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One-loop renormalizability of noncommutative U(1)
gauge theory with scalar fields*
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This paper uses the background field method to calculate one-loop divergent corrections to the gauge field propa-

gators in noncommutative U(1) gauge theory with scalar fields. It shows that for a massless scalar field, the gauge field

propagators are renormalizable to #2-order, but for a massive scalar field they are renormalizable only to §-order.
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1. Introduction

The discovery of noncommutative (NC) struc-
tures in string theory put noncommutative field theo-
ries into the focus of vigorous investigation in the last
few years.[!=4 Theoretical and experimental aspects
of NC theories have been studied extensively.[>~10 To
construct a field theory on NC space, we can follow
Weyl’s prescription of quantum phase space.l’ The
most common NC spacetime is defined by the follow-

ing canonical structure:
[zi.H’jV] =i6", (1)

where z#, ¥ are NC coordinates and 0" are constant
real numbers relating to the NC scale. In geometry,
the Gelfand—Naimark theorem tells us that the alge-
bra of a manifold can be discussed through the algebra
of functions on it with a certain algebraic multiplica-
tion. So Eq. (1) can be replaced by algebra of func-
tions on ordinary spacetime with the Moyal-Weyl star
product which is defined as

— oxp [Lgm 29
Frate) = e (30 57N F@g o (@)
Then, we can get
[2#,2"] = [a#, xa"] = 16" (3)

The action of a field theory on NC spacetime can be
obtained by replacing the ordinary multiplication with
the Moyal-Weyl star product. However, to construct
a gauge theory on NC spacetime is not so straightfor-
ward. In a general NC gauge theory, the gauge algebra

cannot be closed in Lie algebra because of the noncom-
mutativity of the Moyal-Weyl star product, and the
NC gauge theory has to be extended to an envelop-
ing algebra-valued one.l''=13! Based on the studies of
gauge theories in the context of string theory, Seiberg
and Witten[¥ argued that there is a map (S-W map)
between the NC gauge fields and commutative ones.
The NC gauge fields can be expressed by the corre-
sponding commutative gauge fields and their deriva-
tives. This map can be determined by the equivalence
between NC gauge transformation and commutative
gauge transformation.!'*15]

Renormalizability is an important property of a
field theory. Whether NC field theories are acceptable
physical theories, renormalizability properties of these
theories should be considered. In perturbation theory,
non-planar diagrams yield UV /IR mixing.['6=18] This
well-known phenomenon leads NC field theories to
appear non-renormalizable. However, many authors
have shown that NC gauge theories are renormalizable
by using the #-expanded approach which is based on

S-W maps.[19-24

For pure U(1) gauge theory, the field
propagator is renormalizable to all orders in 6 at the
one-loop level,!9 where the non-uniqueness of S-W
maps provides additional freedom to absorb the diver-
gent terms. For NC quantum electrodynamics (QED),
it was proved that the theory is one-loop renormaliz-
able to first order in 0 except a four fermionic vertex
in Ref. [25], and it was demonstrated that the prop-
agators are renormalizable (#2-order) only when the

fermions are massless in Ref. [21]. The renormaliz-
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ability of the U(1) gauge field coupled with a scalar
field was discussed in Ref. [26], where the gauge sec-
tor is renormalizable only to first order in 6. So, it is
natural to consider the renormalizability of the U(1)
gauge field coupled with a scalar field to 62 order. In
Ref. [27], the authors used the free parameters of the
S-W map to achieve one-loop renormalizability of the
gauge sector of the NC standard model. It is interest-
ing to check whether this procedure is applicable to
gauge theory with matter fields.

In this paper, we consider an NC U(1) field cou-
pled with a complex scalar field in the #-expanded ap-
proach, discuss the renormalizability of a gauge field
propagator to 62 order and check whether the free pa-
rameters of the S-W map can render the divergences
renormalizable. In Section 2, we review the general
S—W map and expand the NC action to first order
in 6. In Section 3, the divergent one-loop corrections
are computed and the renormalizability is discussed.
Section 4 is for the conclusions.

2. f-expanded action

In order to get the general 6-expanded action, we
first review the S-W map. Let A, ® be the NC fields
and A be the NC gauge transformation parameter.
The commutative counterparts are a,, ¢, A\. The NC
infinitesimal gauge transformation is

IaAy = 0 A +i[A,xA,],
AP =iAx. (4)
The S-W maps, A, = A,(au), ¢ = P(d,a,), A =
A(A, a,), are defined by equivalence between commu-

tative and NC gauge transformations in the following

sense:
62 A, = Aplay +6aa,) — Aplag),

(;A@ = ¢(a/_t + 6/1@/“ ¢ + 5/1¢) - gs(auv ¢) (5)‘

Considering two infinitesimal gauge transformations,
one can get an equation for gauge transformation pa-
rameters

(5,\1/12 —(5)\2/11 —i[/ll,*/l2]+i/1[)\h)\2] =0. (6)

Using the above equations, one can get the solution of

the S“W map up to the desired order in 6.[15:28:29] For

NC U(1) gauge theory, the S-W maps of first order in

0 are given by

1
A=X+ 300N ay, (7)

1 1
b= ¢ - §9MVGJ“8V¢ + 50 QHVle(b’ (8)
1
Ay = = 50700 + 0501

+ 20°P0,00a5 + 00,405 f7, (9)

where f,, = 0,a, — Oya, is the commutative gauge
field strength. We introduce a complex number ¢ =
a + ib and real numbers z, w to represent the degree
of freedom of the S—-W map at the first order in 6.
The classical action of scalar QED on NC space

1
S = /d%(- EF“”*FW

+ (D ®)* * D'P — m*d* x 45) , (10)

is

where the NC covariant derivative D,® and the NC
field strength F),, are defined as

D, =0, —iA, P, (11)
Fu = 0,A, —0,A, —i[A,, %A, (12)

Using S-W maps Egs. (8) and (9), one can write the

NC covariant derivative of @ as

1 1 1 i i
D,® = 8,6 —ia,¢— iﬁu(ﬂaﬁaa@/ﬂﬁ) + §coaﬁau(faﬁ¢) + ieaﬁﬁaauaﬁqs + %eaﬁauaaam - %C@aﬁaﬂfagqﬁ

+ %eaﬁaa(m + Opay)é —i20°°0,00a56 — i w00 fope. (13)

Then, one can get the #-expanded classical action to first order in 6,

S = [l ] = 1 o (D0 D6~ 00— L0 o[5S+ GO

4 (307 oD 6 Dy 41000 (D)0 + C.C.) + ( (e § ) 0 fan (D40 D0

z
2
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where D,,¢ = 0,¢ —ia,¢ is the commutative covari-
ant derivative of scalar field ¢, and C.C. represents
complex conjugation.

3. One-loop divergent terms

Using the background field method and dimen-
sional regularization,3:31 we calculate the divergent
parts of the 2-point function of the U(1) gauge field
at the one-loop level. The contributions to the diver-
gent terms come from both the gauge sector and the
scalar field sector. The gauge sector contributions are
renormalizable.['?21 So we only need to consider the
contributions from the scalar field. For a quantum
theory, we should add the gauge fixing term

1
ng = —§/d4I(8ua“)2

l

and ghost field term [ d*zC92C in the classical action.
But these two terms are not related to our calculation.

To carry out the calculation, we express the com-
plex scalar field as two real scalar fields ¢ = ¢1 + i¢o
and then work out terms quadratic in fields ¢1, @2
from the action. These terms can be written as

— 4.(BOO (1,0) (2,0) (1,1)
Ly = ¢i(B;;" + By + By + By
+ BV + B3)s, (15)

ij

(m,n)
ij

m factors of a,, and n factors of §. Writing these terms

where 7,7 = 1,2 and B denote terms containing

explicitly according to Eq. (14), we have

Bi(;’O) = € (eaﬁgaaa —a%0q), (17)
Bf‘?’o) = 61] (aaa/a)a (18)

1

1
—Mww%%ww+<fﬂgm%w%%)

+ €5 ((4b — 22)0%P0,0,a50" — 2w Dy 0P apd, + 2w D?an0,,), (19)
Bg’l) = 6;;[(22 — 4b)0°P 0,00 agat + 200*P Ig0* a,a0 — 200 D agay)

1
+ €ij [gaﬁﬁfauaﬁ — 0% f,0" 05 + (4a — 2>9a5§8aa,gau

1
- <4a - 2)9a68aaga“84 ,

1
Bﬁ’l) — Qaﬂfa#a“aﬁ + <4a - 2>9aﬂaaaﬁauaM7 (21)

where 0 = —9? and €5 = 1.

The one-loop scalar field contributions for the gauge field propagators can be evaluated by functional

el lalau] — /DqSngbQ exp (i/d4xL¢2>

integral as

B0 + B+ B0+ B 4

1j
Then

1

(2
ij

1) _’_B(?’vl))}—l/Q. (22)

1j

Tilap) = 3ndet(B + B} 4+ BEY + B + B + B3Y)

1] %]

i 2 (1,0) (2,0) (1,1) (2,1) (3,1)
fiTrln(Dfm +Bij +Bij +Bij +Bij +Bij )

1

+ %Tr In .

= S Trn(Z + 07" (=m? + B}V + B

(2,0)
ij

+BJY + BSY + BEY))

1] iJ

(23)

In the above equation, the last term does not involve gauge fields and yields a constant to the one-loop

effective action, so we can ignore it and the first functional determinant can be expanded by using a power
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series
i _ 1,0 2,0 1,1 2,1 3,1
r; ——§Trln(I+D 1(—m2+B§j )+B§j )+B§j )+B§j )+B§j )

n+1
:fTrZ em? 4+ BJY + BEY + B3V + BEY + BED)) (24)

We will discuss the divergent parts of the gauge field 2-point functions, so we only need to consider terms
which are quadratic in a,, in the above expansions. Since each (17! gives a contribution of 1/ p? in momentum
space, terms are convergent when n is large enough.

The divergent parts, to §'-order, will be considered first. For n = 1, there are two terms which may give
divergence: B(2:0) B(21) 1In fact, there are no divergences from these two terms. For n = 2, the nonvanishing
divergent parts from the trace are

i 2 [ d* 2
(OB Y0t . /—— o (kK — goP k2 2
I'( ij ) (471_) (271')4 3(1 ( g )aﬂa ( 5)
-1, 2——1p(2,0) 1 (2,0 1 i 2 d*k 2
Tr(-0~'m?07'BEY — 07 B0 m?) = e /W(—Zlm Ya,a*, (26)
Tr(-O-'m?07'BS Y — OBV O tm?) = i 2/d4k4m2(22—4b—2w)9a'ga ' kqa (27)
i (n)Ze | (2m)t pt Radp:

For n = 3, the divergent corrections are
Tr(—DflmQ(Dlei(;’O))Q _ DleS’O)D*lmZD%BS’O) _ (Dlei(;’o))QljflmQ)

i 4
_ W% / %@mz)a#au, (28)

Tr(-O0 - 'm?0-'B Y01 B — 01 B0 tm?0- B Y
ij ij %] ]

o D—lBi(jlyo)D—lBi(;vl)D—lmQ _ D—lmQD—lBi(;vl)D—lBi(;vo)

o Dlei(;al)Dflmajlei(;vO) _ Dile»(}’l)DilBlz(;’O)szil)

i 2 d*k
=—0= 12 —w — 2b)0*a, k' koap. 29
(47‘1’)2 6/(27{') m ( w ) a’# ag ( )
For n = 4,5,..., no divergent terms appear. Summing the above divergent corrections, one can check

that the divergent parts are §%-order and there are no #'-order corrections. The #°-order divergences can be
absorbed by gauge field strength renormalization. The gauge field propagator is renormalizable up to 6*-order
no matter whether the scalar field is massive or massless. This is compatible with the conclusion in Ref. [26].
Then, we consider the divergent corrections at #2-order. One can see that these divergent corrections
come from the terms: (fﬂflmz)k(Dleg’l))z (k =0,1,...). If the scalar field is massless, only one term

(D_lBS’l))2 needs to be considered. From Eq. (19) with m = 0, one can get

(0BG Y)?) = 2om(@ B VO B - 07 B D T BRY), (30)
and
21 (1,1 e , i 2 d*k 1 N
OB ) = <47r>2’/ o | 5@ ks
+ 240(92)a%uk4k kga“ (92)‘1%“/@%21@ ksk”a,
(p2\ap 4.0 ' paBpuv 4 1
24(9 )P aaksk k' a, + 2409 0" agkok kual,], (31)

1 p(1,1) - i i 2 d*k [w?
(O BAVO 1 BGY) = W/W[g(w?)a%ak%ﬂ
+ (0%)Pa, k" k2 ko ksk” a, — 2(0*)*Pagksktk a,,)

2
X (2;0 +2b—2)(2b— 2+ 2w)>9aﬂ9“ya6kak4k#%} ' (32)
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where (02)* = 92108V g,5.

It is known that the S-W map is not unique. At each order in 6, it allows freedom of field redefinitions.!*]
Let AEL”) be a solution of the S-W map at §™-order. Then, a gauge covariant term .Aftn) of exactly §™-order
can be added to A&") to form another solution. These field redefinitions add an additional terms to the original

action, which can be used to absorb divergences,
AS = / datr(D, FP AT, (33)

At 6%-order, there are four independent terms in the U(1) gauge field redefinitions, which lead to four additional
terms in the original action. In momentum space, these additional terms can be expressed as

/ Ak pasg (g™ — k'E)ka (34)
s v

/ (g;§49“ﬂ9“”aukyk4k5am (35)
/(;1;];4 (6*)% (auk*kakgat — a k" K> kokpk”ay), (36)
/ ((21:;4 [(0%)*Pankbas + (02)*Pa, k" K kaksk” a, — 2(0%)*Panksk?k a,). (37)

To see whether the §2-order corrections are renormalizable, one should compare the divergent corrections
from Tr(d-'BGYO-1BUY) — Tr(@-1BUYO-1BY) with Eqgs. (34)-(37). It is easy to check that these
divergent corrections are all of the same forms as Eqs.(34)—(37). So, the gauge field 2-point functions are one
loop renormalizable at #2 order when they are coupled with a massless scalar field.

Then we consider the case with massive scalar field. For n = 2, we just need to consider the terms containing
mass m in Tr((Dlei(; )2). The divergent corrections from these terms are

—1p(1,1)\2 _ i 2 d4k 1 1 2 pnaf puv 4
Tr((07B;;"7) Jmass = (47T)26/(27T)4 3 2(1—5 m= (60" a,k, k" kpaq)

2
+2 (2a — ;) m4(90"89’“’aﬂkl,k4kgaa)} : (38)

For n = 3, the divergent corrections come from the terms —mQD_l(D_lBZ-(;’l))Q,
Tr(—mzﬂ’l(D’lBi(;’l))z _ (D’lBg’l))?sz’l _ D’lBS’l)D’lmQD’lBg’l))
i 2 [ d% L1 1
= 2 [ = m?|=(60®)Pa, k> kakpat + = (0%)*Pa, kM kakpk a,
(47r)26/(27T)4m [8( )" ay pa + 1) a o

1
+ Z(GQ)QBaak‘lag - Z(Gz)aﬁaakgkzk“a# + <2a - 2)9“’89“”a#kuk2kgaa

1 2 paf puv i 2 d4k 2 2 2\a 4
+48a| 2a — 3)m PO ayk kgan | + — ———6m*[(—w*)((0°)* ank ag

(4m)2e | (2m)*
+ (0% a, kP kaksk? a, — 2(0%) P anksk® k" a,,)
+ (2w(2b — 2) — (2b+ 2)3)0°P0" a,, k, k*kga,). (39)

For n = 4, the divergent corrections are

2——1 —1 p(L1)\2 _ i 2 d'k all o af 2 1 9 af
+192a20°P0" a, k, kpan — (02)*Pankskta,|. (40)

The above are the all divergent corrections to the gauge field propagator with mass m. We rewrite the sum
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of them in coordinates space,

-1 2 1 1
o= e [ | (5 20° @) 00" s = g O s

4

2

1 1 1
- Z (2a + ) (10a + 2)m49a69uy‘faﬁfuu -

It is easy to check that if one takes a =
—1/4, +1/4, 2b — z = +1/4, the
corresponding divergent terms vanish. Term
(m*/12)(62)*P f1 0,05 f,/ (47%€) can be renormal-
ized by gauge field redefinitions.

w =

But the one-loop
renormalizability of the gauge field propagator is bro-
ken by the only term (m*/4)(6%)*” fuo f* 5/ (47%).
This is very similar to the case where the U(1) gauge
field couples with fermionic fields,[?!] where a term
—(m4/4)ﬁm,ﬁ”“/(47r26) spoils the renormalizability
of the gauge field propagator.

4. Conclusion

In this paper, we use the f-expanded approach
and the background field method to study the one-
loop renormalizability of an NC U(1) gauge field prop-
agator when it is coupled with a massive scalar field.

+1((2b—z)(4w—4b+2z)+a—

1 (0% LV
24)7#9 PO fop O f

1
ﬁ7712(92)0‘5 £ 0008 fru |- (41)

[

Because the gauge sector contributions are renormal-
izable, we just need to consider the scalar field con-
tributions. In the discussion, the non-uniqueness of
S—W maps is important.

To @-linear order, the divergent corrections to
gauge field propagators can be renormalized no matter
whether the scalar field is massive or massless. This
result is compatible with that in Ref. [26]. To 6*-
order, the divergent corrections can be renormalized
by field redefinitions when the scalar field is mass-
less. But when the scalar field is massive, a term
(m*/4)(0%)*” fua f*5/(47%€) makes one-loop renor-
malizability unachievable. This non-renormalizability
is very similar to the NC QED case.l?!! So the renor-
malizability of an NC gauge field coupled with matter
fields needs further study. Maybe for #?-order renor-
malizability, we should expand the classical NC action
to 62 order.
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