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Dynamics of vector solitons in two-component
Bose—Einstein condensates with time-dependent
interactions and harmonic potential*
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We present two kinds of exact vector-soliton solutions for coupled nonlinear Schrédinger equations with time-

varying interactions and time-varying harmonic potential. Using the variational approach, we investigate the dynamics

of the vector solitons. It is found that the two bright solitons oscillate about slightly and pass through each other around

the equilibration state which means that they are stable under our model. At the same time, we obtain the opposite

situation for dark—dark solitons.
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1. Introduction

The experimental realization of multicomponent
Bose-Einstein condensates (BECs) has generated

[1 72] Com_

great interest in this interdisciplinary field.
pared with single-component BECs, the multicompo-
nent BECs possess more rich phenomena and com-
plex dynamics,®=9) in particular, vector solitons/®—8!
and their interactions.l”) Vector solitons in the form
of dark—dark,*% bright-bright,[*!] and bright-dark?
solitons are studied. Recently, BEC mixtures of two
hyperfine states of the same atom have been available
for experiment,'3! which motivates further research
around this problem. Within the mean-field approxi-
mation, these systems can be described by a coupled
Gross-Pitaevskii (GP) equation.]

As we know, in the GP model, the properties
of the nonlinear excitation are determined by the in-
teraction between atoms, which is typically charac-
terized by the s-wave scattering length. Recently
experiments have demonstrated that the atomic s-
wave scattering length can be changed in time by
means of external magnetic fields, i.e. by using Fesh-
bach resonances.['516] This exciting technical progress
offers a great opportunity for the manipulation of
atomic matter waves and nonlinear excitations in mul-
ticomponent BECs.

Here our aim is to study vector solitons and their
dynamics in two-component BECs with tunable in-

teraction parameters and harmonic trapping poten-

tial. We extend the study on single-component BECs
to the two-component case and obtain exact vector-
soliton solutions of the quasi-one-dimensional cou-
pled GP equation in the case with equal interaction
parameters,'”) including bright-bright and dark—dark
vector solitons. In general, the interaction parame-
ters are different, but we can use Feshbach resonances
The

parameters (amplitude and width) of vector solitons

to modify them to keep exactly equal values.

can be changed in a controllable manner by changing
the scattering length and harmonic trapping potential.
This is significant to help in devising experiments. We
also investigate the dynamics of the vector solitons by
using the variational approach.

2. The theoretical model

Our model is the quasi-one-dimensional cou-

pled dimensionless nonlinear (NLS)

[7,18]

Schrodinger
equations

9 0
1% = <_8:z:2 + Vi + guln | +912|¢2|2> 1, (1)
Oy ( 0

i =\ a2 + Va + go1|tn |2 +922|¢2|2> Y2, (2)

where the condensate wave functions are normalized
by conditions: [ [¢1|?dx =1 and [ |¢s|*dz = Ny/Ny,
with N; being the number of atoms for species j
(j = 1,2). The trapping potentials are assumed to
be V; = k2(t)z® = cuf-(t)acz/o.)?L7 where w; and w;
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are angular frequencies in the axial and radial direc-
tions respectively. The coefficients of the nonlinear
terms are gjr = 4a;5N1/a1, where a;j, is the scatter-
ing length between species j and k, j, k = 1,2, m is the
mass of an atom, and a, is defined asa, = \/hA/mw .

In this paper, we assume that ki(t) = kao(t) =
k(t), and g;x(t) = 0g(t), o = £1. Equations (1) and
(2) can be rewritten as

o 924
i% T 8;@] + k()25 + og(t)([¢a]?
)y, J=1,2, (3)

where o = +1 corresponds to positive and negative
scattering length, respectively. In order to obtain an
exact solution of Eq. (3), we make use of the modified

lens-type transformation as follows:[1719]

by, t) = g P00 () (2,7)
xexp{ilf()2®]}, j=1,2, (4)

z=uz/l(t), 7(t) :/0 72(s)ds, (5)

where f(t) and £(t) are two real functions of time.
Taking into account these transformation, we can
reduce Eq. (3) to a standard coupled nonlinear
Schrédinger equation
2
1% = T o(la + 16205,
it f(t), £(t), k(t), and g(t) satisfy the following rela-

tions:

i=12, (6)

fe+af?+k> =0, L,—4f=0, g lg+4f=0.(7)

l

Tt follows from Eq. (7) that

£(t) = £(0)g(0)/g(t), (8)
—g tg +2972g7 +4k* = 0. (9)

For attractive inter-atomic interactions, i.e., ¢ =
—1, Eq. (6) possesses an exact bright—bright vector-
soliton solution in the form
¢B; = nsech[n(z — z9)] exp(int), j=1,2, (10)
where 1 and zp are real constants which determine
the amplitude (as well as width) and initial position
of the soliton respectively. The two bright solitons in
Eq. (11) overlap completely and keep rest. We call
this state the equilibrium state.
Returning to the original variables x and ¢ defined
by Eq. (5), we obtain an exact bright-bright vector-

soliton solution of the coupled GP equation (3) as

¥p; = 71V g(t) sech[fg(t)(z — zo)]
t
comp it [ g6)ds +10)(o 02
0
1,2, (11)
here 7) = n/[£(0)g(0)].
Similarly, for repulsive inter-atomic interactions,

ie, 0 = 1, Eq. (3) possesses an exact dark—dark

vector-soliton solution in the form

¥pj = 1V/9(t) tanhlijg (1) (x — xo)] exp [‘W /0 g*(s)ds +if(t)(x — 20)?|, j=12. (12)

Equations (11) and (12) indicate that the amplitude and the width of the vector solitons vary with function

g(t). On the other hand, for a given variation of the scattering length g(¢), one can control the variation of the

soliton parameter. This is significant to help in devising experiments.

3. The stability of the vector solitons

First, we discuss the interaction between components in a bright—bright solitons (in this case, o = —1). For

this purpose, we assume that the vector solitons deviate from their equilibrium state, and they are expressed

by the following ansatz.

by =) sechln(r) = s (lexw i [ n(rPar iyl - 50) +is0| =12 03

The Lagrangian density £ from Eq. (6) can be derived as:

L= S(6101r — 0165, + 65620 — 6205) — (90 + 102 P) + 61P1oal + S (16l +16al"),  (14)
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where the asterisk denotes the complex conjugate. Substituting Eq. (13) into the Lagrangian density Eq. (14)

and integrating the result over z from —oo to oo, we obtain the Lagrangian

L= / Ldz = —2n(n* — 121 +01) — 20(n? — pae + 02) — 20 — 2u3n + 13 F (22 — 21), (15)

where overdot represents the derivative with respect to the time 7 and

F(z —2) :4{

Now we can derive a set of differential equations
for ansatz parameters from the least-action principle
ol = 5[:12 Ldr =0:

61/661 =0 — n = const.,

01/5d3 =0 — n = const., (17)
5[/5#1 =0— ,2:“1 = 2,UJ17
(5]/(5/12:0—)2.:2:2/1@, (18)

61/6,, =0 — 2niy —n°0,, F(z0 — z1), (19)
61/5., =0 — 2njia — 20, F (22 — 21).  (20)

When 29—z is small, we expand F'(z9—21) as a power
series of zo — 21 up to the second-order, and obtain

F(ZQ—Zl):g—%(ZQ—Z:L)Q. (21)

From Eqgs. (18)—(21) we obtain
d? 32

— (22 —21) + 15"

dr2 4(Z2 - Zl) = 07 (22)

so the solution of Eq. (22) is
29 — 21 = Asin(wppT + @), (23)

where the both amplitude A and initial phase angle
o are decided by the initial conditions. The angular
frequency is obtained from Eq. (22) as

32,

WBB 1577 ( )

Returning to the original variables x and ¢, and noting
that App(0) = 0, we obtain from Eq. (23) that

App = Al(t)sin [\{?nQ /075 6_2(8)(181
A VB2, [t
= 30 sin ll5772/0 gz(s)dsl ,
i) = 0 (29

1(z2 — 2z1) cosh[n(zz — 21)] 1 } .
sinh?® [n(z2 — 21)]

sinh? (22 — 21)] (16)

where Agg = xo — x1 represents the separation be-
tween the two solitons. For better study, as discussed
in Ref. [20], a periodic scattering length is obtained
by means of an ac magnetic field, we suppose that the
interaction parameter g(t) is modulated periodically
as

9(t) = go[l + msin(wt)], (26)
where m and w are the amplitude and frequency of

the modulation. Substituting Eq. (26) into Eq. (25)
yields

A
£(0)[1 + msin(wt)

]
\/2772/0 (1 —|—msin(wt))2ds‘| (27)

Obvi-
ously, the two solitons oscillate about slightly and pass

App =

X sin

The curve Agg—t is described in Fig. 1.

through each other around the equilibration state.
This means that the system of bright—bright solitons

m
sl

t

Fig. 1. The distance between the two bright-bright soli-
tons Agp versus time ¢. Here A = 0.2, £(0) =1, m = 0.1,
w=1,andn=1

is stable.

—_

ABB

—

0

Similarly, for repulsive inter-atomic interactions,
(0 = 1), the ansatz for dark—dark vector soliton solu-
tions is

¢p; = 1(7) tanh[n(7)(z — 2;())] exp [—21/77(7)2017 +ipg(1)(z = 2i(7)) +id(7) |, j=12 (28
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The appropriate Lagrangian density is

= (G617 — 0165, + G020 — G203, -

(|¢1Z|2 + |¢2Z|2) -

G162 — Sl + Il (29)

Integrating Eq. (29) over z, we obtain the Lagrangian L as follows:

1/2 ]
L= LAz = (0Pl —20) (10 + w21 — Oy
—1/2

+0lfizzo — NP F (22 — 1),

where [ is the length of the cigar-shaped BEC. Ac-
cording to the least-action principle, we obtain
01/661 =0 — n = const.,
01/583 =0 — n = const., (31)
6[/5,“,1 =0— 21 = (2 — T]Z)/Ll,
61/0p2 =0 — 25 = (2 — nl)pe, (32)
61/521 :0_>27IM1 _773621F(22 _Z1)7 ( )
61/622 =0— 2nps — ngazzF('z2 - Zl)- (34)
When 2 — 21 is small, from Eqgs. (33)-(35), and (21)

we obtain

d2

ar ) (22 — 21) /\(Zg — 2’1) = 0, (35)
where A = 161*(nl — 2)/15. Because |¢;|?> > 0, we ob-
tain the condition nl —2 > 0. The solution of Eq. (36)
is

Z2 — 21

= BeVM 4 Ce VA, (36)

According to Eq. (5), changes to the original temporal
and spatial coordinates, together with App

App = D [VAfi3*)ds _ o—VA[i3*()d
9(t)

s 9(t)

t) = 37
i) = (37)

Substituting Eq. (26) into Eq. (37)
App = ](B [efftc @)ds _ o=V fo ¢F()ds |
14 t

((t) = L mein(er) (39)

£(0)

The curve App—t is described in Fig. 2. Obvi-
ously, the distance between the two dark—dark solitons

- M%) + (7721 - 277)(772 + p2zo — by — u%) + 02l 2

(30)

grows infinitely in time ¢, so the dark—dark solitons are
unstable.

ADD

t

Fig. 2. The distance between the two dark—dark solitons
App versus time ¢t with A = 1 and B = 1. The other
parameters are the same as in Fig. 1.

4. Conclusions

In summary, when the interactions take equal val-
ues, we have obtained exact bright-bright solitons and
dark—dark solitons in the frame of the coupled GP
mean-field theory. Based on this model, we investi-
gate the dynamics of the vector solitons by using the
variational approach. The two bright solitons oscillate
about slightly and pass through each other around the
equilibration state which means the bright-bright soli-
tons are stable. However, supposing some perturba-
tion appears, the distance between the two dark—dark
solitons increases with time ¢, which means that the
dark—dark solitons are unstable. We hope our theoret-

ical results will stimulate experiments in this direction.
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