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The Lie symmetries and conserved quantities of a two-dimensional nonlinear diffusion equation of concentration

are considered. Based on the invariance of the two-dimensional nonlinear diffusion equation of concentration under

the infinitesimal transformation with respect to the generalized coordinates and time, the determining equations of Lie

symmetries are presented. The Lie groups of transformation and infinitesimal generators of this equation are obtained.

The conserved quantities associated with the nonlinear diffusion equation of concentration are derived by integrating

the characteristic equations. Also, the solutions of the two-dimensional nonlinear diffusion equation of concentration

can be obtained.
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1. Introduction

Lie group theory has been used to study differen-
tial equations. It has developed into a powerful tool
to solve differential equations, to classify them and to
establish properties of their solution space. These as-
pects of Lie group theory have been described in many
books and lecture notes.[1−27]

Also, Lie group theory has many applications in
partial differential equations, such as one-dimensional
diffusion-convection equations[28] which are applied
to fluid in a porous medium, transport of water in
homogeneous non-deformable porous media and so
on.[29−31] Recently, Lie group theory for the general
form of the two-dimensional heat equation was inten-
sively investigated in Ref. [32].

In the present paper, we study the Lie symme-
tries and conserved quantities of a two-dimensional
nonlinear diffusion equation of concentration. This
work has good significance in solving the problem of
the diffusion of concentration of chemical and physical
substances.

We show that the infinitesimal criterion for invari-
ance of the two-dimensional nonlinear diffusion equa-
tion of concentration leads directly to an algorithm
to determine infinitesimal generators X admitted by

given partial differential equations (PDEs). Invariant
surfaces of the corresponding Lie group of point trans-
formations lead to equations of conserved quantities
(similarity solutions). These solutions are obtained by
solving the two-dimensional nonlinear diffusion equa-
tion of concentration with fewer independent variables
than the given PDEs.

2. General method for a PDE

2.1. Invariance of a PDE

First, we consider a kth scalar PDE in the general
form

F (x, u, u
1
, u
2
, . . . , u

k
) = 0, (1)

where x = (x1, x2, . . . , xn) denotes n independent
variables, u represents the coordinate corresponding
to the dependent variable, and u

j
refers to the set

of coordinates corresponding to all jth order partial
derivatives of u with respect to x; the coordinates

of u
j

corresponding to
∂ju

∂xi1∂xi2 . . . ∂xij

is denoted by

ui1ui2 . . . uij , ij = 1, 2, . . . , n, for j = 1, 2, . . . , k.
We consider a one-parameter group of point-like

transformations acting on the space of the indepen-
dent variables x = (x1, x2, . . . , xn) and on the space of
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the dependent variable of Eq. (1). The one-parameter
Lie group of transformations may be expressed as

x∗ = X(x, u; ε), u∗ = U(x, u; ε), (2)

then
X = ξi(x, u)

∂

∂xi
+ η(x, u)

∂

∂u
(3)

is the infinitesimal generator of Eq. (2). Let

X(k) = ξi(x, u)
∂

∂xi
+ η(x, u)

∂

∂u
+ η

(1)
i (x, u, u

1
)

∂

∂ui

+ η
(2)
i1i2

(x, u, u
1
, u
2
)

∂

∂ui1i2

+ . . . + η
(k)
i1i2... ik

(x, u, u
1
u
2
. . . u

k
)

∂

∂ui1i2... ik (4)

be the kth extended infinitesimal generator of Eq. (3).
Equation (2) is admitted by PDE (1) if and only

if
X(k)F (x, u, u

1
, u
2
, . . . , u

k
) = 0, (5)

when F (x, u, u
1
, u
2
, . . . , u

k
) = 0.

2.2.Determining equation

From Eqs. (3)–(5) we can see that the kth order
PDE (k ≥ 2)

ui1i2... il
= f(x, u, u

1
, u
2
, . . . , u

k
), (6)

where f(x, u, u
1
, u
2
, . . . , u

k
) does not depend on ui1i2... il

,

and admits Eq. (3) with kth extension given by
Eq. (4), if and only if

η
(l)
i1i2... il

= ξj
∂f

∂xj
+ η

∂f

∂u
+ η

(1)
j

∂f

∂uj
+ . . .

+ η
(k)
j1j2... jk

∂f

∂uj1j2... jk

, (7)

when ui1i2... il
= f(x, u, u

1
, u
2
, . . . , u

k
).

Explicit formulas for the extended infinitesimals{
η
(l)
i1i2... il

}
result from the following equations:

η
(1)
i = Diη − (Diξj)uj , i = 1, 2, . . . , n ;

η
(k)
i1i2... ik

= Dik
η
(k−1)
i1i2... ik−1

− (Dik
ξj)ui1i2... ik−1j ,

il = 1, 2, . . . , n for

l = 1, 2, . . . , k with k = 2, 3 . . . . (8)

2.3.Determining equations and their so-

lutions

The Lie symmetries for a PDE are the classical
ones which keep the equation invariant under a Lie

group of local infinitesimal transformations. In this
section we study the Lie symmetries for an equation
in the form of

ρt = (ρ2ρx)y, (9)

where ρ denotes the concentration of the substance;
we consider it as a dependent variable ρ = ρ(x, y, t),
the ρx , ρy are partial derivatives.

Diffusion will take place when chemical sub-
stances (or physical substances) in space have the con-
centration of non-uniform distribution, and the diffu-
sion of substances admits the Fourier law.

The equivalent form of Eq. (9) is

ρt − 2ρρxρy − ρ2ρxy = 0. (10)

Considering a one-parameter group of point-like trans-
formations acting on the space of the independent
variables (x, y, t) and on the space of the dependent
variable of Eq. (10), according to Eq. (3) the associ-
ated infinitesimal generator given by

X(x, y, t, ρ) = ξ1(x, y, t, ρ)
∂

∂x
+ ξ2(x, y, t, ρ)

∂

∂y

+ ϕ(x, y, t, ρ)
∂

∂t
+ η(x, y, t, ρ)

∂

∂ρ
,

(11)

and following Eq. (4) the second extension of operator
X has the general form

X(2) = X + ηx ∂

∂ρx
+ ηy ∂

∂ρy
+ ηt ∂

∂ρt

+ ηxx ∂

∂ρxx
+ ηxy ∂

∂ρxy
+ ηxt ∂

∂ρxt

+ ηyy ∂

∂ρyy
+ ηyt ∂

∂ρyt
+ ηtt ∂

∂ρtt
. (12)

Equation (12) is admitted by PDE (10) if and only if

X(2)[ρt − 2ρρxρy − ρ2ρxy] = 0, (13)

when ρt − 2ρρxρy − ρ2ρxy = 0.
Then Eq. (13) becomes

η(−2ρxρy − 2ρρxy) + ηx(−2ρρy)

+ ηy(−2ρρx) + ηt − ρ2ηxy = 0. (14)

Using the formulas of Eq. (8) and substituting ρt ob-
tained from Eq. (10) and its partial derivatives ρtx,
ρty into their expressions, we can obtain the ηx, ηy,
ηt, ηxy from these equations
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ηx =
Dη

Dx
− ρx

Dξ1

Dx
− ρy

Dξ2

Dx
− ρt

Dϕ

Dx
, ηy =

Dη

Dy
− ρx

Dξ1

Dy
− ρy

Dξ2

Dy
− ρt

Dϕ

Dy
,

ηt =
Dη

Dt
− ρx

Dξ1

Dt
− ρy

Dξ2

Dt
− ρt

Dϕ

Dt
, ηxy =

Dηx

Dy
− ρxx

Dξ1

Dy
− ρxy

Dξ2

Dy
− ρxt

Dϕ

Dy
.

They may have the forms

ηx = ηx + (ηρ − ξ1
x)ρx − ξ1

ρρ2
x − ξ2

xρy − (2ρϕx + ξ2
ρ)ρxρy

− 2ρϕρρ
2
xρy − ρ2ϕxρxy − ρ2ϕρρxρxy, (15)

ηy = ηy + (ηρ − ξ2
y)ρy − ξ2

ρρ2
y − ξ1

yρx − (2ρuϕy + ξ1
ρ)ρxρy

− 2ρϕρρ
2
yρx − ρ2ϕyρxy − ρ2ϕρρyρxy, (16)

ηt = ηt + (2ρηρ − 2ρϕt)ρxρy + ρ2(ηρ − ϕt)ρxy − 2ρξ1
ρρ2

xρy

− ρ2ξ1
ρρxρxy − 2ρξ2

ρρ2
yρx − ρ2ξ2

ρρyρxy − ξ1
t ρx − ξ2

t ρy

− 4ρ2ϕρρ
2
xρ2

y − ρ4ϕρρ
2
xy − 2ρ2ϕρηρρxρyρxy, (17)

ηxy = ηxy + (ηyρ − ξ1
xy)ρx + (ηxρ − ξ2

xy)ρy + (ηρρ − ξ1
xρ − ξ2

yρ − 2ρϕxy)ρxρy

+ (ηρ − ξ1
x − ξ2

y − ρ2ϕxy)ρxy − ξ1
yρρ

2
x − ξ2

xρρ
2
y − ξ1

yρxx − ξ2
xρyy

− (ξ1
ρρ + 2ρϕyρ + 2ϕy)ρ2

xρy − (ξ2
ρρ + 2ρϕxρ + 2ϕx)ρ2

yρx − ρ2ϕρρ
2
xy

− (2ρϕρρ + 4ϕρ)ρ2
xρ2

y − (ξ1
ρ + ρ2ϕyρ + 4ρϕy)ρxρxy − (ξ2

ρ + ρ2ϕxρ

+ 4ρϕx)ρyρxy − (ξ2
ρ + 2ρϕx)ρxρyy − (ξ1

ρ + 2ρϕy)ρyρxx

− (ρ2ϕρρ + 10ρϕρ)ρxρyρxy − ρ2ϕxρxyy − ρ2ϕyρxxy − 2ρϕρρxρxyy

− ρ2ϕρρyρxxy − 2ρϕρ(ρ2
xρyy + ρ2

yρxx). (18)

By substituting Eqs. (15)–(18) into Eq. (14) and then
causing to vanish the coefficients of the various mono-
mials in partial derivatives of the dependent variable
ρ(x, y, t), we can obtain a differential equation sys-
tem for the unknown functions, i.e. ξ1(x, y, t, ρ),
ξ2(x, y, t, ρ), ϕ(x, y, t, ρ), and η(x, y, t, ρ). It
could be reduced into

ηt − ρ2ηxy = 0, (19)

ξ1
t + 2ρηy + ρ2ηρy = 0, (20)

ξ2
t + 2ρηx + ρ2ηρx = 0, (21)

− 2ρη + ρ2(ξ1
x + ξ2

y − ϕt) = 0, (22)

− 2η + 2ρ(ξ1
x + ξ2

y − ϕt − ηρ)− ρ2ηρρ = 0,

(23)

where ξ1 = ξ1(x, t), ξ2 = ξ2(y, t), ϕ = ϕ(t), η =
η(x, y, t, ρ).

Now we solve the determining equations. First,
we take the derivative of Eq. (22) with respect to ρ,
and use Eq. (23) to give

ρ2ηρρ = 0 ⇒ ηρρ = 0. (24)

The solution of Eq. (24) is

η = η1(x, y, t)ρ + η0(x, y, t). (25)

Equations (22) and (23) can be reduced into

ξ1
x + ξ2

y − ϕt =
2η

ρ
= 2η1 +

2η0

ρ
,

ξ1
x + ξ2

y − ϕt = 2η1 +
η0

ρ
. (26)

Equation (26) can give

η = η1ρ. (27)

Combining the other determining equations and
Eq. (27) yields the solution

ξ1(x) = c1x + c2, ξ2(y) = c3y + c4,

ϕ(t) = c5t + c6, η =
1
2
(c1 + c3 − c5)ρ, (28)

where ci, i = 1, . . . , 6, are arbitrary constants.
In the next section, we consider the infinitesimal

generators of the corresponding Lie algebra, and give
the invariant solution by the characteristic equations.

3. Infinitesimal generators

For the general Eq. (1), each parameter of an r-
parameter Lie group of transformations leads to an
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infinitesimal generator. By solving differential equa-
tions (19)–(23), we can get the ξ1, ξ2, ϕ, η with ar-
bitrary constants ci. The Lie symmetry operator Xα

can be obtained by choosing each value of parameters
ci to be the specific value 1, thereby taking out all
the remaining arbitrary constants. The Lie symmetry
generator for Eq. (10) is

X = (c1x + c2)
∂

∂x
+ (c3x + c4)

∂

∂y
+ (c5t + c6)

∂

∂t

+
1
2
(c1 + c3 − c5)ρ

∂

∂ρ
. (29)

Under the theory we can obtain the Lie symmetry op-
erators

X1 = x
∂

∂x
+

1
2
ρ

∂

∂ρ
; X2 =

∂

∂x
;

X3 = y
∂

∂y
+

1
2
ρ

∂

∂ρ
; X4 =

∂

∂y
;

X5 = t
∂

∂t
− 1

2
ρ

∂

∂ρ
; X6 =

∂

∂t
. (30)

Consider an r-parameter Lie group of trans-
formations with infinitesimal generators {Xα} , α =
1, 2, . . . , r. The commutator of Xα and Xβ is another
first order operator

[Xα,Xβ ] = XαXβ −XβXα =
n∑

j=1

[(
ηj(x)

∂

∂xj

)]
, (31)

where

ηj(x =
n∑

i=1

[
ξαi(x)

∂ξβj(x)
∂xi

− ξβi(x)
∂ξαj(x)

∂xi

]
. (32)

After computing the Lie algebra of the operators
Eq. (30) by Eqs. (31) and (32), we can have the fol-
lowing relations:

[X1,X2] = −X2, [X3,X4] = −X4, [X5,X6] = −X6. (33)

4. Invariants

The invariants can be obtained by integrating
the characteristic equations. The general form of the
equation is

dx1

ξ1(x, u)
=

dx2

ξ2(x, u)
= . . . =

dxn

ξn(x, u)
=

du

η(x, u)
. (34)

The invariants associated with the symmetry op-
erator X1 are obtained by integrating the characteris-
tic equation

dx

x
=

dy

0
=

dt

0
=

dρ

ρ/2
, (35)

and we have the invariants y, t, ρ2/x. For the last
invariant, we assume a similarity solution in the form
of

ρ(x, y, t) =
√

xg(y, t). (36)

By substituting it into Eq. (10), we can have the form
of function g(y, t). It satisfies the following equation:
gt = 3ggy/2, and it has the solution

g(y, t) = − a1y + a2

a3 +
3
2
a1t

. (37)

By doing the same to X3, the invariants are obtained
to be x, t, ρ2/y, then the similarity solution is

ρ(x, y, t) =
√

yh(x, t), (38)

and it satisfies an equation similar to Eq. (37) in the
form of

h(x, t) = − b1x + b2

b3 +
3
2
b1t

. (39)

By doing the same to X5, the similarity solution is

ρ =

√
2xy

t
. (40)

For the remaining symmetry operators X2, X4,
X6, the associated invariants are the arbitrary func-
tions L(y, t, ρ), M(x, y, ρ), N(x, t, ρ), respectively.

Integrating the above solutions yields a general-
ized expression as follows:

ρ =
√√√√

axy

b− 3
2
at

. (41)

5. Conclusions

We analyse the general form of the two-
dimensional nonlinear diffusion equation of concentra-
tion and obtain its determining equations Eqs. (19)–
(23) for ξ1, ξ2, ϕ, η. According to the Lie symmetry
operators we can obtain the characteristic equations
and, further, the invariants. Of course, the method is
worth further study in more physical problems.
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