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Utilizing a three-particle W state, we come up with a protocol for the teleportation of an unknown two-particle
entangled state. It is shown that the teleportation can be deterministically and exactly realized. Moreover, two-particle
entanglement teleportation is generalized to a system consisting of many particles via a three-particle W state and
a multi-particle W state, respectively. All unitary transformations performed by the receiver are given in a concise

formula.
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1. Introduction

Quantum teleportation,!!! which allows for the
disembodied transport of a quantum state between
two or more parties via quantum entanglement with
the help of local operation and classical communica-
tion, is an important ingredient in distributed quan-
tum networks. It also serves as an elementary opera-
tion in quantum computers and many quantum com-
munication protocols. Since the seminal work of Ben-
nett et al.l!l scientists have experimentally made dra-
matic progress with quantum teleportation in different

(2] (3] (4]

quantum systems,!*! inside!”! and outside!® laboratory

conditions. In theory, the teleportation has been gen-
eralized to many cases.>~14

Multi-particle entangled states, namely the
Greenberger-Horne-Zeibinger (GHZ) states,!'”! the
W states!”1216:17 and the cluster states!'®9 have
been exploited for carrying out teleportation. Re-
cently, in Ref. [17] a kind of W state [W) = (|100) +

|010) + v/2]001))/2 was shown and utilized to imple-

ment the teleportation of a particle state a|0) + 5 |1).
In the protocol,!”! the sender needs to carry out the
measurement composed of the following three-qubit
W states:

[n*) = (|010) + |001) & v/2]100)) /2,
|€5) = (]110) + [101) £ V'2]000))/2. (1)

It is known that the W state is much more robust
than the GHZ states, as demonstrated in the recent
experiment.[?%) Especially, due to the importance of
the W states introduced by Ref. [17], Zheng?' uti-
lized the W state |n™) in expression (1) to propose
a procedure for splitting quantum information and il-
lustrated it in the ion-trap system.

Generally, it is not possible to deterministically
and exactly teleport a two-particle state by using
a three-qubit W state as the quantum channel.l”1?
However, it is necessary to further research this prob-
lem. As especially relevant to this paper, using the
Bell state measurement, we propose a deterministic
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and exact two-particle entanglement teleportation via
a three-particle W state. It will be shown that the de-
terministic and exact teleportation of a multi-particle
partially entangled state can be completed by using a
three-particle W state and a multi-particle W state as
quantum channel, respectively. In addition, we sum-
marize all the unitary transformations performed by
the receiver in a concise formula.

The rest of the present paper is organized as
follows. In Subsection 2.1, we propose a protocol
for deterministic and exact teleportation of the two-
particle entanglement. Additionally, two-particle en-
tanglement teleportation is generalized to the system
consisting of many particles via a three-particle W
state and a multi-particle W state in Subsections 2.2
and 2.3, respectively. All unitary transformations per-
formed by the receiver are depicted in a concise for-
mula. A brief discussion and the concluding summary

are given in Section 3.

2. Protocol for deterministic and

exact teleportation

Although due attention has been paid to the gen-
eration of entanglement, quantum entanglement has
to be transported among spatially separated spots in

l

7)==

some applications.?2l In this section, we propose a
protocol for the perfect entanglement teleportation of
the two-particle entangled state via a three-particle
W state. Multi-particle entanglement teleportation is
also investigated via a three-particle W state and a
multi-particle W state, separately.

2.1. Teleportation of two-particle entan-
glement

An unknown two-particle partially entangled
state is expressed as

|¢>45 =z |00>45 +y |11>45 ) (2)

where x and y are non-negative real numbers satisfy-
ing 22 4+ 9% = 1.
A three-particle W state utilized as a quantum

channel is written as
1
(W) 193 = §(|1OO> +1010) + \/§|001>)123~ (3)

Alice is in possession of particles 3, 4, 5, while par-
ticle 1 and 2 belong to the receiver Bob. At the be-
ginning of the protocol, the state of the whole system
composed of particles 4, 5 and quantum channel is
|D) = |¢) 45 ® |W) 95 It can be rewritten in the fol-
lowing way by regrouping terms:

[|8%)34(2[100) 125 + £|010) 125 + v29[001)125)

+ (W) 34 (y[101) 195 + y|011) 105 + v/22]000)125)], (4)

where [@F) = (|00) & [11))/v/2, and [¥*+) = (|01) £ [10))/v/2.

To begin with, Alice uses the entanglement swapping[?324 to perform the joint measurement on particles
3 and 4 in the Bell basis {|®1), |¢7), [¢T), [#~)}. For convenience, Alice’s measurement result |[¢1), |¢7),
[T+, @) is expressed as classical bit strings M3M,;=00, 10, 01, 11, respectively. The following states can be

obtained:
(#*]342) = 31(#]10) +2101) + (1) V|00))12 @ [4)s
+ (@10} + 2{01) — (~1)* VEy[00))12 @ s, (5)
(7% [54®) = 1(4110) +y[01) + (~1)* V3]00))1> © | +)5
+ (—y[10) — y[01) + (=1)*V22|00))12 @ |)s]. (6)
Then Alice measures qubit 5 in the basis {|+),|—)}. The measurement result |+), |—) is denoted as

classical bit i5 = 0, i5 = 1, respectively.

To make Bob know the collapsed state with certainty, Alice communicates the measurement outcomes to

Bob, including measurement outcomes on particles 5 and Bell-state measurement results on particles 3 and 4.
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Bob performs the following unitary transforma-
tion E on particles 1 and 2:

1 0 O 0
0 V2 V2
B— 2 2 (7)
o V2 V2o
2 2
0O 0 0 1

The two-particle at the receiving ends col-
lapses into one of the following states: (z|10) £
(—=1)Msy 100))12, +y[10) + (—=1)32 |00). Bob per-
forms a CNOT operation with particle 1 as the control
qubit and qubit 2 as the target qubit.

Afterwards, according to Alice’s different mea-
surement outcomes, Bob uses the following transfor-
mation, which has been summarized into a concise for-
mula, on particles 1 and 2 to recover the transmitted
state:

ZiszMs x Ma x M X, X, (8)

0

where 6 = I, o' = o, o is the Pauli matrix X or Z,

and I is an identity matrix.

2.2. Teleportation of multi-particle en-
tanglement via a three-particle W
state

In the past few years, many researchers have ex-
tensively studied GHZ entangled states due to their
important role in quantum information processing and
communication. Many theoretical proposals have ap-
peared for the generation of multiqubit GHZ states.
Recently, it has been reported that an up to six-
photon GHZ state has been created in experiment. 2!
In this section, Alice wants to teleport an unknown
N-particle entangled GHZ state to the distant receiver
Bob.

where x and y are non-negative real numbers satisfy-
ing 22 4+4y>=1, N > 3.

The quantum channel is still in the W state in
expression (3).

Alice possesses particles 3, 4, 5,..., (N + 3),
while particles 1 and 2 belong to Bob. The state of
the whole system is |®) = |¢) @ |W)123.

Firstly, Alice performs a joint measurement on
particles 3 and 4 in the Bell basis. Here, the measure-
ment result [@F), |®7), [WT), W) is still expressed
as M3M, = 00, 10, 01, 11. As a result, we can obtain
the following states at random:

(% |348) = [2(]10) + [01))12 @ |0)2N =D

+ (=1)M21/2yh]00)15 ® [1)ON D] /2v/2,
(10)

(WE|34P) = [y(]10) + |01))12 @ [1)EE D
+ (=1)M21/22]00) 12 ® [0)2 N D] /2v/2.
(11)

Then, Alice measures qubits 5, 6, ..., (N+3) in
the basis { |+),|—) }, separately. For the j-th qubit,
we denote the measurement result |+), |—) as classi-

cal bit i; = 0, ¢; = 1. Alice tells Bob the measurement
results including the measurement results on particles
5, 6, ..., (IN+3) and Bell-state measurement results
on particles 3 and 4.

Bob performs the unitary transformation E in ex-
pression (7) on particles 1 and 2. According to the
number of the classical bits sent by Alice, Bob intro-
duces N — 2 additional qubits |0)(nt4), [0)(N45)s - -
|0)(2n+1)- Then, he performs a set of CNOT opera-
tions with particle 1 as the control qubit, particle 2
and every additional qubit as the target qubit. After-

|p) = (x]0)®N + y|1>®N)45...(N+3), (9)‘ wards, we can obtain
N+3
1 yark 4
L 1 (YD 4000 0 (12
N+3
1 24 u
\/ﬁ[y(—l)j=5 (1. 1) + (=1)722]000 . .. O)]12(v+4)2v+1)- (13)

Depending on Alice’s measurement results, Bob applies the following transformation:

1

As a result, particles 1,2, (N +4), (N +5), ...

N43
(Z ij> mod 2
Z,N7° ZMs (X Xo X nyaXngs ... Xoygq)MatDmod2, (14)

, (2N + 1) successfully collapse into the state z|0)2(V+1 4

y|1)@WVHD "which is just a replica of Alice’s original state.
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2.3. Teleportation of multi-particle entanglement via a multi-particle IV state

Of course, the communicators can use the following (N+1)-particle W state, which is a generalization of
the state in expression (3), as the quantum channel to teleport an unknown N-particle entangled GHZ state.
In such a case, the additional qubits are not required to be introduced by the receiver Bob.

W) = [(]10... 00) +[01... 00) + ... 00... 10)) + VN|00... 01)] 123 . (n11)- (15)

1
V2N
The N-particle entangled state that will be teleported can be expressed as

16) = (@[0)®N + y|1)®™) (v 42y (v3)... 2 11)- (16)

Alice possesses particles (N +1), (N+2), ..., (2N +1), while particles 1, 2, ..., N belong to Bob. The
state of the whole system is [®) = [W)1a (v 41) @ [9)(N1+2)(N+3)... @N+1)-

Alice performs the joint measurement on particles (N+1) and (N+2) in the Bell basis. The measurement
result @), |@7), [¥T), [&~) is still expressed as My Mn12=00, 10, 01, 11, respectively. Then, Alice
measures every qubit (N +3)(N +4)... (2N + 1) in the basis { |+),|—) }, separately. Alice communicates all
the measurement results to Bob. Bob performs the unitary transformation U on particles 1,2,3,... ,N. He

obtains the following state at random:

2N+1
1 2 i
| 2(]10... 0Y + [01... 0 ... +]00... 1)) + (=1)Mn+1(=1)i=N+s /N OOO...O}
\/W[ (I )+ | ) | )+ (1) (1) vl ) .
2N+1
% 1 _1\MnNy1(_ _7:N+3Zj
— Javat {:c|10... 0) + (-1) (-1) y|000... 0) . (17)
2N+1
L (—1)j§+3ij(|10 0) +1]01...0) 4 ... +[00... 1))+ (=1)M~+1y/Nz|000. .. 0)
\/Wy x .
2N+1
v 1{y(—l)jN+31J|1O...O>+(—1)MN+133|000...0>} . (18)
2N+1 12..N
Generally, the unitary transformation U on particles 1,2,3,..., N is an operation about 2V x 2. For
example, when N=3, the transformation about 23 x 23 is
1 0 0 0 0 0 00
0 1/V3 —1/V/3 1/V3 0 000
0 1/V3 0 -1/vV3 —1/V/3 0 0 0
o 0 0 1/vV3 1/V/3 —1/4/3 0 0 0 19)
0 1/vV3 1/V3 0 1/V3 0 0 0
0 0 0 0 1 00
0 0 0 0 01 0
0 0 0 0 0 0 1

Then, Bob performs a set of CNOT operations with particle 1 as the control qubit and particles 2,3,... | N
as the target qubit. Finally, Bob uses the following transformation to recover the transmitted state:

2N+1
( 1]) mod 2
Z1 Jj=N+3 Z11\/1N+1 (X1X2 o XN)(MN+2+1) mod 2. (20)
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3. Conclusions

Using the W state as a quantum channel, one can usually obtain the approximate teleportation determin-
istically (with imperfect fidelity but unit success probability)[16] or exact teleportation probabilistically (with

712l One of the features in our protocol is that an unknown

unit fidelity but a certain probability of failure).!
two-particle entangled state can be deterministically and exactly teleported via a three-particle W state.

On the other hand, our paper also has the following features by comparison with that given in Ref. [17]. (i)
Entanglement teleportation transfers not only the amount of entanglement but also the entanglement structure.
There is a higher capability of transmission in our protocol, in which the two-particle state |¢) = x|00) + y|11)
can be perfectly teleported via the same quantum channel. (ii) In our protocol, the sender performs a Bell
measurement on two photons, which is easier to realize than the three-qubit measurement in expression (1)
used in Ref. [17]. Moreover, based on some techniques?6=2%] the Bell measurement is experimentally realized.
The disadvantage is that the receiver needs to additionally perform a unitary transformation in expression (7)
and a CNOT operation. However, the quantum circuits of the unitary transformation in expression (7) and the
quantum channel W state can be constructed by combining a set of one-bit quantum gates with two-bit CNOT
gates.?”) Nowadays, a single-qubit gate has been easily implemented in experiment. The quantum CNOT
gate has been demonstrated successfully.*”) Hence, the advantages of our paper outweigh the disadvantage in
essence. (iii) In many existing protocols,!”!) the unitary transformations performed by the receiver are complex
tables. One of the unique features in this paper is that all unitary transformations performed by the receiver
are summarized into a concise formula. (iv) We generalize two-particle entanglement teleportation to a system
composed of multi-particle entanglement via a three-particle W state or a multi-particle W state, separately.
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