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A permanent magnet synchronous motor (PMSM) may have chaotic behaviours under certain working conditions,

especially for uncertain values of parameters, which threatens the security and stability of motor-driven operation.

Hence, it is important to study methods of controlling or suppressing chaos in PMSMs. In this paper, the stability of

a PMSM with parameter uncertainties is investigated. After uncertain matrices which represent the variable system

parameters are formulated through matrix analysis, a novel asymptotical stability criterion is established by employing

the method of Lyapunov functions and linear matrix inequality technology. An example is also given to illustrate the

effectiveness of our results.
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1. Introduction

Permanent magnet synchronous motors
(PMSMs) are of great interest, particularly for in-
dustrial applications in the low-medium power range,
since they have superior features such as compact
size, high torque/weight ratio, high torque/inertia ra-
tio and absence of rotor losses.!l! Moreover, compared
with induction motors, PMSMs have the advantages
of higher efficiency, due to the absence of rotor losses
and lower no-load current below the rated speed.[?!
The control technique analysis and systematic de-
sign for PMSMs are among the most important issues
because the performance of the PMSMs is very sensi-
tive to external load disturbances and parameter vari-
ations. Thus, a considerable amount of control tech-
niques have been developed to overcome these prob-
lems. Many approaches such as feed-forward control,
nonlinear control, optimal control, variable structure
system control, adaptive control, hybrid control and
robust control have been developed for the PMSMs
to deal with uncertainties under various operating
conditions.[!—12
Besides this, we must point out that a PMSM

is a nonlinear system. The control techniques for
nonlinear systems have been widely studied, such as

13-20] and fuzzy control

impulsive control strategyl
strategy.?!] The impulsive control strategy has be-
come an important control method for nonlinear sys-
tems recently. From the references cited above, we find
that they usually used a special Lyapunov function
%xTa: or %xTFsc (where I' is a special positive defi-
nite matrix). But the construction of the Lyapunov
function itself is one of the important parts of the sta-
bility theory. The linear matrix inequality technique
can be used for solving the problem. Moreover, the
PMSM is a special nonlinear system, which is more
rigorous than ordinary nonlinear systems. So a stabil-
ity study on PMSMs is important. We cannot regard
it as a simple application of the nonlinear system.
The control schemes for PMSMs (or nonlinear
systems) described above have been widely used in
industry. However, the values of parameters of the
PMSM model are not constant, but span some in-
terval. The main reason for this is that the perma-
nent magnetic-flux will vary with the following fac-

tors: the temperature rise in the permanent-magnet
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material, the variation of rotary inertia due to the
attrition of the device, the modeling errors, and the
measurement inaccuracy, etc. However, only a few
studies on the nonlinear systems with variable param-
eters exist.21=23] Therefore, the control strategy of
PMSMs with parameter variation is quite valuable.
Impulsive control has the advantages of higher relia-
bility and stronger anti-jamming ability. If applying
analog voltage to control the motor, the control volt-
age will rise to the limit rapidly when a blunder in
wiring topology or some element breakage happens.
But this kind of incident will not happen if applying
impulse as control signal to control the motor. So im-
pulsive control for PMSMs with parameter variation
To the best of our
knowledge, few reports exist on stability results for

will be discussed in this paper.

uncertain impulsive dynamical systems, and far fewer
for PMSMs with parameter variation have been pre-
sented in the literature.

The organization of the paper is as follows. In
the next section, the problems investigated in this pa-
per are formulated, and some preliminaries are pre-
sented. In Section 3, the asymptotic stability criteria
for the equilibrium points of PMSMs with parame-
ter variation are derived. A numerical example and
simulations are presented in Section 4. Finally, some
conclusions are drawn in Section 5.

2. Problem formulation and pre-
liminaries
The machine model of a PMSM with parameter

uncertainties can be described in the rotor rotating

reference frame as follows:

where 74 and i, are respectively d, ¢ axis stator cur-
rents, w is rotor speed, Ly and Ly are d, ¢ axis stator
inductance; R is stator resistance, 77, the external load
torque, 1, the maximum flux induced by the rotor
magnet n, the number of pole-pairs, § the damping
coefficient, and J the moment of inertia of the rotor.
Because there exist some uncertainties such as model-
ing errors and measurement inaccuracy, in this uncer-
tain system, R € [Ry, Ra], 8 € [B1, B2], ¥r € [1)1, 2]
and J € [Jq, J2] are unknown parameters which span
their own intervals.

Apply the affine transformation and time scale
transformation to system (1) with x = A&, t = 7t,
where @ = [ig i, w]|', @ = [i4 i, ©]%, b = Lg/La,

k= B/(npTir), T = Le/R,

A 0 O bk 0 0
A=|o0ox0|=]0k 0|,

0 0 A 001/

with

_ Lq Lq Lq
T RE[RQ’Rl]’
b B 6[ B1 B2 ] [3151 Ry 35
npTYr | NpTha’ npTihy npLgtbs’ npLyy |

The dimensionless mathematical model of PMSM
can be described as follows:

@ — 7 + o
g = et i
di . .
ﬁ = iy — @ig + @, (2)
d N L
d—f = 0(iq — @) + ciaiq — T,
where
_ Py c {nzﬂ/’% npd’%}
kL, Rofs” Rif |’
o= & c Bqu’ BZLq ’
J JoRs J1 Ry

ds . .
ditd = (—Riq +wLgyiy) /La,
diy . ‘
T (—Riqy —wLqiq — wiy) /Ly,
dw . .
E = [npwrzq + np(Ld - Lq)zdlq - Ty, — 60.)] /J7
(1)
|
- 72 LXTy L2T, npbr2k?(Lg — Ly)
Ty = —T q q —_ P q
L= S R R | f T

Considering a PMSM with a smooth air gap, we have Ly = Ly = L, and € =

Let @ = [2 a9 23]" = [iq i, @]

bRIBT(Lg — Ly) bR3PB3(La— L)
npRgJﬂb% ’ npR%le%

npbr?k?(Lg — Ly)

=0.
J

The chaotic mathematical model of a smooth air gap PMSM with

parameter variation and impulsive effects can be expressed by

010506-2



Chin. Phys. B Vol.

19, No. 1 (2010) 010506

1 = —x1 + w329,
o = —T3T1 — To + Y3, t+m,k=1,2,...,
i}3 = O'(ZL'Q — 1'3),

Am|t:tk ém(ﬂj) —il!(T];) =Bx, k=12,...,

(3)

where © = [z, x5 xo]" are state variables without
dimension, B € R3*3 is a diagonal matrix represent-
ing the impulsive state control in place of the external
load torque. B € [Bj, Bs] represents the uncertain
impulsive control, where B; and By are also diagonal

matrices. We denote

Py [npd}% npwg}
= 6 b = )
kL, RyB2" RiB1 Iri,72]
and 8L, BL
4 a | _
< {JQR; JlRJ = [ k2]

Obviously, x [y = Lvy—1,v/v—1], ¢ =
[y—1,—v/7—1,—v/y—1] and « = [0, 0, 0] are the
equilibrium points of system (3). We will discuss the
stability of the origin of system (3).

In the following, in order to discuss the stability of
system (3), we present some preliminary results with

|

Lemma 3.1.

respect to impulsive differential equations initially.

3. The impulsive stability of a
PMSM with uncertain param-

eters

T
Let ®(x) = | x320 —z123 0} . Under the initial

+
0

—

condition z (t§) = o > 0, system (3) becomes

&= Ax+ P(x), t # 7,
Az|i—;, = Bx, k€N,
:c(tg) =x9 >0,

k€N,

where
-1 0 0
A= 0 -1 ~
0 o —0o

The matrix A is an uncertain matrix due to v €
[r1, 2], 0 € [l1, l2] and B € [By, Bs].

In order to obtain the stability result for system
(3), we shall establish some lemmas first.

-1 0 O -1 0 O -1 0 O
(i)Let A= | 0 —1 ~ |,wherey€[ry, ro],o€[ly, loJ,andlet P=| 0 —1 r; [,Q=| 0 —1 ry
0 o —0 0 ll —lz 0 l2 —ll
Then A can be written as
A=Ay+ EXF, (5)

where

A= (P+Q). H=(hy)y;=1 (@ P);
Y e X ={¥cR”™ X =diag(e11,c12,. ..
E = (\/Eel, \/thel, \/Eel,... ,%63,...
F:(ﬁ617%627 A hser,. ..

er = (1,0,0)T, e = (0,1,0)", e5 = (0,0, 1)T.

h1363, ce

(ii) Let diagonal matrix B € [By, Bs]; if By =
can be written as

B =B, +EXE,

, €135+ - -

€31, .- ,€33), |€ij] < 1,630 =€33,1,5 =1,2,3}
,Vhazes) € R¥*?,
.,V hazes)T € R*3,

%[Bl + BQ], G = %[BQ — Bl] = diag(gl,gg,gg), then B

(6)

where X € X* = {¥ € R¥3 : X = diag(e1, €2, €3), |es] < 1},

E = diag(/g1, /52, V/3)-

Remark 3.1.
Clearly, for any X' € X* and X € X*, we have
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() ZET =Ty <I, ¥37 = T3 < I (3x3 identity matrix);

3 3 3 3 3 3
(ii) EET = diag { Z hlj, E hgj, Z h3j}, FTF = diag { E hila Z hig, Z h13}
j=1 j=1 j=1 i=1 i=1 i=1

(iii) by Lemma 3.1, system (3) can be rewritten as

& =Ax+ EXFx+P(x), t#1,k=12,...,

Ax|i—r, = (Bo + E2~'E) x, k=12,...,

(7)

2 () = 20 > 0,

where Ao, By, E, ¥, F, E and X are defined as in
Lemma 3.1.

Lemma 3.2(7

If X € X*, then for any positive scalar A > 0 and
for any & € R™, the following inequality holds,

273 < 1€7E+ o, 8

especially, the inequality holds for A = 1.

Lemma 3.3

Let M, E, F and X be real matrices of appro-
priate dimensions, with X satisfying ||X|| < 1. Then
we have

(1) For any scalar A > 0,

EXF+E"XTFT <\7'EET + \FFT. (9)

(ii) For any matrix P > 0 and scalar £ > 0 such
|

that &I — FTPF > 0, we have

(M +EXF)"P(M + EXF)
<M'"PM+ MTPF(I - F'"PF) 'F'PM
+¢'ETE. (10)

Especially, the above two inequalities hold for A =1
and £ = 1.

Lemma 3.4['7

The following linear matrix inequality (LMI) is
positive

Q(z)
ST (x)

S (=)

>0,
R(z)

where Q(z) = Q" (z), R(z) = R"(z), and S(z) de-
pend on x, is equivalent to

R(x)>0, Q(x)—S(z)R ' (x)S" (x)>0.
(11)
Theorem 3.1.
Assume that there exist the positive constants
A>0,08>0,n>1, and positive definite matrix

I', such that the following LMIs hold:

TAy+ AT+ F'F-AI' TE

E'r

(I +By)"I'(I + By)+E'E — 3T

ETI (I + By)

If In(nB) + A(Tk4+1 — 1) < 0 for all k, then system (3) is robust and asymptotically stable.

Proof

Let the Lyapunov function V(x) = %:BTI’:B. When t = 7,(k =1,2,...), we have

Vit z) = %(m(m) + (Bo + EXE)x(1;,)) " ['(x(13) + (Bo + EXE)x(1y))

- %m(fk)T[(I + By + EXE)"I'(I+ By + EXE)]z(r;).

By Lemma 3.3, we have

(I+ By +EXE)'I(I+ By + EXE)

<(I+ By)'I'(I+ By)+ (I + By)"TE(¢I — E'TE) 'E"I'(I + By) + ¢ Y ETE).

=0 (12)
I+ By'T'E (13)
I—(E'TE)

(14)
(15)
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Thus, Eq. (14) turns into

V(rf,x) < %w(m)T[(I + By)'Ir' (I + By)+ (I + By)'TE(I - E'TE) 'ETI" (I + By) + (ETE)|z(1;,).
(16)
By the condition (ii), we have
V(T]:r, z) < ﬁV(T,j, x). (17)

T
When t # 73, note that ¢(x) = [gggagQ —2123 0} , so we obtain T (z)z+zT®(x) = 0. By the assumption

and Lemmas 3.1, 3.2, 3.3 and 3.4, for all (t,x) € (1x-1,7k] X R"(k =1,2,...), we have

1 1 1
D*V (t.x) = 5 (@"rz +2"Iz) = 5 (Aoz + EXFz + &(x))" I'c + inF (Agx + EXFx + &(x))
1
= (2TAT + 2TFTXTET + T (2)) 'z + 1a:TI’ Agxe + EXFx + ®(x
92 ( 0 9 0
1
=2V [A'r+Tr'Ay+ F*X"E'T + TEXF| z + 1 & () I'e + 2" I'd(x)] . 18
2 [40 2
Note that

[@T(az)I‘w + a:TI’ds(m)] < = Amax (1) (@T(:c):c + :cTsp(a:)) =0,

|~

1

2

and FTXTE'T + TEXF < F'XTXF + T'EE'I' < F'F + I'EE"T.
Thus, by the condition (i) of the theorem, we have

1
DYV (t,x) < 3

Let k =1, for all t € (19, 71], by Eq. (19), we have

z' [AJT +T'Ag+ F'F+T'EE"T'| x < \V(t,z). (19)

Vt,x) < V(r,x)exp (At — 70)) . (20)
Then it leads to
Vi, x) < V(m,x)exp (A(m — 70)) - (21)
From the inequality (17), we have
V(T1+7.’13) < BV(m,x) < BV (10, x) exp (A(11 — 70)) - (22)
For all ¢t € (71, 72], we have
V(t,x) < V(1 ,x)exp (M)t — 1)) < BV (70, ) exp (At — 70)) - (23)

Similarly, for all k£ and ¢t € (73, Tk+1], we have
V(t,z) < BEV (10, x) exp (At — 10)) . (24)
By the condition In(n8) + A(a)(Tk+1 — 7)) < 0, we have

BGXP()\(%+1 - Tk)) <—-, k=1,2,.... (25)

=

Hence, for all t € (7, Tk41], (K =1,2,...), we have
V(t,x) < BV (10, ) exp (At — 19))
=V(rg,x) [Bexp A1k — Tk—1))] - -+ [Bexp (A(1 — 70))] exp (A(t — 1))
< V(, a:)nik exp (At — 7). (26)
So, if t = oo, then k — oo and V(¢,x) — 0. It follows that the conclusion holds. O

In the following, we will present the design algorithm for the stabilization of system (3) based on Theorem
3.1.
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Algorithm

In order to reduce the cost of control or imple-
mentation, we hope that the impulsive distance is as
large as possible. Hence, we hope that A > 0 and
0 < B < 1 are as small as possible such that the impul-
sive distance is larger. We have the following design
algorithm for the robust stability of system (3).

1) Set a threshold T, initialize A > 0, 8 > 0. For
example A = 0.1, 5 =0.1;

2) Calculate P by (i) and (ii) of Theorem 3.1;

3) If P exists, stop. Otherwise let 8 = 3+ Ap;

4) Repeat from step 2 if § < 1/n. Otherwise
0 = 0 + A6 and [ is equal to the initial value;

5) Repeat from step 2 if A < T. Otherwise fail.

Once the algorithm is successful, we may deter-
mine the bound of the impulsive distance by (7541 —
7) < —In(nB)/A. Hence, only if Algorithm 1 is
slightly changed by satisfying 0 < 8 < 1/n, may we
obtain the asymptotical stability design algorithm of
a chaotic system.

4. Example

In system (1), let n,=1, Ly = L, = 0.0775 mH,
R = 0.00256+0.00005 2, ¥, = 0.0257+0.0005 N-m/A,
J = 0.06607 + 0.00005 K-gm2, 8 — 0.0121 +
0.0005 N/(rad-s~!). So, we have

c {npw% npwg

’ — [19.3103, 23.5760],
Ry B2 3151] | )

oc |:51Lq 52Lq

= [5.2094, 5.8928]| .
J2R2,J1RJ 15,2004, 5.8028]

During our experiment, we set o and -y in their own in-
terval randomly. The PMSM will display chaos with-
out impulsive control. The chaotic attractor is shown
in Fig. 1.

40

Fig. 1. The chaotic attractor in a PMSM with system
parameter variation.

Let B; = diag([-0.8, —0.5, —0.7]), By =
diag([-0.6, —0.5, —0.6]). Set =g = [0.6 0.8 0.2]T.
Assume that the impulsive spacing is equal to, say,
er = (. Let n = 1.2. We choose the initial iteration
values of A and B to be 0.2 and 0.1 respectively. We
obtain

2.2105 —-0.3047 O
I' =] —-0.3047 2.7584 0 )
0 0 1.8659

A=274and 8=0.5

Thus, the impulsive distance for robust stability
may be estimated as (741 —7%) < —In(8)/A = 0.0253.

By Theorem 3.1 and the Algorithm that we give,
the system is robust and asymptotically stable un-
der the conditions of Theorem 3.1. Figures 2 and
3 illustrate the impulsive control state diagram and
the phase diagram of a PMSM with system parame-

ter variation for impulsive spacing { = 0.02.

1.0

1

=

0.5
0

0.1 02 03 04 05

1.0
0.5
0

2

0.1 0.2 0.3 0.4 0.5
0.4 :
0.2%&
O n L L L
0 0.1 0.2 0.3 0.4 0.5
t/s

z3

Fig. 2. The state diagram of a PMSM with impulsive
control (¢ = 0.02).

0.4

0.8

2 o 02 4

Fig. 3. The phase diagram of a PMSM with impulsive
control (¢ = 0.02).

In summary, according to the above simulation
experiments, we think that the proposed impulsive
control for a PMSM with system parameter variation
and the corresponding results can provide good effec-
tiveness with PMSM control via the LMI approach.
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5. Conclusions

We have investigated the impulsive control of
PMSMs.

considered, and variable system parameters are for-

The parameter variation in the system is

mulated through matrix analysis. Sufficient condi-

tions for robust asymptotic stability are established

by employing the methods of Lyapunov functions and
linear matrix inequality, so as to obtain more flexibil-
ity in practical application. The effectiveness of our
methods has been shown by computer simulation, and
the illustrated example shows that the system is ro-
bust and asymptotic stable under the conditions of
Theorem 3.1.
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