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One-loop renormalizability of noncommutative U(1)
gauge theory with scalar fields∗
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This paper uses the background field method to calculate one-loop divergent corrections to the gauge field propa-

gators in noncommutative U(1) gauge theory with scalar fields. It shows that for a massless scalar field, the gauge field

propagators are renormalizable to θ2-order, but for a massive scalar field they are renormalizable only to θ-order.
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1. Introduction

The discovery of noncommutative (NC) struc-

tures in string theory put noncommutative field theo-

ries into the focus of vigorous investigation in the last

few years.[1−4] Theoretical and experimental aspects

of NC theories have been studied extensively.[5−10] To

construct a field theory on NC space, we can follow

Weyl’s prescription of quantum phase space.[5] The

most common NC spacetime is defined by the follow-

ing canonical structure:

[x̂µ, x̂ν ] = i θµν , (1)

where x̂µ, x̂ν are NC coordinates and θµν are constant

real numbers relating to the NC scale. In geometry,

the Gelfand–Naimark theorem tells us that the alge-

bra of a manifold can be discussed through the algebra

of functions on it with a certain algebraic multiplica-

tion. So Eq. (1) can be replaced by algebra of func-

tions on ordinary spacetime with the Moyal–Weyl star

product which is defined as

f ⋆ g(x) = exp

(
i

2
θµν

∂

∂xµ

∂

∂yν

)
f(x)g(y)|y→x. (2)

Then, we can get

[x̂µ, x̂ν ] = [xµ, ⋆xν ] = i θµν . (3)

The action of a field theory on NC spacetime can be

obtained by replacing the ordinary multiplication with

the Moyal–Weyl star product. However, to construct

a gauge theory on NC spacetime is not so straightfor-

ward. In a general NC gauge theory, the gauge algebra

cannot be closed in Lie algebra because of the noncom-

mutativity of the Moyal–Weyl star product, and the

NC gauge theory has to be extended to an envelop-

ing algebra-valued one.[11−13] Based on the studies of

gauge theories in the context of string theory, Seiberg

and Witten[4] argued that there is a map (S–W map)

between the NC gauge fields and commutative ones.

The NC gauge fields can be expressed by the corre-

sponding commutative gauge fields and their deriva-

tives. This map can be determined by the equivalence

between NC gauge transformation and commutative

gauge transformation.[14,15]

Renormalizability is an important property of a

field theory. Whether NC field theories are acceptable

physical theories, renormalizability properties of these

theories should be considered. In perturbation theory,

non-planar diagrams yield UV/IR mixing.[16−18] This

well-known phenomenon leads NC field theories to

appear non-renormalizable. However, many authors

have shown that NC gauge theories are renormalizable

by using the θ-expanded approach which is based on

S–Wmaps.[19−24] For pure U(1) gauge theory, the field

propagator is renormalizable to all orders in θ at the

one-loop level,[19] where the non-uniqueness of S–W

maps provides additional freedom to absorb the diver-

gent terms. For NC quantum electrodynamics (QED),

it was proved that the theory is one-loop renormaliz-

able to first order in θ except a four fermionic vertex

in Ref. [25], and it was demonstrated that the prop-

agators are renormalizable (θ2-order) only when the

fermions are massless in Ref. [21]. The renormaliz-
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ability of the U(1) gauge field coupled with a scalar

field was discussed in Ref. [26], where the gauge sec-

tor is renormalizable only to first order in θ. So, it is

natural to consider the renormalizability of the U(1)

gauge field coupled with a scalar field to θ2 order. In

Ref. [27], the authors used the free parameters of the

S–W map to achieve one-loop renormalizability of the

gauge sector of the NC standard model. It is interest-

ing to check whether this procedure is applicable to

gauge theory with matter fields.

In this paper, we consider an NC U(1) field cou-

pled with a complex scalar field in the θ-expanded ap-

proach, discuss the renormalizability of a gauge field

propagator to θ2 order and check whether the free pa-

rameters of the S–W map can render the divergences

renormalizable. In Section 2, we review the general

S–W map and expand the NC action to first order

in θ. In Section 3, the divergent one-loop corrections

are computed and the renormalizability is discussed.

Section 4 is for the conclusions.

2. θ-expanded action

In order to get the general θ-expanded action, we

first review the S–W map. Let Aµ, Φ be the NC fields

and Λ be the NC gauge transformation parameter.

The commutative counterparts are aµ, ϕ, λ. The NC

infinitesimal gauge transformation is

δΛAµ = ∂µΛ+ i[Λ, ⋆Aµ],

δΛΦ = iΛ ⋆ Φ. (4)

The S–W maps, Aµ = Aµ(aµ), Φ = Φ(ϕ, aµ), Λ =

Λ(λ, aµ), are defined by equivalence between commu-

tative and NC gauge transformations in the following

sense:

δΛAµ = Aµ(aµ + δΛaµ)−Aµ(aµ),

δΛΦ = Φ(aµ + δΛaµ, ϕ+ δΛϕ)− Φ(aµ, ϕ). (5)

Considering two infinitesimal gauge transformations,

one can get an equation for gauge transformation pa-

rameters

δλ1Λ2 − δλ2Λ1 − i[Λ1, ⋆Λ2] + iΛ[λ1,λ2] = 0. (6)

Using the above equations, one can get the solution of

the S–W map up to the desired order in θ.[15,28,29] For

NC U(1) gauge theory, the S–W maps of first order in

θ are given by

Λ = λ+
1

2
θµν∂µλ aν , (7)

Φ = ϕ− 1

2
θµνaµ∂νϕ+

1

2
c θµνfµνϕ, (8)

Aµ = aµ −
1

2
θαβaα(fβµ + ∂βaµ)

+ zθαβ∂µ∂αaβ + wθµα∂βf
αβ , (9)

where fµν = ∂µaν − ∂νaµ is the commutative gauge

field strength. We introduce a complex number c =

a + i b and real numbers z, w to represent the degree

of freedom of the S–W map at the first order in θ.

The classical action of scalar QED on NC space

is

S =

∫
d4x

(
− 1

4
Fµν ⋆ Fµν

+ (DµΦ)
∗ ⋆ DµΦ−m2Φ∗ ⋆ Φ

)
, (10)

where the NC covariant derivative DµΦ and the NC

field strength Fµν are defined as

DµΦ = ∂µΦ− iAµ ⋆ Φ, (11)

Fµν = ∂µAν − ∂νAµ − i[Aµ, ⋆Aν ]. (12)

Using S–W maps Eqs. (8) and (9), one can write the

NC covariant derivative of Φ as

DµΦ = ∂µϕ− i aµϕ−
1

2
∂µ(θ

αβaα∂βϕ) +
1

2
cθαβ∂µ(fαβϕ) +

1

2
θαβ∂αaµ∂βϕ+

i

2
θαβaµaα∂βϕ−

i

2
cθαβaµfαβϕ

+
i

2
θαβaα(fβµ + ∂βaµ)ϕ− i zθαβ∂µ∂αaβϕ− iwθµα∂βfαβϕ. (13)

Then, one can get the θ-expanded classical action to first order in θ,

S =

∫
d4x

[
− 1

4
fµνfµν + (Dµϕ)

∗Dµϕ−m2ϕ∗ϕ− 1

2
θµνfαµfβνf

αβ +
1

8
θαβfαβfµνf

µν

+

(
1

2
θαβfαµ(D

µϕ)∗Dβϕ+ iwθµα∂βfαβ(Dµϕ)ϕ
∗ +C.C.

)
+

((
c− 1

8

)
θαβfαβ(D

µϕ)∗Dµϕ

+

(
c− i

z

2

)
θαβ∂µfαβ(D

µϕ)∗ϕ+C.C.

)
+

(
1

4
− a

)
m2θαβfαβϕ

∗ϕ

]
, (14)
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where Dµϕ = ∂µϕ − i aµϕ is the commutative covari-

ant derivative of scalar field ϕ, and C.C. represents

complex conjugation.

3. One-loop divergent terms

Using the background field method and dimen-

sional regularization,[30,31] we calculate the divergent

parts of the 2-point function of the U(1) gauge field

at the one-loop level. The contributions to the diver-

gent terms come from both the gauge sector and the

scalar field sector. The gauge sector contributions are

renormalizable.[19,21] So we only need to consider the

contributions from the scalar field. For a quantum

theory, we should add the gauge fixing term

Sgf = −1

2

∫
d4x(∂µa

µ)2

and ghost field term
∫
d4xC̄∂2C in the classical action.

But these two terms are not related to our calculation.

To carry out the calculation, we express the com-

plex scalar field as two real scalar fields ϕ = ϕ1 + iϕ2

and then work out terms quadratic in fields ϕ1, ϕ2

from the action. These terms can be written as

Lϕ2 = ϕi(B
(0,0)
ij +B

(1,0)
ij +B

(2,0)
ij +B

(1,1)
ij

+B
(2,1)
ij +B

(3,1)
ij )ϕj , (15)

where i, j = 1, 2 and B
(m,n)
ij denote terms containing

m factors of aµ and n factors of θ. Writing these terms

explicitly according to Eq. (14), we have

B
(0,0)
ij = δij(�−m2), (16)

B
(1,0)
ij = ϵij(θ

αβ←−∂αaα − aα∂α), (17)

B
(2,0)
ij = δij(a

αaα), (18)

B
(1,1)
ij = δij(θ

αβ←−∂µ∂αaµ∂β − θαβ
←−
∂µ∂

µaα∂β +

(
4a− 1

2

)
θαβ
←−
∂µ∂αaβ∂

µ

+ 4aθαβ∂µ∂αaβ∂
µ +

(
1

2
− 2a

)
m2θαβ∂αaβ)

+ ϵij((4b− 2z)θαβ∂µ∂αaβ∂
µ − 2wθµα∂α∂

βaβ∂µ + 2wθµα∂2aα∂µ), (19)

B
(2,1)
ij = δij [(2z − 4b)θαβ∂µ∂αaβa

µ + 2wθαβ∂β∂
µaµaα − 2wθαβ∂2aβaα]

+ ϵij

[
θαβ
←−
∂µfαµaβ − θαβfαµa

µ∂β +

(
4a− 1

2

)
θαβ
←−
∂µ∂αaβaµ

−
(
4a− 1

2

)
θαβ∂αaβa

µ∂µ

]
, (20)

B
(3,1)
11 = θαβfαµa

µaβ +

(
4a− 1

2

)
θαβ∂αaβaµa

µ, (21)

where � = −∂2 and ϵ12 = 1.

The one-loop scalar field contributions for the gauge field propagators can be evaluated by functional

integral as

eiΓ
1
ϕ [aµ] =

∫
Dϕ1Dϕ2 exp

(
i

∫
d4xLϕ2

)
= [det(B

(0,0)
ij +B

(1,0)
ij +B

(2,0)
ij +B

(1,1)
ij +B

(2,1)
ij +B

(3,1)
ij )]−1/2. (22)

Then

Γ 1
ϕ [aµ] =

i

2
ln det(B

(0,0)
ij +B

(1,0)
ij +B

(2,0)
ij +B

(1,1)
ij +B

(2,1)
ij +B

(3,1)
ij )

=
i

2
Tr ln(�−m2 +B

(1,0)
ij +B

(2,0)
ij +B

(1,1)
ij +B

(2,1)
ij +B

(3,1)
ij )

=
i

2
Tr ln(I +�−1(−m2 +B

(1,0)
ij +B

(2,0)
ij +B

(1,1)
ij +B

(2,1)
ij +B

(3,1)
ij ))

+
i

2
Tr ln�. (23)

In the above equation, the last term does not involve gauge fields and yields a constant to the one-loop

effective action, so we can ignore it and the first functional determinant can be expanded by using a power
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series

Γ 1
ϕ =

i

2
Tr ln(I +�−1(−m2 +B

(1,0)
ij +B

(2,0)
ij +B

(1,1)
ij +B

(2,1)
ij +B

(3,1)
ij ))

=
i

2
Tr

∞∑
i=1

(−1)n+1

n
(�−1(−m2 +B

(1,0)
ij +B

(2,0)
ij +B

(1,1)
ij +B

(2,1)
ij +B

(3,1)
ij ))n. (24)

We will discuss the divergent parts of the gauge field 2-point functions, so we only need to consider terms

which are quadratic in aµ in the above expansions. Since each �−1 gives a contribution of 1/p2 in momentum

space, terms are convergent when n is large enough.

The divergent parts, to θ1-order, will be considered first. For n = 1, there are two terms which may give

divergence: B(2,0), B(2,1). In fact, there are no divergences from these two terms. For n = 2, the nonvanishing

divergent parts from the trace are

Tr(�−1B
(1,0)
ij �−1B

(1,0)
ij ) =

i

(4π)2
2

ϵ

∫
d4k

(2π)4
2

3
aα(k

αkβ − gαβk2)aβ , (25)

Tr(−�−1m2�−1B
(2,0)
ij −�−1B

(2,0)
ij �−1m2) =

i

(4π)2
2

ϵ

∫
d4k

(2π)4
(−4m2)aµa

µ, (26)

Tr(−�−1m2�−1B
(2,1)
ij −�−1B

(2,1)
ij �−1m2) =

i

(4π)2
2

ϵ

∫
d4k

(2π)4
4m2(2z − 4b− 2w)θαβaµk

µkαaβ . (27)

For n = 3, the divergent corrections are

Tr(−�−1m2(�−1B
(1,0)
ij )2 −�−1B

(1,0)
ij �−1m2�−1B

(1,0)
ij − (�−1B

(1,0)
ij )2�−1m2)

=
i

(4π)2
2

ϵ

∫
d4k

(2π)4
(−6m2)aµa

µ, (28)

Tr(−�−1m2�−1B
(1,0)
ij �−1B

(1,1)
ij −�−1B

(1,0)
ij �−1m2�−1B

(1,1)
ij

−�−1B
(1,0)
ij �−1B

(1,1)
ij �−1m2 −�−1m2�−1B

(1,1)
ij �−1B

(1,0)
ij

−�−1B
(1,1)
ij �−1m2�−1B

(1,0)
ij −�−1B

(1,1)
ij �−1B

(1,0)
ij m2�−1)

=
i

(4π)2
2

ϵ

∫
d4k

(2π)4
12m2(z − w − 2b)θαβaµk

µkαaβ . (29)

For n = 4, 5, . . . , no divergent terms appear. Summing the above divergent corrections, one can check

that the divergent parts are θ0-order and there are no θ1-order corrections. The θ0-order divergences can be

absorbed by gauge field strength renormalization. The gauge field propagator is renormalizable up to θ1-order

no matter whether the scalar field is massive or massless. This is compatible with the conclusion in Ref. [26].

Then, we consider the divergent corrections at θ2-order. One can see that these divergent corrections

come from the terms: (−�−1m2)k(�−1B
(1,1)
ij )2 (k = 0, 1, . . .). If the scalar field is massless, only one term

(�−1B
(1,1)
ij )2 needs to be considered. From Eq. (19) with m = 0, one can get

Tr((�−1B
(1,1)
ij )2) = 2Tr(�−1B

(1,1)
11 �−1B

(1,1)
11 −�−1B

(1,1)
12 �−1B

(1,1)
12 ), (30)

and

Tr(�−1B
(1,1)
11 �−1B

(1,1)
11 ) =

i

(4π)2
2

ϵ

∫
d4k

(2π)4

[
1

48
(θ2)αβaαk

6aβ

+
1

240
(θ2)αβaµk

4kαkβa
µ 1

60
(θ2)αβaµk

µk2kαkβk
νaν

− 1

24
(θ2)αβaαkβk

4kµaµ +
17

240
θαβθµνaβkαk

4kµaν

]
, (31)

Tr(�−1B
(1,1)
12 �−1B

(1,1)
12 ) =

i

(4π)2
2

ϵ

∫
d4k

(2π)4

[
w2

3
((θ2)αβaαk

6aβ

+ (θ2)αβaµk
µk2kαkβk

νaν − 2(θ2)αβaαkβk
4kµaµ)

×
(
2w2

3
+ (2b− z)(2b− z + 2w)

)
θαβθµνaβkαk

4kµaν

]
, (32)
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where (θ2)µν = θαµθβνgαβ .

It is known that the S–W map is not unique. At each order in θ, it allows freedom of field redefinitions.[19]

Let A
(n)
µ be a solution of the S–W map at θn-order. Then, a gauge covariant term A(n)

µ of exactly θn-order

can be added to A
(n)
µ to form another solution. These field redefinitions add an additional terms to the original

action, which can be used to absorb divergences,

∆S =

∫
d4xtr(DµF

µνA(n)
ν ). (33)

At θ2-order, there are four independent terms in the U(1) gauge field redefinitions, which lead to four additional

terms in the original action. In momentum space, these additional terms can be expressed as∫
d4k

(2π)4
θαβθαβaµ(k

2gµν − kµkν)k4aν , (34)∫
d4k

(2π)4
θαβθµνaµkνk

4kβaα, (35)∫
d4k

(2π)4
(θ2)αβ(aµk

4kαkβa
µ − aµk

µk2kαkβk
νaν), (36)∫

d4k

(2π)4
[(θ2)αβaαk

6aβ + (θ2)αβaµk
µk2kαkβk

νaν − 2(θ2)αβaαkβk
4kµaµ]. (37)

To see whether the θ2-order corrections are renormalizable, one should compare the divergent corrections

from Tr(�−1B
(1,1)
11 �−1B

(1,1)
11 ) − Tr(�−1B

(1,1)
12 �−1B

(1,1)
12 ) with Eqs. (34)–(37). It is easy to check that these

divergent corrections are all of the same forms as Eqs.(34)–(37). So, the gauge field 2-point functions are one

loop renormalizable at θ2 order when they are coupled with a massless scalar field.

Then we consider the case with massive scalar field. For n = 2, we just need to consider the terms containing

mass m in Tr((�−1B
(1,1)
ij )2). The divergent corrections from these terms are

Tr((�−1B
(1,1)
ij )2)mass =

i

(4π)2
2

ϵ

∫
d4k

(2π)4

[
1

3

(
2a− 1

2

)
m2(θαβθµνaµkνk

4kβaα)

+ 2

(
2a− 1

2

)2

m4(θαβθµνaµkνk
4kβaα)

]
. (38)

For n = 3, the divergent corrections come from the terms −m2�−1(�−1B
(1,1)
ij )2,

Tr(−m2�−1(�−1B
(1,1)
ij )2 − (�−1B

(1,1)
ij )2m2�−1 −�−1B

(1,1)
ij �−1m2�−1B

(1,1)
ij )

=
i

(4π)2
2

ϵ

∫
d4k

(2π)4
m2

[
1

8
(θ2)αβaµk

2kαkβa
µ +

1

4
(θ2)αβaµk

µkαkβk
νaν

+
1

4
(θ2)αβaαk

4aβ −
3

4
(θ2)αβaαkβk

2kµaµ +

(
2a− 3

8

)
θαβθµνaµkνk

2kβaα

+ 48a

(
2a− 1

2

)
m2θαβθµνaµkνkβaα

]
+

i

(4π)2
2

ϵ

∫
d4k

(2π)4
6m2[(−w2)((θ2)αβaαk

4aβ

+ (θ2)αβaµk
µkαkβk

νaν − 2(θ2)αβaαkβk
2kµaµ)

+ (2w(2b− z)− (2b+ z)2)θαβθµνaµkνk
2kβaα]. (39)

For n = 4, the divergent corrections are

Tr[(m2�−1)(�−1B
(1,1)
ij )2 + P.T.] =

i

(4π)2
2

ϵ

∫
d4k

(2π)4
m4

[
1

2
(θ2)αβaαk

2aβ +
1

2
(θ2)αβaµkαkβa

µ

+ 192a2θαβθµνaµkνkβaα − (θ2)αβaαkβk
µaµ

]
. (40)

The above are the all divergent corrections to the gauge field propagator with mass m. We rewrite the sum
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of them in coordinates space,

Γ 1
m =

−1
(4π)2

2

ϵ

∫
d4x

[(
1

8
− 2w2

)
m2(θ2)αβ∂µfµα∂

νfνβ −
1

8
m4(θ2)αβfµαf

µ
β

+
1

4

(
(2b− z)(4w − 4b+ 2z) +

a

3
− 1

24

)
m2θαβθµνfαβ�fµν

− 1

4

(
2a+

1

2

)(
10a+

1

2

)
m4θαβθµνfαβfµν −

1

24
m2(θ2)αβfµν∂α∂βfµν

]
. (41)

It is easy to check that if one takes a =

−1/4, w = ±1/4, 2b − z = ±1/4, the

corresponding divergent terms vanish. Term

(m4/12)(θ2)αβfµν∂α∂βfµν/(4π
2ϵ) can be renormal-

ized by gauge field redefinitions. But the one-loop

renormalizability of the gauge field propagator is bro-

ken by the only term (m4/4)(θ2)αβfµαf
µ
β/(4π

2ϵ).

This is very similar to the case where the U(1) gauge

field couples with fermionic fields,[21] where a term

−(m4/4)F̃µνF̃
νµ/(4π2ϵ) spoils the renormalizability

of the gauge field propagator.

4. Conclusion

In this paper, we use the θ-expanded approach

and the background field method to study the one-

loop renormalizability of an NC U(1) gauge field prop-

agator when it is coupled with a massive scalar field.

Because the gauge sector contributions are renormal-

izable, we just need to consider the scalar field con-

tributions. In the discussion, the non-uniqueness of

S–W maps is important.

To θ-linear order, the divergent corrections to

gauge field propagators can be renormalized no matter

whether the scalar field is massive or massless. This

result is compatible with that in Ref. [26]. To θ2-

order, the divergent corrections can be renormalized

by field redefinitions when the scalar field is mass-

less. But when the scalar field is massive, a term

(m4/4)(θ2)αβfµαf
µ
β/(4π

2ϵ) makes one-loop renor-

malizability unachievable. This non-renormalizability

is very similar to the NC QED case.[21] So the renor-

malizability of an NC gauge field coupled with matter

fields needs further study. Maybe for θ2-order renor-

malizability, we should expand the classical NC action

to θ2 order.
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