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In this paper, a novel adaptive control approach is presented to simultaneously achieve synchronization and anti-

synchronization in partially linear chaotic systems. Through appropriately separating state vectors of such systems,

synchronization and anti-synchronization could be simultaneously realized in different subspaces, which may be strictly

proven theoretically. Simulation results for a Lorenz chaotic system and a new hyper-chaotic system are provided to

illustrate the effectiveness of the proposed method. Finally, a new secure communication scheme based on such a syn-

chronization phenomenon of the hyper-chaotic system is demonstrated. Numerical results show success in transmitting

a periodic signal with high security.
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1. Introduction

Chaos, a very interesting phenomenon, has been
found in many nonlinear dynamical systems. Charac-
terized by extreme sensitivity to initial conditions and
having noise-like behaviours, chaotic systems can only
achieve synchronization with difficulty. In 1990, Pec-
ora and Carrolll introduced a method to synchronize
two identical chaotic dynamical systems with different
initial conditions and showed that it was possible for
some chaotic systems to be synchronized. Since then,
the synchronization of chaotic oscillators has become
a hot topic of research due to its potential applica-
tions in secure communications, chemical reactions,
biomedical science, and many other fields.

So far, many types of synchronization phenom-
ena have been presented, such as complete synchro-
nization (CS),?3 phase synchronization (PS),[4~%l
lag synchronization (LS) or anticipated synchroniza-
tion (AS),["®l generalized synchronization (GS),°~11]
etc. Recently, projective synchronization!''3] and
its extension!'*~16 have attracted plenty of atten-
tion, owing to their complex and interesting dynam-
ical behaviours. When the scaling factor is taken to
be (—1)", which means that complete synchroniza-
tion and anti-synchronization coexist in a chaotic sys-
tem, they display a good application prospect in dig-

ital communication.['”*¥] We have given the synchro-
nization coexistence scheme in a symmetrical chaotic
system, !9 but the controller proposed is complex and
only adapted to several dynamical systems, which re-
duces the practicality.

Motivated by the above discussion, in this paper,
we continue to investigate the coexistence of synchro-
nization and anti-synchronization for a kind of chaotic
system. Based on Huang’s work, 29 a simple adaptive
synchronization strategy is proposed based on the in-
variance principle of differential equations. Illustra-
tive examples about the Lorenz system and a new
4D hyper-chaotic system are given to show the effec-
tiveness of the above-mentioned approach. Finally, a
novel information transmission method with good se-
cure performance based on the adaptive synchroniza-
tion and anti-synchronization is proposed.

2. The

tence scheme

synchronization coexis-

In this paper, we consider a general continuous-
time nonlinear chaotic system

z = f(x,t), =(to) =x0€ R". (1)
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Here, x € R" is the state vector, and f(x,t) € R"
is a continuous vector function. Let £2 C R"™ be a
bounded set including the whole attractor of Eq. (1),
which is usually called the drive system, and the re-
sponse system with controller U € R"™ is introduced
as follows:
y = .f(yvt) + Uv y(tO) =%Yo € R". (2)

Suppose that y is defined on a set S, and S D 2.

Definition 1 If the state vector of drive system
(1) can be broken into two parts (u,v), which are de-
fined as the following differential equations:
=M() -u, v

u = g(u, 'U) = h’(uv U)? (3)

and the expressions u, v, M (v) match the following

condition:

(i) u = (Tny, Tngye s Tn)y, UV = (Tings Timgs- - s
Tm,); n; (1= 1,...,r), m; (j = 1,...,8) €
{1,2,...,n},

Vi,ja ni#mja r+s=mn;

(ii) M(v) is an r x r matrix with components
M;;(v)which are smooth functions and have no u de-
pendence;

then, one could label this special chaotic system
as a partially linear chaotic system.

Remark 1 The above definition can be consid-
ered as the extension of a partially linear system in
the case of low-dimensional chaotic systems.!'?]

Remark 2 Many known chaotic systems have
the form of system (3) by an appropriate parti-
tion, such as the Lorenz-family systems(?!] and their

derivative system,[22-24],

(25]

the hyper-chaotic Lorenz
system?®!, the hyper-chaotic Chen system,% the
hyper-chaotic Lii system,?” the generalized Lorenz
system,[28! the Chen-Lia system,’?%) the new 4-D
systems,[?’O_SZ] etc.

Our aim is to design the simple and practical con-
troller U, with which the synchronization and anti-
synchronization can coexist in one chaotic system. For

this purpose, let the error state vector be

i=1,2,....7
i=1,2,....s. (4)

e; = Yi + T4,

€ =Y — Ty

Assumption 1 For any y = (y1,...,ys)%, z =

(21,...,25)T € 8, there exists a positive constant L
such that
) _ b < L
|hi(y) — hi(2)| < L fgj@g |yj Z]| )
i=1,2,---,s5, Vy,zeS.

Theorem 1 For drive system (1) and response

system (2), if the controller U is given by

if T, €U, Ulzoq(y,-—&—xi), 1=1,2,...,7
j=12,...,8,
(5)

where adaptive control parameters o, €; are updated

and if z; € v,Us = ¢;(y; — z;),

by the following laws:

—Bilyi +x:)%, i=1,2,...,m;
=y — )% F=12...,5 (6)

2
*Biei =
_ 2
€5 = =€ =

Then

asymptotically stable anti-synchronization can be

Here, f3;, y; are arbitrary positive constants.

achieved in the subspace u and asymptotically sta-
ble synchronization can be achieved in the subspace
v.

Proof According to dynamic equations (1) and

(1), one can obtain

1=1,2,...,7r;
i=12...,5(7)

éi = gi(y) + gi(x) + ai(yi + =),
é; = h;i(y) — h;i(x) +€;(y; — =),

Since g(x) = g(u,v) = M (v)u and v is the chaotic

vector, then a positive constant K exists such that

19:(y) + gi()[ < K max y; + 5],

i=1,2,...,r, Ve,yeS.

For system (7), construct the Lyapunov function in

the form of

ZHZ Z
+Z

where K1 > rK, Ky > sL.

Taking the time derivation of V' along the trajec-

CVZ+K1

5] +K2 ) (8)

tories of the error system leads to
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r

=1

Jj=1

r

[
-

1 i=1

.
Il

-

(K _KZZ
16z( 1H§1;<LSXT\€zI) 1_c

.
Il

T T T s S
SKZeiZ|el|lezef+LZejZ|em\fK2 e?
=1 i=1 j=1 m=1 j

i=1 =
<(rK — KQZ@? + (sL — Kg)Z@?.

i=1 j=1

It is obvious that V = 0 if and onlyife; =e; =0(i=1,...,rj =
obtain the largest invariant set E which is described as

T S
L 1 .
ei(9i + i) + Z E(Oﬁ + K1) d; + Zej(
i=1""

ei(gi(y) + gi(z) + ase;) — Z (o + K1)e?

S
. 1 )
Gi— &)+ Y ?(53‘ + K3)é;
J

j=1
S S

+ Y eilhi(y) = hj(x) +e5e5) = > (g5 + Ka)es

j=1

1

1,...,s), then from Eq. (6), one can

E={ecR' acR ecR|e,=¢j=0,a=0a",e ="},

where o, €* are constant vectors depending on dy-
namical systems and their initial conditions. So, based
on the LaSalle invariance principle,l®?! starting with
arbitrary initial conditions in set S, the orbit of the
error system will converge asymptotically to the set
E, namely anti-synchronization and synchronization
could coexist in one chaotic system.

Remark 3 For a chaotic system, the choice of
vector (u,v) is not unique.

Consequently, the synchronization coexistence
mode is diverse, which can be used in digital com-
munication for achieving high security.

Remark 4

Ref. [19], the adaptive technique is used in our new

Compared with the results in

controllers which will lead to fast convergence.
Remark 5

method (5), it is not necessary to exert controllers

In the proposed synchronization

on all the variables, which will be illustrated in the
following example.

3. Numerical simulations

In this section, a series of numerical experiments
are given to demonstrate the synchronization coexis-
tence phenomenon and verify the performance of the
proposed control method. In what follows, the fourth-
order Runge—Kutta integration algorithm is applied to
the simulations with time step size 0.001.

Example 1

The well-known Lorenz system is given by

&1 = pi(z2 — z1),

Ty = pa1 — T1T3 — T2, (9)
&3 = T1T2 — P33,

which has a chaotic attractor with p; = 10, po = 28,

p3 =8/3.
To match Eq. (3), one can choose u = (x1,x2),
v = x3 and

M(v) _ —pP1 P1 7
p2 — w3 —1

h(u,v) = x122 — p3x3.
Thus, the corresponding error system is
é1 = pi(ea —e1) + arey,

2 = pae1 — €3 — e1e3 — €173 + e3r1 + azea, (11)

€3 = —p3e3 + e1ea — e1T2 — €T + €363

with the updated law (6).
asymptotically stable anti-synchronization and syn-

According to Theorem 1,

chronization can coexist in the Lorenz chaotic system.
On the other hand, by V() = 0 in Section 2, one
has

e1((p1 + p2)ex — eaxrs — e3xa)

= K1 (ef + €3) + Kaej + pief + €3 + pses. (12)

It is apparent that if e; = 0 on the left-hand side

of the above equation, then e; = e3 = 0 from the
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right-hand side of the above equation. Thus, we
can set as = €1 = 0, that is only the time se-
ries of variable z; are selected as the driven signal,
and let 57 = 1.0. In the numerical simulations of
Lorenz chaotic system, the initial conditions of the
drive system and the error system are chosen to be

zo = (—1.0,2.0,5.0),e0 = (5.0, — 6.0, 12.0). Fig-

z1(t),y1(t)

ures 1(a)-1(c) show the time histories of state vector
for the drive system and the response system, respec-
tively, and the synchronization coexistence error curve
is displayed in Fig. 2. As expected, one can observe
that asymptotically stable synchronization and anti-

synchronization are achieved simultaneously.

t/s
(c)

Fig. 1. Time histories of synchronization coexistence for the Lorenz chaotic system, where panel (a) shows

anti-synchronization between z1 and y1, panel (b) exhibits anti-synchronization between z2 and y2, and panel

(c) displays synchronization between z3 and ys.
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Fig. 2. Synchronization coexistence errors for the Lorenz

chaotic system.

Example 2
The new 4D hyper-chaotic system is given by

&1 = p1(xe — x1) + 213,
5:52 = po(x1 + 22) — 2123, (13)
T3 = —P3T3 — P5T4 + T1X2,

T4 = —Pp4Ty + PeT3 + T1T2,

which has abundant chaotic and hyper-chaotic be-
haviours over a large range of parameter space.3?

To match Eq. (3), one can choose u = (x1,x2),
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v = (x3,14) and

- +
M(v) = P1 D1 3 ’
P2 — I3 D2
—P3T3 — P54 + 12
h(um): P3x3 — P5Ty 122 (14)
—P4%4 + PeT3 + T1T2
Thus, the corresponding error system is
é1 =Dpi(ez —e1) + eses + €223 — e3x2 + areq,
€y = po(e1 + e2) — ere3 — e1x3 + e3x1 + zea,
€3 = —p3e3 — Pseq + €16z — €1T2 — €2%1 + €3€3,
€4 = —pgey + pe3 + e1ea — €1 — €21 + €4€4
(15)

with the updated law (6).
asymptotically stable anti-synchronization and syn-

According to Theorem 1,

chronization can coexist in the 4D hyper-chaotic sys-
tem.
Making the analysis as stated before, one has

e1[(p1 + p2)ea + ezes + ezeq — 2e3x9 — €42)

+eal(ps — ps)es — eax1]

4007
"""""""""" z1(t)
— y1(¥)
200}
S
g
—200¢f
(a)
—400% : | . P
t/s
4001
PO B S R T O I I M z3(t)
N — us(t)
O‘TV“%U”’* V’wVf
S I
= —400f
=
8
—800r1
—1200¢f (c)
0 2 4 6 3 0 12
t/s

= Ki(ef + €3) + Ka(e3 + €3)

+p1€3 — paes + pse3 + pael. (16)

ey = 0 on the left-hand
side of the above equation, then e; = e3 = 0 from

It is apparent that if e; =

the right-hand side of the above equation. Thus, we
set ag = e1 = 0, that is, only the time series of vari-
able x1, x4 are selected as the driven signals, and let
b1 = 0.1, v = 0.05. In the numerical simulations of
4D hyper-chaotic system, the initial conditions of the
drive system and the error system are chosen as ¢y =
(-1.0, —4.0, 5.0,3.0), eo = (9.0, — 6.0, 3.0,—4.0).
Parameters are fixed as follows: p; = 50, po =
4.025,p3 = 13,p4 = 8,p5 = 33,ps = 30 to ensure
that system (13) has hyper-chaotic behaviour. Fig-
ures 3(a)-3(d) show the time histories of state vec-
tor for the drive system and the response system,
respectively, and the synchronization coexistence er-
ror curves are displayed in Fig. 4. As expected, one
can observe that asymptotically stable synchroniza-

tion and anti-synchronization are achieved simultane-

ously.
oo wa(t)
=
=
=
8
—200
(b)
—4005 B) 4 6 § 10 12
t/s
2000
_ t
1500 ya(t)
~ 1000
=
S
= 500 NWJ
1
NI FJ .
—500
(d)
— 10005 p) 4 6 g 10 12
t/s

Fig. 3. Time histories of synchronization coexistence for the 4D hyper-chaotic system, where panel (a) shows

anti-synchronization between z1 and yi, panel (b) exhibits anti-synchronization between z2 and y2, panel(c)

indicates synchronization between z3 and ys3, and panel (d) displays synchronization between z4 and ya.
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Fig. 4. Synchronization coexistence errors for the 4D
hyper-chaotic system.

4. Application to secure commu-
nication

In this section, we apply the adaptive synchro-
nization coexistence method to secure communication
in a 4D hyper-chaotic system. The hyper-chaotic
system has more than one positive Lyapunov expo-
nent, with which the signal having larger store ca-
pacity and information processing capability can be
transmitted.[34:3]

A schematic diagram for the communication
scheme is shown in Fig. 5. System X is used as a
transmitter and Y as a receiver. Signals m;(¢) and
ma(t), which are formulated by appropriately divid-
ing message signal m(t), are added to the variables
x2(t) and x3(t) respectively. Both the resulting sig-
nals s1(t) = za(t) + mq(t), s2(t) = z3(t) + ma(t) and
the variables z1(¢), x4(t) are transmitted to the re-
ceiver. At the receiver end, variables x1(t), x4(t) serve
as the driving signals that enable system X and Y to
achieve synchronization coexistence. With the occur-
rence of synchronization and anti-synchronization, sig-
nals can be recovered from the transformation my (t) =

300y
200y

oo

mi (t)

—100f

—200r

—300 . 1 . , .

—ya(t) — z2(t), ma(t) = ys(t) — z3(t).

y1(t)

Yo (t)— X, m (t)

transmitter receiver

Fig. 5. Communication scheme based on synchronization
and anti-synchronization coexistence in a hyper-chaotic
system.

In the general secure communication scheme, the
message signal is added to the chaotic carrier and the
resulting signal is used to drive the receiver, which
makes the receiver unable to realize exact synchroniza-
tion with the transmitter. In contrast, our method
avoids such a problem, because the driving signals
x1(t), x4(t) are purely chaotic. In addition, the modes
for dividing message signal m(t) vary, which also can
improve the security.

In the following, the presented secure communi-
cation scheme is demonstrated and the control pa-
rameters are selected as above. Let the message sig-
nal be m(t) = 2(cos(0.5t) + sin(2t)) and mi(t) =
2c0s(0.5t) + 0.5sin(2t), mo(t) = 1.5sin(2t). Signals
mj (t) and m3(¢) transmitted in the channel are shown
in Figs. 6(a) and 6(b), from which one can see that
the message signals are changed completely. Figures
7 (a) and 7(b) display the contrast between the re-
covered message signals mq (t), ma(t) and the original
ones m/(t), mh(t), from which one can see that the
message signals m(t), ma(t) are recovered exactly af-
ter a short transient.

4001

200¢

5()

—200

—400f

—600¢

_800 L 1 1 1 L '

Fig. 6. Signals transmitted in the channel (a) mj(t) = x2(t) + m1(t) and (b)m}(t) = x3(t) + ma(t).
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50

— mi(t)

—100
0

Fig. 7. Contrast between recovered signals and original signals

5. Conclusion

my(t), ma(t)

—20}
—40
—60}
—80}

—1000

60
40
20 i

0

(a) mf(t) —ma(t) and (b) mj(t) — ma(t).

Based on the Lyapunov stability theory and the invariance principle of differential equations, a new method

is developed to simultaneously realize synchronization and anti-synchronization for partially linear chaotic sys-

tems. In comparison with the existing methods, the present controller is not only simple but also able to be

generalized. In particular, the controller can be simplified for some chaotic systems, which has been illustrated

by using the Lorenz chaotic system and a new hyper-chaotic system. Numerical simulations demonstrate the

effectiveness and validity of the proposed control technique. Moreover, a novel secure communication scheme

is put forward, by which the message signal transmitted between a sender and a receiver can be recovered

accurately.
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