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The problem of reliable impulsive synchronization for a class of nonlinear chaotic systems has been investigated

in this paper. Firstly a reliable impulsive controller is designed by using the impulsive control theory. Then by the

uniform asymptotic stability criteria of systems with impulsive effects, some sufficient conditions for reliable impulsive

synchronization between the drive system and the response system are obtained. Numerical simulations are given to

show the effectiveness of the proposed method.
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1. Introduction

Synchronization is a kind of typical collective be-
haviour and basic motion in nature. After the pio-
neering work of Pecora and Carroll!), chaos synchro-
nization as an important topic in nonlinear science
has been widely investigated by a variely of methods,
such as linear or nonlinear controllers,23l adaptive
controllers*~—1% and so on.

In the real world, there are natural phenomena
that characteristically change their state abruptly at
certain moments. The perturbations are usually as-
sumed to act instantaneously, that is, in the form of
impulses.l''=14 Tt has been shown that the impul-
sive control or synchronization approach is effective
and robust in control or synchronization of chaotic
systems.[15—23]

There is a fully reliable assumption that all ac-
tuators of the systems are in good working condi-
tion. However, in practical situations, failure of ac-
tuators often occurs. When unpredictable faults oc-
cur in actuators, the stability and performance of
the system may be damaged.?*=31 Thus, it is im-
portant to design a reliable controller such that the
stability and performance of the system can toler-
ate actuator failures. Very recently, there have been
many related works on reliable control reported in the
literature.28=31 The reliable synchronization problem
for a general class of chaotic systems was addressed in

Ref. [30]. In Ref. [31], the authors considered the prob-
lem of impulsive robust fault-tolerant feedback con-
trol for chaotic Lur’e systems. In Refs. [24]-[31], the
reliable controllers designed are all linear or nonlin-
ear feedback controllers. However, to the best of our
knowledge, there are few results on designing a reliable
impulsive controller.

The problem of reliable impulsive synchronization
for a class of nonlinear chaotic systems is investigated
in this paper. Firstly a reliable impulsive controller is
designed by using the impulsive control theory. Then
by the uniform asymptotic stability criteria of systems
with impulsive effects, some sufficient conditions for
uniform asymptotic synchronization between the drive
system and the response system are obtained. Numer-
ical simulations are given to show the effectiveness of
the proposed method.

The remainder of this paper is organized as fol-
lows: In Section 2, the problem to be investigated
is given and some useful lemmas are also presented.
In Section 3, some sufficient conditions for uniform
asymptotic synchronization between the drive system
and the response system are obtained. In Section 4,
two examples are given to demonstrate the effective-
ness of the proposed method. Finally, conclusions are
drawn in Section 5.

Notation Throughout this paper, the super-
scripts ‘—1” and ‘1" stand for the inverse and transpose
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of a matrix, respectively; R™ denotes n-dimensional
Euclidean space. Let Ry = [0,00), N = {0,1,2,...},
Ny = {1,2,...}; R™™™ is the set of all n x m real
matrices. For real symmetric matrices X and Y, the
notation X > Y (respectively, X > Y') means that
the matrix X — Y is positive semi-definite (respec-
tively, positive definite); I,, € R™*"™ is an identity ma-
trix; Amin (P) (Amax(P)) denotes the smallest (largest)
eigenvalue of P. For a vector & € R", let ||| de-
note the Euclidean vector norm, i.e., ||z|] = VaTz,
and for A € R"*", let ||A]|| indicate the norm of A
induced by the Euclidean vector norm, i.e., ||A|| =
vV Amax(ATA). For a real-valued vector function f :
R™ — R", we define Af(a) = f(a™) — f(a™), where
f(a'+) = limg o+ f(z), fla™) = limg - f(2).
The K class function is defined as K = {p €
CR4+, Ry)
0}.

: (t) is strictly increasing and ¢(0) =

2. Problem formulation

Consider a nonlinear chaotic system, which is de-
scribed by

$<t) = f(iL‘(t),t), (1)

where x(t) = (z1(t),z2(t),...,2,(t))T € 2 CR" is
the state of the system, 2 is a bounded set, f =
(fi, fo,---» fn)T € R™ is the nonlinear vector field
function of the system. The system (1) is considered
as a drive system.

Assumption 1 For any x(t),y(t) € {2, there
exists a positive constant L = L(£2) > 0, such that
| f (@(t),t) = F(y (), D)I| < Llla(t) — y(®)]]-

A response system is constructed as follows:

y(t) = fy(t), 1), t#tr,
Ay(t):U]f(CB(t), y(t)vt)v t:tkak€N+v (2)

where y = (y1,%2,.-- ,yn). € R™ is the state of the
response system, U/ (x(t),y(t),t) € R™ is an impul-
sive controller subject to actuator failure, Ay(tx) =
y(t) —y(ty), y(t)) = limpor y(te + h), y(t,) =
limy,o- y(tx + h), the impulsive time instants ¢ sat-
isfy 0 <tg <ty <ty < ... <tp_1 <t <...,and
limg s 400 tx = +00. Without loss of generality, we as-
sume that y(t, ) = y(tx), that is, the solution y(t) is
left continuous at the time tg.

From systems (1) and (2), we obtain the following
error dynamical system

é(t) = fy(t),t) = fx(t), 1), t#t,

Ae(t) = Ui (2(1), (1), 1),

where e(t) = y(t) — z(t), Ae(ty) = e(t]) —e(ty,).
For the reliable impulsive synchronization prob-

t=tg, kEN-i-a (3)

lem, the following actuator fault model is used.
Uil (2(t), y(t),t) = MyUg(x(1),y(1), 1),  (4)

where Uj(x(t),y(t),t) is the reliable impulsive con-
troller and M), = diag{m},, m3,... ,m}} is the actu-

ator failure matrix with the following property!?®!

0<mi <1, i=12...,n (5)

Here m}; = 0 means that the ¢th impulsive actua-
tor is invalid, mi € (0,1) implies that the ith impul-
sive actuator is at fault to some extent and mj = 1
denotes that the ith system actuator operates prop-
erly. For a given diagonal matrix My > 0, the set
O = {M| M}y > My} is called an admissible set of
actuator fault. The reliable impulsive synchronization
problem is to design a reliable impulsive controller
such that the response system (2) and the drive sys-
tem (1) are uniformly asymptotically synchronized not
only when all impulsive controller components oper-
ate well, but also in the case of any failure M, € ©
occurring.

The reliable impulsive controller is chosen as fol-

lows:

Uiz (), y(t),t) = bre(t), keNy,  (6)

where b, € R are constants to be determined later.
This type of controller is called an impulsive propor-
tional control law.

Therefore, the error dynamical system (3) is
transformed into

e(t) = f(y(t)at) - f(d:(t),t), 3 7£ tk,
Ae(t) = Mk(bke(t)), t=1ty, k€ N+. (7)

Before proceeding further, we recall some prelimi-
naries which will be used throughout the proofs of our
main results.

Definition 11317 Let V : R* x R, — R, then
V is said to belong to the class vy if

(i) V is continuous in each of the sets R™ x
(tg—1,tx], and for each & € R", k € Ny,

lim  V(y,t) =V(x,t,) exists;
(y,t)—)(:c,t,:)
(ii) V is locally Lipschitzian in & € R™.

Let

x(t) = f(z(t),1), t # t,
Ax(t) = Iy(z(t),t), t = ty, ke Ny,

010507-2



Chin. Phys. B Vol. 19, No. 1 (2010) 010507

then we have the following generalized upper right
Dini derivative of a Lyapunov function V (z(t),t).

Definition 20317 For V ¢ vy, (z(t),t) €
R™ X (tg—1,tk], we define

DYV (x(t),t) a hli}rgh sup%[V(a:(t)
+hf(x(t),t),t+ h)
— V(z(t),1)].

The class of systems with impulse effects under in-
vestigation can be described by equations of the form

w(t) = f(il:(t),t), t# tg,
Az(t) = Ty(x(t), t=t,, keNy,  (8)

where z(t) € X C R™ denotes the state, f € C[R"™ x
R,R™] satisfying a Lipschitz condition with respect
to @, which guarantees the existence and uniqueness
of solutions of system (8) for given initial conditions.
I, € R® — R” denotes the increment change of the
state at time .
Definition 301!
of systems (8) is said to be uniformly asymptotically

The trivial solution x(t) = 0

stable if (i) for every § > 0 and for every ty > 0 there
£(d) independent of ¢y such that for
any the solution ||z (to)|| < d of system (8) satisfies
[l(t)|| < e for all t > tp; (ii) for every n > 0 and
for every ty > 0 there exists a T'(n) independent of ¢y

such that ||z(t)|| <n, t > to +T(n).
32]

exists an € =

Lemma 1! Assume that for system (8)
f(0,t) =0 and I;(0) =0 for all t € Ry and k € N,
there exists an h € C[Ry,Ry] such that h(0) = 0
and a V : X x Ry — Ry and ¢1, ¢o € K such
that ¢y ([le(@)|)) < V(z(t),t) < ¢a(llz(t)]]) for all
(x(t),t) € X x Ry.

1) Assume that for any solution x(t) of system
(8) which is defined on [tg, +00), V(z(t),t) is left con-
tinuous on [tg,+00) and is differentiable everywhere
on (tg,+00) except on an unbounded closed discrete
set E = {t1,ta,...
when jumps occur for x(t) and that V(ax(

}, where E is the set of times
6)
(which is actually lim, V(x(t),t)) is non-increasing
for k& € N. Furthermore, assume that V(x(t),t) <
h(V(x(t)),t{)) is true for all t € (t,tkt1], k € N.
Then the equilibrium x = 0 of system (8) is uniformly
stable.

2) If in addition to 1), we assume that there exists
a ¢3 € K such that DV (2(t])), ;) < —és(|z(t;)]])
is true for all k € N, where

DV($(t+) t+) trer — [V(w(tiﬂ),tiﬂ)

- V( ( k )’t:)]a

then the equilibrium @ = 0 of system (8) is uniformly
asymptotically stable.

Remark 1 As shown in Ref. [32
less conservative than Theorem 13.1, 13.2 in Ref. [11].

], Lemma 1 is

Lemma 1 requires that the right limits of V(x(t),t) at
times t; when jumps occur be non-increasing and that
at all other times between t;, and ti4; the Lyapunov
function V(x(t),t) be bounded by the combination of
a pre-specified bounded function and the right limit
of V(x(t),t) at ty.

3. Main results

Theorem 1 Assume that the drive system (1)
satisfies Assumption 1 and the reliable impulsive con-
troller in the response system (2) is chosen as Eq. (6).
If the following conditions are satisfied

(1) infk€N+ {tk — tkfl} > 0,

(i) gre?™* < g <1, k € Ny,
where \ = SqueN+{tk — tg—1}, gr = max{(1 +
bi)?, ||I + by, My||?}, then the error dynamical system
(7) is uniformly asymptotically stable at the origin,
which implies that the drive system (1) and the re-
sponse system (2) are uniformly asymptotically syn-
chronized for all My, € ©, k € N.

Proof Consider the following Lyapunov candi-
date

Ve(t),t) = e (t)e(t).

Taking the Dini derivative of V(e(t),t) for ¢t €
(tg, tg+1], k € N, we obtain,

D*V(e(t),t) = e* (t)e(t) + €" (t)e(t)
=2 ()(F(y(t).t) - f(x(t),1))
<2LeT(t)e(t)
=2LV(e(t),t).
Then

V(e(t).t) < -V (e(t), 1)
< 2LV (e(t]), £)

< XAV (e(th), 1),

where \ = supyey, {tx — tr—1}.
Letting h(s) = e?Ls yields
V(e(t),t) < h(V(e(t]),t])).

Since 0 < My < M, < I, it follows that

17+ b M| * < max{(L+ b)*, |1 + b Mo ).
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Let g, = max{(1 + by)?, ||[I + b Mp||?}, then

Vieth), t) = |I(I + b My )e(ty)||?
<[ + b M| *[|e(te)[|?
< grV(e(tr), tr)
< gV (et i)
< V(e(tz:r—l)th—l)'

Hence V (e(t;),t;) is non-increasing.
Furthermore,

V(e(tz_—i-l)vtz_—i-l) B V(e(tﬁ)vtg)
tr+1 — Tk

DV (e(ty), 1)) =

20\
gr+1e”" —1
< POy (et ), )
k+1 — tk
1-g¢q
< —————|le(tH)I?
te+1 — Uk

1—g¢q
< ——le(t)I

Letting ¢3(s) = (1 — ¢)s%/\ yields
DV (e(t)),ty) < —os(lle(t)]])-

By Lemma 1, the error dynamical system (3) is uni-
formly asymptotically stable at the origin, which im-
plies that the drive system (1) and the response system
(2) are uniformly asymptotically synchronized for all
M, € ©, k € Ny. This completes the proof.

4. Illustrative examples

Example 1 Consider the Lorenz system!']

@1 (t) = —o(z1(t) — z2(t)),

The response system is constructed as follows

<
[
—~
~
I
|
Q
—~~
<
—~
~
~—
|
<
V]
—~
~
~

(10)

Ay(t) = Mk(bke(t)), t=1,, keNg,

where () = (51 (), 32(8), 3(1)T, e(t) = y(t) — (1),
L =75, M, = diag(0.8,0.8,0.8), by = —0.9, A =
ty —tr_1 = 0.015, k € N, (0) = (0.2, 0.6, 0.1)"
y(0) = (0, 0, 0)T. It is easy to check that g
0.7438 < 1, k € N4, so the conditions of Theorem
1 are satisfied. A fourth-order Runge—Kutta method

with step size 0.005 is used. Simulated results are

shown in Fig. 1. From Fig. 1, it is shown that the drive
system (9) and the response system (10) are uniformly
asymptotically synchronized.

0.4
of — S
. T
S .
) R — e1(?)
—0.2f | _ . et)
! es(t)
—0.4} |
I
—0.6L= . - - -
0 0.02 0.04 0.06 0.08 0.10

Fig. 1. The time histories of e1, ez and e3.

Example 2 Consider the Duffing system!”!

Il(t) = £C2<t), (11)
da(t) = ya1 (1) — w2(t) — 21 (Da3(t),  (9) a(t) = 21(t) — (21(t))? — Saa(t) + 7 cos(wt),
.i‘g(t) = xl(t)l‘g(t) — b$3(t>,
where § = 025, v = 04, w = 1, () =
where ¢ = 10, v = 28, b = 8/3, x(t) = (21(t), z2(t))7T.
(x1(t), z2(t), 23(t)7T. The response system is constructed as follows:
(1) = ya(b), tt
Ga(t) = y1(t) — (11(1))® — dy2(t) + v cos(wt), 7 (12)
Ay(t) = Mk(bke(t)), t=tg, ke N+7
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where y(t) = (y1(t),52(1)", e(t) = y(t) — «(t),
L = 11, M, = diag(0.8,0.8,0.8), by = —0.6,
A=ty —tg_1 = 0.05, k € Ny, z(0) = (1, 1T,

e(t)

— ei(?)

—1.2 : ' :

Fig. 2. The time histories of e; and ea.

y(0) = (0, 0)T. It is easy to check that g = 0.8123 <
1, k € N4, so the conditions of Theorem 1 are satis-
fied. A fourth-order Runge-Kutta method with step
size 0.01 is used. Simulated results are shown in Fig. 2.
From Fig. 2, it is shown that the drive system (11) and
the response system (12) are uniformly asymptotically
synchronized.

5. Conclusion

The problem of reliable impulsive synchroniza-
tion for a class of nonlinear chaotic systems has been
investigated in this paper. By the uniform asymp-
totic stability criteria of systems with impulsive ef-
fects, some sufficient conditions for reliable impulsive
synchronization between the drive system and the re-

sponse system are obtained.
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