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The Lie symmetries and conserved quantities of a two-dimensional nonlinear diffusion equation of concentration
are considered. Based on the invariance of the two-dimensional nonlinear diffusion equation of concentration under
the infinitesimal transformation with respect to the generalized coordinates and time, the determining equations of Lie
symmetries are presented. The Lie groups of transformation and infinitesimal generators of this equation are obtained.
The conserved quantities associated with the nonlinear diffusion equation of concentration are derived by integrating
the characteristic equations. Also, the solutions of the two-dimensional nonlinear diffusion equation of concentration

can be obtained.

Keywords: Lie symmetry, conserved quantity, nonlinear, diffusion equation of concentration

PACC: 0320, 0200

1. Introduction

Lie group theory has been used to study differen-
tial equations. It has developed into a powerful tool
to solve differential equations, to classify them and to
establish properties of their solution space. These as-
pects of Lie group theory have been described in many
books and lecture notes.[' ~27]

Also, Lie group theory has many applications in
partial differential equations, such as one-dimensional
diffusion-convection equations(®8! which are applied
to fluid in a porous medium, transport of water in
homogeneous non-deformable porous media and so
on.[29731] Recently, Lie group theory for the general
form of the two-dimensional heat equation was inten-
sively investigated in Ref. [32].

In the present paper, we study the Lie symme-
tries and conserved quantities of a two-dimensional
This
work has good significance in solving the problem of

nonlinear diffusion equation of concentration.

the diffusion of concentration of chemical and physical
substances.

We show that the infinitesimal criterion for invari-
ance of the two-dimensional nonlinear diffusion equa-
tion of concentration leads directly to an algorithm
to determine infinitesimal generators X admitted by

given partial differential equations (PDEs). Invariant
surfaces of the corresponding Lie group of point trans-
formations lead to equations of conserved quantities
(similarity solutions). These solutions are obtained by
solving the two-dimensional nonlinear diffusion equa-
tion of concentration with fewer independent variables
than the given PDEs.

2. General method for a PDE

2.1. Invariance of a PDE

First, we consider a kth scalar PDE in the general
form
F(‘T7u7’lf7g"" 7%):0’ (1)

where z = (z1,22,...,2,) denotes n independent
variables, u represents the coordinate corresponding

to the dependent variable, and u refers to the set
J
of coordinates corresponding to all jth order partial

derivatives of u with respect to z; the coordinates

. &
of u corresponding to

J &Jcilaxh N 6:%.

uiluig...uij,ijzl,l... ,n, fOI‘j=1727... ,k.

is denoted by

We consider a one-parameter group of point-like
transformations acting on the space of the indepen-

dent variables ¢ = (z1, z2,... ,Z,) and on the space of
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the dependent variable of Eq. (1). The one-parameter
Lie group of transformations may be expressed as

z* :X(QC,U;E), ut = U(m,u;e), (2)
then
0 0
X = & (2, u)—— =
Gt )
is the infinitesimal generator of Eq. (2). Let
0 0 0
k) — ¢ Z 4 =
X gl(xv ’LL) xi + 77(5”’ U) au + 771 ($7 u’ llit) an
(2) o
RS
o0 (o uuu)L
1820 2k 12 k auiliz...ik (4)

be the kth extended infinitesimal generator of Eq. (3).
Equation (2) is admitted by PDE (1) if and only
if
*) _
X F(x7 u’ ,lil,7 g" . ’7];:1/) 07 (5)

when F(ac,u,tlt,g7 e ,%) =0.

2.2. Determining equation

From Eqgs. (3)—(5) we can see that the kth order
PDE (k > 2)

Uiyig...5p = f(xauvlljﬂga"' 7%)a (6)

where f(z,u, Uy Uy ,%) does not depend on w;,4,.. 4,5
and admits Eq. (3) with kth extension given by
Eq. (4), if and only if
0] f af 1 of
nilig_ - 5] a a + a
0
n n(k) f

Iz IR aujle-ujk’

+

(7)

when w; 4,4, = f(:c,u,?,g,... ,%)

Explicit formulas for the extended infinitesimals
0
{nll lg

(1) _Dzn_ (Dg])u]) 7 = 1’2,... s,y

G } result from the following equations:
1

k k—1
nz(lz)Q = lenz(le ) i1 (Diké-j)uili2~uik—lj7
i = 1,2,... ,n for
1=1,2,...,k with £=2,3.... (8)

2.3. Determining equations and their so-
lutions

The Lie symmetries for a PDE are the classical
ones which keep the equation invariant under a Lie

In this
section we study the Lie symmetries for an equation

group of local infinitesimal transformations.

in the form of
Pt = (pQPI)ya (9)

where p denotes the concentration of the substance;
we consider it as a dependent variable p = p(z,y,1),
the p, , py are partial derivatives.

Diffusion will take place when chemical sub-
stances (or physical substances) in space have the con-
centration of non-uniform distribution, and the diffu-
sion of substances admits the Fourier law.

The equivalent form of Eq. (9) is

Pt = 2ppapy — P*pay = 0. (10)

Considering a one-parameter group of point-like trans-
formations acting on the space of the independent
variables (z,y,t) and on the space of the dependent
variable of Eq. (10), according to Eq. (3) the associ-
ated infinitesimal generator given by
X(a,1.t,0) = €0 top) 5 + E00.t0) 5
0]
@yt p)5, + (..t 0) 5,
(11)

and following Eq. (4) the second extension of operator
X has the general form

n 0 n 0

" 8py 77 Opt

9 o 9 ot 9
Opaa Opay Opat
0 w O

+ ¥ — + :
! apyt 7 Opit

X® =X 49 88

+ 0% o— (12)

Ipyy
Equation (12) is admitted by PDE (10) if and only if

X(Z)[

Pt = 2Pz Py = P*pay] = 0, (13)

when p; — 2ppapy — p*pay = 0.
Then Eq. (13) becomes

N(=2pzpy — 2ppay) + 1" (=2ppy)
+ 07 (=2ppa) + 1" — PP = 0. (14)

Using the formulas of Eq. (8) and substituting p; ob-
tained from Eq. (10) and its partial derivatives py,
pty into their expressions, we can obtain the n®, nY,
nt, n*¥ from these equations
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_Dn D¢ D¢? Dy

De "Dr "D PDe "Dy "Dy "Dy Dy
., _Dp D& D& Dp . Dy D¢l De? Dy
"=t "D TP D T Poe T T Dy Pty T Ppy T PRt
They may have the forms

1" = 1w+ (1) — &) pe — §pp — E2py — (2002 + E2)papy
— 2p0pp2Py — P PaPay — P PoPrPry (15)

0’ =ny+ (o — &)y — Eapsy — Eapa — (2pupy + E))Papy
= 2p0pp2pa — P PyPay — PP LoPyPay; (16)

n' =+ (20m, — 2004) papy + P (Np — 01)pay — 2065020y
- p2§;1)pxpxy - 2Pf§ﬁ§ﬂx - nggpypxy - gtlpa: - §t2py

—4p% 0P Pl — 0o, — 2070 NP Py Py (17)

1™ =y + (Myp — Eay)Px + (Map — E2,)Py + (oo — by — £ty — 200y ) P2y
+ (Mo — & = & = P*0uy)pay — g7 — E2o0 — EyPaz — Eapyy
— (&5, + 200yp + 20y) P20y — (§3) + 20P0p + 202) PPz — P PpPoy
— (20000 +400) 0207 — (&5 + 7 0yp + 40Py paPay — (3 + P Pap
+ 4pp2) pypay — (62 + 2000) Papyy — (€p + 2004)PyPra
— (P*Ppp + 10p9)) pupypay — P CaPayy — P*LyPray — 2090 xPayy

- PQSDPPmezy - 2p90p(pipyy + pzpzx)' (18)
\

By substituting Eqgs. (15)—(18) into Eq. (14) and then ~ Equations (22) and (23) can be reduced into
causing to vanish the coefficients of the various mono-

0
mials in partial derivatives of the dependent variable G+&—pr= 2 _ 2n' + 21,
p(z, y, t), we can obtain a differential equation sys- 0
tem for the unknown functions, i.e. &'z, vy, t, p), I3 —|—§Z —py =2+ T (26)
&z, y, t, p). oz, y, t, p), and n(z, y, t, p). It ’
could be reduced into Equation (26) can give
M= Py = 0, (19) n=n'p. (27)
& +2pmy + PPy =0, (20) . . .
€2 1 9pms + PP =0 (21) Combining the other determining equations and
t T 2Pl , '01 o= 2_ ’ Eq. (27) yields the solution
=2+ p7(& + & — i) =0, (22)
— 20+ 2p(&X + fj — i —Mp) — PPN = 0, x) =zt E(y) =csy+c,
1
(23) o(t) =cst+cg, n= 5(01 + 3 — ¢5)p, (28)
here &' = ¢!z, 1), & = E(y,t = o(t), n =
where £ &), € Ewt), v (1), where ¢;,i = 1,...,6, are arbitrary constants.
n(z,y,t, p)-

. . . In the next section, we consider the infinitesimal
Now we solve the determining equations. First, . . .
L . generators of the corresponding Lie algebra, and give
we take the derivative of Eq. (22) with respect to p, . . ) i .

. the invariant solution by the characteristic equations.
and use Eq. (23) to give

2 - 0 = - 0 24 . .
£ Tlee Tee 24 3. Infinitesimal generators

The solution of Eq. (24) is
For the general Eq. (1), each parameter of an -

n=n"(x,y,t)p+n°(x,y,1t). (25)  parameter Lie group of transformations leads to an
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infinitesimal generator. By solving differential equa-
tions (19)—(23

bitrary constants c;.

), we can get the &1, €2, ¢, n with ar-
The Lie symmetry operator X,
can be obtained by choosing each value of parameters
¢; to be the specific value 1, thereby taking out all
the remaining arbitrary constants. The Lie symmetry
generator for Eq. (10) is

0
+ (C5t + Cﬁ)f

0
+ (c3x + ca)=— 5

0
X=(c1x+c2)— oy

or

1 0
+ 5(81 +c3 — C5)p8fp. (29)
Under the theory we can obtain the Lie symmetry op-
erators
0 1 0 0
=g T arg X
0 1 0 0
X: = : = —
3TV, T3Pe Ty
o 1 0 0
Xg=t— ——p=—; Xg=—.

Consider an r-parameter Lie group of trans-
formations with infinitesimal generators {X,},a =
1,2,...,r. The commutator of X, and Xg is another
first order operator

[Xo, Xg] = XoXg — X5Xq Zn: K ) )} . (31)

where

9aj(z)
o ] (32)

After computing the Lie algebra of the operators
Eq. (30) by Egs. (31) and (32

lowing relations:

—&pi(w)

RS 9¢p; ()
=2 [5m:($) gwl

=1

), we can have the fol-

X1, Xo] = =X, [X3,Xy] = =Xy, [X5, Xg] = —X. (33)

4. Invariants

The invariants can be obtained by integrating
the characteristic equations. The general form of the
equation is

dry  dwy ~dz, du
G(zu)  Glru) 7 Gulru)  nlau)
The invariants associated with the symmetry op-

(34)

erator X; are obtained by integrating the characteris-
tic equation

=0 "0 (35)

and we have the invariants y, t, p?/z. For the last

invariant, we assume a similarity solution in the form

of

p(z,y,t) = \/xg(y,t). (36)

By substituting it into Eq. (10), we can have the form
of function g(y,t). It satisfies the following equation:

gt = 399y/2, and it has the solution

a1y +a
9y, t) = ———5—. (37)
as + ialt

By doing the same to X3, the invariants are obtained

to be z, t, p?/y, then the similarity solution is
p(x,y,t) = yh(xat)v (38)

and it satisfies an equation similar to Eq. (37) in the

form of

h(z,t) = _M_ (39)

3
bs + =bit
3 + 501
By doing the same to X5, the similarity solution is

2zy
p=1]—. (40)

t
For the remaining symmetry operators Xo, Xy,
X, the associated invariants are the arbitrary func-
tions L(y,t,p), M(x,y,p), N(z,t,p), respectively.
Integrating the above solutions yields a general-

ized expression as follows:

5. Conclusions

We analyse the general form of the two-
dimensional nonlinear diffusion equation of concentra-
tion and obtain its determining equations Eqs. (19)—
(23) for €1, €2, o, . According to the Lie symmetry
operators we can obtain the characteristic equations
and, further, the invariants. Of course, the method is

worth further study in more physical problems.
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