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A singularly perturbed reaction diffusion problem for
the nonlinear boundary condition with two parameters∗
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A class of singularly perturbed initial boundary value problems of reaction diffusion equations for the nonlinear

boundary condition with two parameters is considered. Under suitable conditions, by using the theory of differential

inequalities, the existence and the asymptotic behaviour of the solution for the initial boundary value problem are

studied. The obtained solution indicates that there are initial and boundary layers and the thickness of the boundary

layer is less than the thickness of the initial layer.
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1. Introduction

The investigation of the solutions for nonlinear

equations plays an important role in the study of re-

action diffusion theory. Many natural sciences such

as chemistry, biology, mathematics, communication

and particularly almost all branches of physics like

fluid dynamics, plasma physics, field theory, optics,

condensed matter physics etc. are interested in the

reaction diffusion equation. Recently, many approxi-

mate methods for the nonlinear singularly perturbed

problem have been developed and refined,[1] and many

scholars have done a great deal of work.[2−6] Using the

differential inequalities and other methods Mo et al.

also considered a class of singularly perturbed nonlin-

ear boundary value problems for ordinary differential

equations,[7] the reaction diffusion equations,[8−10] the

boundary value problems of the elliptic equations,[11]

the shock layer and soliton solution of nonlinear

equations,[12−15] the singularly perturbed ecological

model,[16] the activator inhibitor system[17] and the

problems of atmospheric physics.[18−21] In this paper,

using a special singularly perturbed method, we study

a class of the initial boundary value problem for the

reaction equations with two parameters. The investi-

gation of the nonlinear reaction equations with two pa-

rameters plays an important role in the study of some

specific branches of physics such as fluid dynamics,

condensed matter physics, atmospheric physics and

ecology and so on.[14,22−25]

Now we consider the following nonlinear

problem:[8,9]

µ
∂u

∂t
− ε

∂2u

∂x2
− ∂u

∂x
= f(x, u),

t > 0, x ∈ (0, 1), (1)

u(0) = A, (2)

g

(
u(1),

∂u

∂x
(1)

)
= 0, (3)

u = h(x), t = 0, (4)

where ε, µ are positive small parameters. The prob-

lem (1)–(4) is a singularly perturbed problem for the

nonlinear boundary condition with two small param-

eters.

We need the following hypotheses:

[H1] ε/µ
2 → 0 as µ → 0;

[H2] The functions f , g, and h are suffi-

ciently smooth functions with respect to their argu-

ments in corresponding regions and gu ̸= 0, A =

h(0), g(h(1), hx(1)) = 0;

[H3] There is a positive constant δ, such that

∂f/∂u(x, u) ≤ −δ.

We first let

ξ = µ, η = (ε/µ2)1/2. (5)

From hypothesis [H1], ξ and η are small parameters

too. Then the equation (1) is

ξ
∂u

∂t
− (ξη)2

∂2u

∂x2
− ∂u

∂x
= f(x, u). (6)
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We now construct the formal asymptotic solution

of problem (1)–(4).

2. Outer solution

Let the outer solution U of problem (1)–(4) be

U(x, ξ, η) =

∞∑
i,j=0

Uij(x)ξ
iηj . (7)

Substituting Eq. (7) into Eqs. (1) and (3), de-

veloping f in ξ, η and equating coefficients of the

same powers of ξ, η, for the coefficients of ξ0η0 and

ξiηj , i+ j ̸= 0, we obtain

∂U00

∂x
= −f(x,U00), (8)

g

(
U00(1),

∂U00

∂x
(1)

)
= 0, (9)

∂Uij

∂x
+ f(x,U00)Uij = Fij , i+ j ̸= 0, (10)

gu

(
U00(1),

∂U00

∂x
(1)

)
Uij(1)

+gux

(
U00(1),

∂U00

∂x
(1)

)
∂Uij

∂x
(1) = F̄ij ,

i+ j ̸= 0. (11)

where Fij, F̄ij are determined, whose constructions are

omitted. From Eqs. (8) and (10), we have

∂U00

∂x
(1) = −f(1, U00(1)), (12)

∂Uij

∂x
(1) = −f(1, U00(1))Uij(1)

+Fij |x=1 , i+ j ̸= 0. (13)

Substituting Eqs. (12) and (13) into Eqs. (9) and (11),

we obtain

g(U00(1),−f(1, U00(1)) = 0, (14)[
gu(U00(1),

∂U00

∂x
(1))

−gux(U00(1),
∂U00

∂x
(1))fu(1, U00(1))

]
Uij(1)

= −gux

(
U00(1),

∂U00

∂x
(1)

)
Fij |x=1 + F̄ij ,

i+ j ̸= 0. (15)

We need to also assume that

[H4] There exists a unique simple root U00(1) = α

of equation (14).

Thus from the hypothesis [H4], we yield

P (α) ≡ g(α,−f(1, α)) = 0, (16)

P ′(α) ≡
[
gu

(
U00(1),

∂U00

∂x
(1)

)
−gux

(
U00(1),

∂U00

∂x
(1)

)
fu(1, U00(1))

]
̸= 0. (17)

From Eqs. (14)–(17), we have

U00(1) = α, (18)

Uij(1) = [P ′(α)]−1

[
−gux

(
U00(1),

∂U00

∂x
(1)

)
×Fij |x=1 + F̄ij

]
, i+ j ̸= 0. (19)

From Eqs. (8), (18) and (10), (19), we can solve solu-

tions Uij(x), i, k = 0, 1, . . .. Thus we obtain the outer

solution (7) for the original problem (1)–(4). But it

may not satisfy the initial condition (4) and boundary

condition (2), so that we need to construct the initial

layer and boundary layer corrective terms near t = 0

and x = 0 respectively.

3. Initial layer correction

We introduce a stretched variable[1] τ = t/µ, and

let the solution u be

u = U(x, ξ, η) + V (τ, x, ξ, η). (20)

Substituting Eq. (20) into Eqs. (6) and (4), we

have

∂V

∂τ
− (ξη)2

∂2V

∂x2
− ∂V

∂x
= f(x,U + V )− f(x, U), (21)

V |τ=0 = h(x)− U(x, ξ, η) . (22)

Let

V =
∞∑

i,j=0

vij(τ, x)ξ
iηj . (23)

Substituting Eqs. (7), (23) and (20) into

Eqs. (21)–(22), developing f in ξ, η and equating coef-

ficients of the same powers of ξ, η, for the coefficients

of ξ0η0 and ξiηj , i+ j ̸= 0, we obtain

∂v00
∂τ

− ∂v00
∂x

= f(x, U00 + v00)− f(x,U00), (24)

v00 |τ=0 = h(x)− U00(x) , (25)

∂vij
∂τ

− ∂vij
∂x

− fu(x, U00 + v00)vij = Gij ,

i+ j ̸= 0, (26)

vij |τ=0 = −Uij(x), i+ j ̸= 0 , (27)

where Gij , i+ j ̸= 0, are determined functions, whose

constructions are also omitted. From the hypotheses,

we can obtain vij , i, j = 0, 1, 2, . . ., and

vij = O(exp(−kijτ))
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= O(exp(−kij
t

µ
)), i, j = 0, 1, 2, . . . , (28)

where kij , i, j = 0, 1, 2, . . ., are positive constants.

Substituting vij into Eq. (23), we then have the initial

layer corrective term V near t = 0.

4. Boundary layer correction

We lead into a stretched variable

σ = x/(ξη)2. (29)

Let the solution of the original problem (1)–(4) be

u = U(x, ξ, η) + V (τ, x, ξ, η) +W (t, σ, ξ, η). (30)

Substituting Eqs. (29) and (30) into problems (6),

(2), we have

∂2W

∂σ2
+

∂W

∂σ
− ξ3η2

∂W

∂t
+ ξ2η2[f(ξ2η2σ,U

+V +W )− f(ξ2η2, σ, U + V )] = 0, (31)

W (t, 0, ξ, η) = A− U(0, ξ, η)− V (τ, 0, ξ, η).(32)

Let

W =

∞∑
i,j=0

wij(t, σ)ξ
iηj . (33)

Substituting Eqs. (7), (23), (33) and (30) into

Eqs. (31) and (32), developing f in ξ, η and equat-

ing coefficients of the same powers of ξ, η, for the

coefficients of ξ0η0 and ξiηj , i+ j ̸= 0, we obtain

∂2w00

∂σ2
+

∂w00

∂σ
= 0, (34)

w00(t, 0) = A− U00(0)− v00(τ, 0), (35)

∂2wij

∂σ2
+

∂wij

∂σ
= Hij , i+ j ̸= 0, (36)

wij(t, 0) = −Uij(0)− vij(τ, 0), i+ j ̸= 0, (37)

where Hij , i+ j ̸= 0, are determined functions, whose

constructions are omitted too. From Eqs. (34)–(35)

and (36)–(37), we can obtain wij , i, j = 0, 1, 2, . . .,

and

∂wij

∂σ

= O(exp(−k̄ijσ))

= O

(
exp

(
−k̄ij

x

(ξη)2

))
, i, j = 0, 1, 2, . . . , (38)

where k̄ij , i, j = 0, 1, 2, . . ., are positive constants.

Substituting wij into (33), we then have the boundary

layer corrective term W near x = 0.

Thus we can construct the following formal

asymptotic expansion of the solution u for the orig-

inal problem (1)–(4):

u =

m∑
i,j=0

(Uij + vij)ξ
iηj +

m+2∑
i,j=0

wijξ
iηj +O(ζ),

0 < ξ = µ, η = ε1/2/µ ≪ 1, (39)

where ζ = max(ξm+1, ηm+1).

Remark Noting Eqs. (28), (38), (39) and

ε/µ2 → 0 as µ → 0, it is easy to see that there are

two thin layers for the solution, and the thickness of

the boundary layer for W is less than the thickness of

the initial layer for V .

5. Uniform validity

We have the following theorem:

Theorem Under the hypotheses [H1]–[H4], there

exists a solution u of the singularly perturbed reac-

tion diffusion problem (1)–(4) with two parameters

and the solution may be expanded into the uniformly

valid asymptotic expansion (39) in t ≥ 0, x ∈ Ω̄.

Proof We construct the auxiliary functions αm

and βm:

αm = Zm − rζ, βm = Zm + rζ, (40)

where r is a positive constant large enough to be cho-

sen below, and

Zm ≡
m∑

i,j=0

(Uij + vij)ξ
iηj +

m+2∑
i,j=0

wijξ
iηj .

Obviously, we have

αm ≤ βm, t ≥ 0, x ∈ Ω̄, (41)

αm |x=0 ≤ A ≤ βm |x=0,

[
αm − ḡ

(
∂αm

∂x

)]
|x=1 ≤ 0 ≤

[
βm − ḡ

(
∂βm

∂x

)]
|x=1, (42)

αm |t=0 ≤ h(x) ≤ βm |t=0, (43)

where function y = ḡ(z) is explicit for the implicit function g(y, z) = 0.

010203-3



Chin. Phys. B Vol. 19, No. 1 (2010) 010203

Now we prove that

µ
∂αm

∂t
− ε

∂2αm

∂x2
− ∂αm

∂x
− f(x, αm) ≤ 0, t > 0, x ∈ (0, 1), (44)

µ
∂βm

∂t
− ε

∂2βm

∂x2
− ∂βm

∂x
− f(x, βm) ≥ 0, t > 0, x ∈ (0, 1). (45)

From the hypotheses [H3], it follows that for ξ = µ, η = ε1/2/µ small enough, there exists a positive

constant M , such that

µ
∂αm

∂t
− ε

∂2αm

∂x2
− ∂αm

∂x
− f(x, αm)

= µ
∂Zm

∂t
− ε

∂2Zm

∂x2
− ∂Zm

∂x
− f(x,Zm) + [f(x,Zm)− f(x,Zm − rζ)]

≤ −∂U00

∂x
− f(x, U00)−

m∑
i,j=0
i+j ̸=0

[
∂Uij

∂x
+ f(x,U00)Uij − Fij

]
ξiηj +

∂v00
∂τ

− ∂v00
∂x

− f(x,U00 + v00) + f(x,U00)

+
m∑

i,j=0
i+j ̸=0

[
∂vij
∂τ

− ∂vij
∂x

− fu(x,U00 + v00)vij −Gij

]
ξiηj −

[
∂2w00

∂σ2
+

∂w00

∂σ

]

−
m+2∑
i,j=0
i+j ̸=0

[
∂2wij

∂σ2
+

∂wij

∂σ
−Hij

]
ξiηj +Mζ − rδζ

= (M − rδ)ζ. (46)

Selecting r ≥ M/δ, we have proved the inequality (44). Similarly, we can prove the inequality (45) too.

Thus from Eqs. (41)–(45), by using the theory of differential inequalities, there is a solution u of the problem

(1)–(4), such that

αm ≤ u ≤ βm, t ≥ 0, x ∈ Ω̄.

Thus from Eq. (40), we obtain the final result (39). The proof of the Theorem is completed.
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