01 when a takes different values. In
addition, we find that the stochastic bifurcation can also be affected by the intensity of the random parameter.
For example, if we take Eq. (19) as the IC and choose the system parameters to be b = 0.6 and r = 6, numerical
simulation results show that a stochastic period-doubling bifurcation 1T—2T takes place in the equivalent
deterministic Réssler system (15) with the increase of a. For different values of intensity J, the bifurcation
diagrams of EMR against a are shown in Figs. 6(a), 6(b), 6(c) and 6(d) respectively.
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Fig. 6. Bifurcation diagrams of EMR versus a for different values of §, (a) § = 0.01; (b) 6 = 0.05; (c¢) § = 0.08;

(d) 6 =0.12.

Figure 6 shows that the critical value at which the
stochastic period-doubling bifurcation appears will be

brought forward with the increase of intensity 9.

5. Conclusion

The bifurcation phenomena of the stochastic
Rossler system have been studied by means of the
orthogonal polynomial approximation method in this
paper.
mial approximation method is effective in reducing a

Analysis shows that the Chebyshev polyno-

stochastic Rossler system with a bounded random pa-
rameter of an arch-like PDF into its equivalent deter-
ministic system. Numerical simulation results show
that stochastic period-doubling bifurcation can also
occur in a stochastic Rossler system with a bounded
random parameter. Moreover, the stochastic Rossler
system has its own feature, i.e., the intensity of the
random parameter can greatly influence the bifurca-
tion behaviour. The stochastic bifurcation analysis is
helpful for not only gaining insight into the stochastic
bifurcation phenomena, but also further investigating
stochastic chaos and its control.
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