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Invariant operator theory for the single-photon energy
in time-varying media*
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After the birth of quantum mechanics, the notion in physics that the frequency of light is the only factor that

determines the energy of a single photon has played a fundamental role. However, under the assumption that the

theory of Lewis—Riesenfeld invariants is applicable in quantum optics, it is shown in the present work that this widely

accepted notion is valid only for light described by a time-independent Hamiltonian, i.e., for light in media satisfying the

conditions, €(t) = €(0), p(t) = p(0), and o(t) = 0 simultaneously. The use of the Lewis—Riesenfeld invariant operator

method in quantum optics leads to a marvelous result: the energy of a single photon propagating through time-varying

linear media exhibits nontrivial time dependence without a change of frequency.
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1. Introduction

Since the first indication of the quantum aspect
of light by Planck in 1900, the study of the quantum
features of light has occupied a special position in our
understanding of nature. The essence of the quan-
tum theory of light is that each mode of the radiation
field behaves as a quantized simple harmonic oscilla-
tor. The solution to the ultraviolet catastrophe led to
the birth of quantum mechanics which requires that
the spectrum of allowed energy for the harmonic os-
cillator should be discrete with equal spacing. Planck
found that monochromatic light consists of photons
which all have the same energy, directly proportional
to their frequency w. In other words, the energy of
a single photon is hw where & is Planck’s constant.
This means that the single-photon energy cannot be
changed so long as the frequency is constant, i.e., the
only factor related to determination of its energy is
frequency. This concept became a fundamental notion
in quantum optics and, consequently, was accepted in
physics for a long time after the birth of quantum me-
chanics.

However, Stowe indicated that the reason for this
phenomenon has not yet been exactly understood.!!
It is shown in recent years that single-photon energy in
a conducting linear medium undergoes continuous de-

(2]

cay over time without change of frequency,'*) when we

admit a proposition that the Lewis—Riesenfeld (LR)
invariant operator theory,[®* which was first intro-
duced by Lewis, is applicable in quantum optics. In
the present work, we wish to extend this idea to a more
complicated case, the so-called problem of the quan-
tization of light in time-varying media. Time-varying
media are defined as those media whose parameters,
such as electric permittivity, magnetic permeability,
and conductivity, vary with time.

The LR invariant operator is very useful in the
formulation of quantum mechanics when the Hamil-
tonian of the system is explicitly dependent on time.
In fact, a pioneer in the research of adiabatic in-
variants is Ermakov®! who played an active role in
theoretical physics in the late 19th century. His re-
search, however, was inevitably limited within the
context of classical mechanics since quantum mechan-
ics was not yet known at that time. Thus the actual
originator of the invariant operator theory associated
with quantum mechanics is Lewis. Many researchers
have used the LR invariant operator theory in or-
der to solve the time-dependent Schrodinger equation
for a time-dependent Hamiltonian systems (TDHSs),
such as a damped harmonic oscillator,>7 a time-
dependent forced oscillator,[®9! a time-dependent sin-

[10,11] 4nd a two-dimensional electronic

0.112,13]

gular oscillator,
circuit with/without power sourc The relation

between geometric phase and Hannay’s angle for the
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general time-dependent oscillator is studied through
consideration of the LR invariant operator theory by
Song." Kim and Yee presented a unified treatment
of the anharmonic and double-well oscillators by em-
ploying a variational perturbation method in a com-
plete Hilbert space formulated on the basis of the LR
invariant operator.['®/ For a more detailed and com-
plete study relevant to invariant operator theory in
quantum mechanics, one can refer to Ref. [16] and
references therein.

In particular, we have investigated various quan-
tum properties of light in homogeneous conducting

linear media(2-17-19

I and light propagating in time-
varying linear medial?%2!! by means of the LR in-
variant operator method. For several decades, the
classical and quantum optics of light propagating in
time-varying media have attracted considerable inter-

[20-26] Waye propagation in time-

est in the literature.
varying media is applicable to the research of vari-
ous fields such as magnetoelastic delay lines,?”) wave
propagation in ionized plasmas,?®! modulation of mi-
crowave power,pg} etc. We are going to show theoreti-
cally in this paper that the behaviour of single-photon
energy in time-varying linear media exhibits nontrivial
time dependence without change of frequency, under
the assumption that the invariant operator theory is
equally applicable in quantum optics as it is in other
systems.

2. The LR invariant operator the-

ory for quantum optics

In time-varying linear media, the relations be-
tween fields and current are

D =¢(t)E, B = u(t)H, J=oct)E, (1)

where the time-dependent parameters €(t), u(t), and
o(t) are electric permittivity, magnetic permeability,
and conductivity of the media, respectively. For the
sake of simplicity, we suppose that the media have
Then, with the choice
of Coulomb gauge, the scalar potential vanishes and,

no net charge distribution.

consequently, the electric and magnetic fields can be
represented by expanding only the vector potential.
To decouple the functions of variables r and ¢ for vec-
tor potential A, we put

A(r,t) = u(r)q(t). (2)

By substituting the above equation into a damped
wave equation of the form

2
V2A — (Do) + é(1)  — e(t)u(t) S =0, (3)

we find two separate differential equations related to

u(r) and ¢(t), respectively:2’]

V2u(r) + E*u(r) = 0, (4)
. o(t)+ ) .
i)+ g0 + a0 =0, )
where k is a constant wave number and w(t) is
the time-dependent natural frequency of light. Note
that w(t) can be represented in terms of the time-
dependent velocity of light ¢(¢) such that

w(t) = w(0)e(t)/c(0), (6)

under the well known relation c(t) = [e(t)u(t)] "'/
The normalized mode function wu(r) is determined by
applying boundary conditions of the system consid-
ered. On the other hand, without loss of generality, a
c-number solution of Eq. (5) may be supposed in the
form

q(t) = M(1)eln O+, (7)

where M (t) and «(t) are some time-variable real func-
tions and dg is a real constant. With the replacement
of ¢(t) by operator ¢ and the introduction of its canon-
ical conjugate operator p = —ihd/(9q), the Hamilto-
nian related to the system is expressed as2’]

. H2 1
H(G,p,t) = e O L 4 —eAWe2),  (8)
260 2

where ¢g = €(0) and

A@)y/““”*m”mh (9)
0 e(t’)

From basic Hamiltonian dynamics, we can readily
show that Eq. (8) gives the exact classical equation
given in Eq. (5). The commutation relations for ¢ and
P obey noncommutative algebra, namely, [§,p] = ih.
Due to the explicit time dependence of Eq. (8), the
system of light in time-varying media is a kind of
TDHS.

The LR invariant operator method is indeed very
useful in treating a TDHSs like this, especially in view
of quantum mechanics. The powerfulness of the LR
invariant operator method in solving the Schrédinger
equation of TDHS has been proved through its exten-

sive use in the literature.[2=46—14,16-21,30,31] fyqm
dIl oI 1 .. A
&Y S iA=0 10
dt Ot + ih[ H] ’ (10)

the LR invariant operator of the system can be con-
structed in terms of an annihilation operator ¢ and a
creation operator af as(2!]

H@ﬁﬂ:hﬁ(ﬁd+;>, (11)
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where (2 is a time-constant given by
02 = exp [A(t)]§(t)M>(t)/ M>(0). (12)

Here, the definitions of a(t) and a'(t) take the follow-

ing form

w02 Ltair ot Lo
a(t)fﬁ(XJrlY), (t) \@(X Y), (13)
where
% EO;;L(t)eA(t)/Qq’ (14)
g1

_ . M(t) A)
L A2, M) @)/

- e D — €o e q]-
heoy(t) ( M(t)

Note that the time-evolution of these ladder operators

(15)

yields

a(t) = a(0) exp [-i7 (1)), (16)
al (t) = @' (0) exp [i7(1)). (17)

Moreover, they exactly follow the boson commutation
relation, such that [@,a'] = 1. On the other hand, a
and a' considered in Refs. [32] and [33] in order to de-
scribe the quantum theory of damped light are merely
the same as that of the simple harmonic oscillator. In
that case, it is well known that the ladder operators do
not satisfy the boson commutation relation (for exam-
ple, see Eq. (9.1.17) of Ref. [32]). Therefore, there is
a good possibility that this fact raises some difficulty
in describing the quantum features of damped light.
However, as you can see, the analysis based on the
LR invariant operator is trouble-free in this situation.
The class of damped light is indeed a good example
of a TDHSs whose quantum properties have been in-
vestigated on the basis of the LR invariant operator
theory by theoretical physics researchers.

If we consider the fact that the boson commu-
tation relation is satisfied in this development, the
eigenstates |¢n(t)) of the invariant operator may be
obtained by means of the conventional method. The
ground eigenstate is easily derived from a|¢o(¢)) = 0.
The arbitrary order excited eigenstates can also be
evaluated by operating the creation operator at appro-
priate times to the ground eigenstate. Through these
processes, we get complete eigenstates in g-space in

the form![29]

€’ 1/4
@mmb(;?) —

" Hn< m};“eAu)/zq)

xexp[/lf)—

X (ﬁ(t) —i %g)qﬂ (18)

The basic idea of the invariant operator method in in-

vestigating the quantum solutions of the TDHS is that
the wave functions |y, (¢)) which satisfy Schrédinger
equation are different from the eigenstates |¢,,(t)) of
I by only some time-dependent phase factors.[* Thus,

we can write

[9¥n(8)) = |Pn(t)) exp [10n(2)], (19)

where ,(t) are time-dependent phases given by
on(t) = —y(t)(n +1/2).

3. Analysis of single-photon en-

ergy

In the case where the Hamiltonian is explicitly
dependent on time, the role of the Hamiltonian is lim-
ited only to the generator of the classical equation of
motion. Hence, it is clear that the energy operator
for the TDHS is different from the Hamiltonian.[7-3%
From the fundamentals of mechanics, the electromag-
netic energy in time-varying media is given by[2"]

U= %e(t)tf + %e(t)wz(t)q2. (20)

After converting the variable ¢ in the above equation
into p using the relation ¢ = e_A(t)p/eo, one can re-
place g and p by operators ¢ and p in order to establish
the energy operator. Thus, we have

. —oan P 1 24\ A2
U= —¢e(t)e — + se(t)w()q". (21)
2 € 2

By using Eq. (19) with Eq. (18), we can readily evalu-
ate the expectation value of the above energy operator
in the number state:

he(t) oA [ 52 M?3(t)
% (t)eo G@+M%>

+ w2(t)) (n - ;) . (22)

For n = 1, without consideration of the ground state

energy, the above equation reduces to single-photon
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energy:

he(t) o AWM

Usingle—photon = 2’}/(1‘5)60

T2
x (m + %28 +w2(t)> o

Remarkably, we see that the single-photon energy de-

pends explicitly on time.

One of the typical examples of an optical phe-
nomenon that can be described by a time-dependent
Hamiltonian may be the widely observed dissipation
of biophoton signals that are emitted spontaneously
from various living systems ranging from bacteria
to human tissues.?1:34 There are many unusual fea-
tures associated with biophoton signals. Among them,
the most unusual one known from numerous obser-
vations is that the emitted photon signal exhibits a
non-exponential but hyperbolic decay character in the
semiclassical framework. Popp and Li proposed a fre-
quency stable damped harmonic oscillator model in
order to describe the relaxation behaviour of biopho-
ton fields.*¥ Based on this model, the three time-

dependent parameters in Eq. (1) are given by

()= o, plt) = u(0), a<t>=fjoj§t,

(24)

where \q is a positive real constant. Hence, the effec-
tive Hamiltonian is represented in the form

~D
N 1 R
H(G,p,t) P + —eo(1+ Aot)2w2d?, (25)

T 26(1+ Aot)? | 2

where wy stands for constant mode frequency. In this
case, the time-variable functions in Eq. (7) can be
written as(?!]

M(t) = qo/(14 Xot), () = wot, (26)

where ¢qq is a real constant. By substitution of these
representations into Eq. (23), the expectation value of
the energy for a single photon becomes

1
Usingle-photon = FLWOW
A3
1+ ——7——-1. 27
% ( + 2w§(1+/\0t)2> (27)

For A\g = 0, the above equation reduces to a famil-
iar form hwgy. If we analyse the signal on the basis
of conventional theory, the energy of the single pho-
ton should be constant over time since the frequency
of the model is stable. However, from Fig. 1, we can

acknowledge that the corresponding single-photon en-
ergy based on the LR invariant operator theory de-
creases continuously with time. In this system, the
damping term (second term) in Eq. (5) is proportional
to Ao which is directly related to conductivity. There-
fore, the decay rate of single-photon energy grows as
Ao increases.

1.2},
Lol N A0=0
. \\\
0.8 \\\\\

> N

o0 N ~

g 06 AN ~

= O T~ A0=0.2

A N ~—~ __Ao=
0.4 T T~ Ao=04 T —
0.2 Xo=0.6"""~-o T T~

0 1 2 3 4

Fig. 1. The expectation value of the single-photon energy
for a biophoton signal, represented in Eq. (27), as a func-
tion of t for various values of Ag, indicated by lines. We
have taken wgp =1 and h = 1.

Now let us consider a simpler case. Even if the
time dependence of the parameters disappears, i.e.,
€(t) = €, p(t) = p(0), and o(t) = ¢(0), the Hamil-
tonian of Eq. (8) still depends on time so long as
the conductivity exists. We can confirm this fact by
substituting the resultant time function of Eq. (9),
A(t) = ot/e, into Eq.(8). In this case, the Hamiltonian
becomes that of the CaldirolaKanai oscillator[3:36]
which corresponds to an ordinary damped harmonic
oscillator. Since the classical solutions associated with
the Caldirola—Kanai oscillator are well known, we can
easily show that the time-variable functions in Eq. (7)
are given by

M(t) = goe™ "9, 4(t) = wit, (28)

where w is a modified frequency of the form
w = [wi — 02/ (4€%)]1/2, (29)

In this case, the time constant is nothing but 2 = w;.
Then, the energy of a single photon reduces to
w2
Usingle-photon = fi—2 e~ /€, (30)
w1
Note that this is exactly the same as that in Ref. [2]
and also recovers fwg for o = 0. We can confirm
that Eq. (30) decreases exponentially and continu-
ously with time. The exponential decay character for
the quantum energy of a damped harmonic oscillator
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has been generally presented several times.[27-37:38]

Although there is a possibility that the results of this
analysis would leave room for some controversy among
theoretical researchers in quantum optics, the expo-
nential decay of (quantum) energy is in good agree-
ment with the relevant theory of classical mechanics.
Of course, the lost energy is converted to heat energy
in the media.

4. Conclusion

The concept that the energy of a single photon is
always hw has been generally recognized in quantum
optics for a long time. However, under the assump-
tion that LR invariant operator theory is admissible
in quantum optics, this well known concept is valid
only for light described by a time-independent Hamil-
tonian, i.e., for light in media satisfying the conditions
€(t) = eo, pu(t) = p(0), and o(t) = 0 simultaneously.
The energy of a single photon presented in Eq. (23) is
explicitly dependent on time even when its frequency
is constant. To promote understanding of this re-
sult, we considered two special systems, the so-called
frequency stable damped harmonic oscillator and the
Caldirola—Kanai oscillator. The time behaviour of the
single-photon energy is given in Eq. (27) for the former
system and in Eq. (30) for the latter system. These

decrease continuously with time due to the presence
of conductivity in the media. If the conductivity dis-
appears (o — 0), both Eq. (27) and Eq. (30) become
constant as expected.

Although lots of dynamical systems have been
investigated using approximation and perturbation
methods, it is not necessary to employ them when
we formulate quantum dynamics on the basis of the
invariant operator theory provided that the classical
solution Eq. (7) is known or derivable. Therefore, our
analysis of photon energy carried out here is mathe-
matically precise. We showed in a previous paperl3!
that the quantum electrodynamics developed via the
LR invariant operator method is self-consistent, by
verifying that the field commutation relations follow
Maxwell’s equations for the two special cases that we
also present in Section 3 of this work. Since the main
structure of statistical results for the quantum theory
of a TDHS, constructed by the LR invariant operator
method, is the same as that of the ordinary simple
harmonic oscillator,[?!] the present analysis does not
give rise to the problem of ultraviolet catastrophe. If
the time dependence of the Hamiltonian vanishes, the
single-photon energy derived from the LR invariant
operator theory exactly recovers to hw which is well
known as the single-photon energy in free space.
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