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The correlation between stochastic resonance and the
average phase-synchronization time of a bistable system
driven by colour-correlated noises
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This paper investigates the correlation between stochastic resonance (SR) and the average phase-synchronization

time which is between the input signal and the output signal in a bistable system driven by colour-correlated noises.

The results show that the output signal-to-noise ratio can reach a maximum with the increase of the average phase-

synchronization time, which may be helpful for understanding the principle of SR from the point of synchronization;

however, SR and the maximum of the average phase-synchronization time appear at different optimal noise level,

moreover, the effects on them of additive and multiplicative noise are different.
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1. Introduction

Stochastic resonance (SR) has been an active
topic in statistical and nonlinear physics!' =14 since
it was discovered in 1981, and one recognises the ad-
vantage of noise. Generally, the aim of investigating
SR is to detect the role of noise, because noise is a
sort of energy, it is a pleasure to translate the energy
of noise into the energy of the output signal which is
beneficial to us. In the process of studying SR, people
always try their best to investigate and explain the
mechanism of SR.

Recently, many people have paid attention to
relating SR to phase synchronization, which is an-
other important phenomenon in nonlinear dynam-
ics. At first, we will give the definition of phase

[1-3] given a signal z(t), with its fluc-

synchronization:
tuation, we can define a corresponding phase variable
¢z(t). Set ¢5(0) = 0 at t = 0 and monitor the evo-
lution of z(t). Wherever z(¢) completes one cycle of
fluctuation, ¢, (t) is increased by 27, so ¢, (t) can be
defined as a nondecreasing function with time ¢, de-
termined by the fluctuation of z(t). We can write
() = wyt+6,(t), where w, is the average frequency
of z(t) and 6,(t) models the random fluctuation of
the phase, and |0, (t)| < 27. For another signal y(t), a
phase variable ¢,(t) can be defined in a similar way:
Py(t) = wyt + 0y(1).
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Now consider a time interval

phase-synchronization,

signal-to-noise ratio, average phase-

[t1,t2] that contains many cycles of oscillation. There
is phase synchronization if the phase variables satisfy
Ap(t) = g (t) — ¢y (t)] < 2m for all ¢ in this interval.
For the existence of noise, the interval At = to — t;
can not be arbitrarily long, and one can consider an
ensemble of the identical SR system and define the
average phase synchronization time as the ensemble
average: 7 = (At), where (.) means the ensemble

B of course, 7 is related to the input signal

average;
and the noise. Latterly, Park et al.?l have shown that
aperiodic stochastic resonance can be understood as
a phenomenon of phase synchronization. This acti-
vates our interest to investigate the relationship be-
tween SR and the average phase-synchronization time
which is between the input signal and the output sig-
nal in a bistable system. On the other hand, people
hope to enhance the output power spectrum at ex-
pectant time by utilizing the principle of SR. So if
we know the relationship between SR and the average
phase-synchronization time 7, we can alter the param-
eters of the system according to the character of the
average phase-synchronization time 7, and make the
systems respond to external excitations for learning
and adaptation in terms of their abilities.[>+]

In 2007, Park et all"3) investigated the depen-
dence of the averaged phase-synchronization time on
the frequency of the input signal and the noise in-
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tensity; their results showed that the averaged phase-
synchronization time is sensitive to the frequency of
the input signal and noise, in other words, with the
change of the frequency of the input signal and the
noise intensity, the averaged phase-synchronization
More-
over, there are investigations on the averaged phase-

time can arrive at a maximum value.

synchronization time for a bistable system driven by
only one noise, but in fact, a system is driven by sev-
eral noises simultaneously, and there may be relations
between them.!®] This provides motivation to investi-
gate the effects of the correlated noises on the average
phase-synchronization time in a bistable system.

2. The expressions of the out-
put signal-to-nose ratio (SNR)
the

synchronization

and average phase-

time in a
bistable system

In this section, we will use the two-state theory!*
to obtain the expressions of the output SNR and the
average phase-synchronization time between the input
signal and the output signal in a bistable system.

Consider the following Langevin equations:[*~¢
— =" F 1
== S e ) + PO, (1)

_ Ly 1y
Us(z) = —50% + 32, )

where Up(x) denotes a symmetric bistable potential
function, £(t) and n(t) are coloured cross-correlated
white noises, and their statistical properties are char-
acterized by their mean and variance:

1

=2\ WaD§(t —t') as 11 =0, (3)

where o and D are the additive and multiplicative
noise intensities respectively. The parameter A (0 <
A < 1) measures the strength of correlation between
multiplicative and additive noise terms, and 7 is
the correlation time of the correlation between the
noises.®) The F(t) is a rectangular periodic input sig-
nal with a period of Ty, mathematically, the forcing

function can be written as F(t) = (=1)"® A, where
n(t) = |2t/Tp] and |.] denotes the floor function.
That is, F(t) = A(—A) if t € [nTo/2,(n + 1)Tp/2]
for n even (odd). The frequency of the input signal is
Qin = 27T/T0.[3’4]

By wusing the Novikov theorem,[”l Fox’s

approach®  and  the wunified coloured-noise

[9]

approximation,!” the Fokker—Planck equation cor-

responding to Egs. (1)(3) can be written as®l

% _ _a%[m —2®+ Dz +a— F(t)|P(x,1)
2
+ %[Daﬁ + 2ax + a] P(z, 1)
with

o AWaD
T 1421

(4)

The stationary probability distribution of Eq. (4)
can be written as

(z) = N ex [— U(x)]
Pt VDz? 4 2az + o P D |

where N is the normalization constant, and the mod-
ified potential U(z) is

.’B2

2
— darctan (o + — (5)
D i

Ul(x) +bx + cln|Da® 4 2az +

where

b— C_4a2—aD—D2—D3
- 9 - 2D2 9

4a® — aD? — a®D — 2Daa + F(t)D?
D2\/Da — a? ’
For the modified potential U(:c), when o < 1, D < 1,

and A < Ay, = +/4/27, the potential U(z) has a
‘double-well’ shape in the sense that it has two min-

d=

ima, located at z_(t) < 0 and x4 (¢) > 0 respectively,
and a maximum at xo(t) for all ¢. By the symmetry
of the normalization potential, these three positions
satisfy the following conditions:

zo(t) = (=1)" Vo (0),
2 (1) + z4(t) + o (t) = 0,

_ A'I(O) n(t L (O)
e (t) = =5 = ()"0 =

_ —Az(0) n(t) £0(0)
T () = 5 — (=1)"® 02 ’

where Az(0) = 2, (0) — z_(0).134
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Using the two-state theory,l¥) we can approxi-  obtains!!—?!
mate the exact Langevin equation by a nonstationary, r
Markovian two-state description of the form Wi(t) = 5[1 + (=1)"®W AP, (0)], (8)
vy =—n_=W_(t)n_ —W,(t
Ny n (t)n +(t)ny where

W WO W ()
where n_ and n, denote the probabilities that the =W (0)+W_(0) =W,()+W-(t), (9)

particle is in the left and in the right well respectively,

and W (¢) is the Kramers rate of escape out of stable APeq(0) = Pog(+,0) — Peg(—,0), (10)
states z4 at time #:[4~6]
Y Prgl,0) = 52, W4 (0) + 6w s W_(O))/T,  (11)
U (20)Ug (@) 0(s) — U(xo)
W (t) = 27 xp D *and P (+£,0) are the equilibrium probabilities of

(7) state x4 at t = 0 respectively.
The Kramers rate formula of Eq. (7) can be
One

So the expression of the output SNR is obtained

simplified by using the symmetry of U(z). asl49l

|

4[4 (2(0))2, T% + [20(0)]” 22)]

SNR = 5 5 (12)
I'Az(0)]{1 4+ [AP.q(0)]" x [4tanh(ToI/4)/ToI" — 1]}
[
with Az(0) = 24(0) — 2-(0), (2(0)),, = We can use the definition of the diffusion coeffi-
24 (0) Pog(+,0) + 2_(0)Peg(—,0), and I', AP.(0) as  cient Eq. (13) to writel™?]
above.

2 () 242
On the other hand, we will obtain the expres- (P=(2)) = (@(1))°t" + 2Dentt, (14)

sion of the average phase-synchronization time 7,[1=3l . . . .
sep Y ’ since 7 is the average time required for a 27 change

in ¥(t) to occur, we have (¥?(n7)) = (2nm)?, lead-

ing to\/(P2(t)) |1=r = 2m.

<u7> = Qout — iy yield the following formula for 7:!

which can be calculated if the average frequency of

the output signal 2.+ and the effective diffusion co- Using this result and
efficient D.g are known. The diffusion coefficient is 1,3]

defined by(!:3]

AN
D= 21w w) — w2, 09 =gl (B 1w

where ¥(t) is the phase difference between the in-
put and the output signals, and (¥(t)) = (Q2out —

where the average frequency of the output signal (2,4
and the effective diffusion coefficient D.g are pre-

Q). sented as follows:[14]
|
Qo = 70 / W (e (6) + W (D) (1))dr = T [1 — [AP(0)) (1 - W)] (16)
Dett = %%[m — ()] = Dy — QTlO[APeq<0)]4<tanh<FTo/4>>3
- lempcq@m — [AP(0)]) (12 tanh(I'Ty /4) — I'Ty(1 + 2[sech(I'To /4)]). (17)

In Egs. (16) and (17), I', APsq(0) are given by Eqgs.(9)—(11). Though Eq.(15) gives the expression of the average
phase-synchronization time 7 qualitatively, it is enough to investigate the effects on 7 of D, o, 71 and A.

We all know that SR appears in a bistable system driven by colour-correlated noises, and there are papers
discussing it,1%™] so we will omit the parts of SR in this paper. We only discuss the effects on 7 of D, a, 7
and A firstly, then we want to find the relationship between SR and the average phase-synchronization time 7.
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3. The effects on 7 of D, o, 71 and A

In Figs. 1(a) and 1(b), we present the curves of the average phase-synchronization time 7 as a function
of multiplicative noise strength D with various 71 and A respectively. We can see that there is a peak in the
curve of 7 — D, in other words, with the increase of D, the average phase-synchronization time 7 can reach a
maximum; at the same time, when D is fixed, we found that the effects on 7 of 7, and A are non-monotone,
with the increase of both 7 and A, 7 decreases firstly, then increases.
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Fig. 1. The curves of 7 as a function of D with various 71 (£2i, = 0.01, @ = 0.01, A = 0.15, A = 0.2) (a) and A
(2 = 0.02, & = 0.01, A= 0.2, 7, = 0.1) (b).

In Figs. 2(a) and 2(b), we plot the curves of the average phase-synchronization time 7 as a function of
additive noise strength o with various A and 71 respectively. From the figures we can see that there are also
peaks in the curves of 7 — «, namely, with the increase of «, 7 can arrive at a maximum; we can also see that
the effects on 7 of 71 and A are non-monotone.
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Fig. 2. The curves of 7 as a function of o with various A (2, = 0.2, D =0.3, A=0.1, 71 = 0.1) (a) and 71
(24 = 0.01, D = 0.3, A= 0.15, 71 = 0.1) (b).

In Figs. 3 and 4, we plot the curves of the average phase-synchronization time 7 as a function of A and 7y
with various noise intensity ratios R = D/« respectively. Of course, we can see that there are also peaks in the
7 — X and 7 — 7 curves, which are consistent with Figs. 1 and 2. On the other hand, we can see that 7 arises
with the increase of R = D/« when A is fixed, but 7 is fixed; with the increase of R, 7 decreases firstly, then
increases.
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Fig. 3. The curves of 7 as a function of A with various R Fig. 4. The curves of 7 as a function of 71 with various
(2 =02, R=D/a, A=0.1, 71 =0.1). R (2, =02, R=D/a, A=0.1, A=0.2, 71 =0.1).

4. The correlation between SR and the average phase-synchronization

time T

4.1. Theoretical analysis

Now, we seek the correlation between SR and the average phase-synchronization time 7 by the expressions
of the output SNR and 7.

According to Eq.(12), we can obtain

4 [4(2(0)2, I + [20(O)]* 23] - Ir(SNR) [Az(0))

m

ARl = (SNR) [Az(0))? {4 tanh (2) /Ty — 1} ' "

Inserting Eq. (18) into Egs. (16) and (17), we can obtain

o = T | 144 [L (O, T2 + o0 23]
— (SNR)#I" [Az(0)]? (4 tanh <F4TO)/FTO - 1) ] , (19)
2
or [ 4 [41(@()2, 2 + [0 (0)222] ~ Pr(SNR) [A(0)? )
Deg = Qoutﬂ— - T T (tanh(I‘TO/él))
0 (SNR)[Az(0)]2 [4tanh (40> JI'Ty — 1]
a2 [ 4[4 1 + [0(0))” 23] — Ir(SNR) [Ax(0)
210 (SNR) [Az(0)]? [4 tanh ( > /T'Ty — 1]
4[442(0))2, 12 + [0 (0)]° Q2] — I(SNR) [Aa(0)]*
x (1— T (12 tanh(I'Tp/4))
(SNR) [Az(0)]? {4 tanh (40) JTTy — 1}
— I'Ty(1 + 2[sech(I'Ty/4)]?). (20)

The expressions of Egs. (18)—(20) are then plugged into Eq.(15) so as to provide the correlation expressions
of the output SNR and 7; because it is tedious, it is omitted here. We will discuss the relationship between
them by the curve of SNR — 7.
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4.2. The correlation between SR and T

In this section, our aim is to investigate the
correlation between SR and the average phase-
synchronization time 7, and we want to know whether
the average phase-synchronization time 7 can reach its
maximum when SR appears in systems (1) and (2).
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Fig. 5. The curves of SNR as a function of 7 with various
A (2, = 0.05, A=0.25, 7, = 0.01, D = 0.1).

At first, we plot the curves of the output SNR
as a function of 7 with various A and 7 in Figs. 5
and 6 respectively. From the figures we can see
that there is a restraint, then a peak in the curve
of SNR — 7, namely, with increasing 7, the output
SNR decreases firstly, then it reaches a maximum.
At the same time, the figures tell us that the out-
put SNR can be enhanced by increasing A, and it
can be enhanced by decreasing 7 too; in addition,
the location of the peak moves slightly. Figures 5 and

0.047 1

0.03¢ 1
71 =0.01

SNR

0.02¢

0.01}

Fig. 6. The curves of SNR as a function of 7 with various
71 (24 =0.05, A=0.25 A=0.2, D=0.1).

6 tell us that the output SNR can reach its maxi-

mum when 7 arrives at an optimal level, so we can

get the conclusion that the SR phenomenon is a re-
flection of the average phase-synchronization time 7;
in other words, we may understand the principle of SR
from the point of synchronization between the input
and the output signal.

Next, we want to know whether the output SNR
and the average phase-synchronization time 7 will
reach their maximum at the same noise level. So we
plot the curves of SNR(7) — o and SNR(7) — D in
the same figure, we use SNR x 10 and SNR x 103 vs.
« instead of SNR — « in order to see them clearly in
Figs. 7 and 8 respectively.
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Fig. 7. The curves of SNR X 10 and 7 as a function of a
(25, =0.1,D=0.1, A=0.15, A = 0.7, 1 = 0.01).
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Fig. 8. The curves of SNR x 103 and 7 as a function of
D (i, =0.03, & =0.01, A =025 A=0.2, 74 = 0.01).

In Fig. 7, we plot the curves of SNR x 10 — a and
T — «; the curve in the left is 7 — «, and the right one
is SNR x 10 — a. From the figure we can see that the
maximum of 7 and the output SNR appear at different
noise levels with the increasing of «, moreover, as the

increase of «, 7 arrives at its maximum firstly, then
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the output SNR arrives at its maximum. In Fig. 8,
we plot the curves of SNR x 10° — D and 7 — D, the
curve with one peak is 7 — D, and the curve with two
peaks is SNR x 10 — D. From the figure we can see
that the maximum of 7 and output SNR appear at
different time. Moreover, with the increase of D, the
output SNR arrives at its maximum first, then 7 ar-
rives at its maximum, and the output SNR arrives at

its maximum again.

5. Conclusion

SR and the average phase-synchronization time
are important concepts in the study of dynamical sys-
tems. In this paper, we want to reveal the correlation
between SR and the average phase-synchronization

time of a bistable system driven by colour-correlated
noises. The results show that SR may be a reflec-
tion of the phase-synchronization between the input
and the output signals; this result can help us to un-
derstand SR better. On the other hand, SR and the
maximum of the average phase-synchronization time
appear at different time. With the increase of additive
noise intensity «, the average phase-synchronization
time 7 arrives at its maximum first, then the output
SNR reaches its maximum; while with the increase
of multiplicative noise intensity D, the output SNR
arrives at its maximum first, then the average phase-
synchronization time 7 arrives at its maximum, and
the output SNR arrives at its maximum again. These
results may provide assistance for understanding the
principle of SR.
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