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A singularly perturbed reaction diffusion problem for
the nonlinear boundary condition with two parameters™
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A class of singularly perturbed initial boundary value problems of reaction diffusion equations for the nonlinear

boundary condition with two parameters is considered. Under suitable conditions, by using the theory of differential

inequalities, the existence and the asymptotic behaviour of the solution for the initial boundary value problem are

studied. The obtained solution indicates that there are initial and boundary layers and the thickness of the boundary

layer is less than the thickness of the initial layer.
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1. Introduction

The investigation of the solutions for nonlinear
equations plays an important role in the study of re-
action diffusion theory. Many natural sciences such
as chemistry, biology, mathematics, communication
and particularly almost all branches of physics like
fluid dynamics, plasma physics, field theory, optics,
condensed matter physics etc. are interested in the
reaction diffusion equation. Recently, many approxi-
mate methods for the nonlinear singularly perturbed
problem have been developed and refined,[!! and many
scholars have done a great deal of work.!?=6 Using the
differential inequalities and other methods Mo et al.
also considered a class of singularly perturbed nonlin-
ear boundary value problems for ordinary differential
equations,”! the reaction diffusion equations, =20 the
boundary value problems of the elliptic equations,™"!
the shock layer and soliton solution of nonlinear
equations,'>~19] the singularly perturbed ecological
model,'® the activator inhibitor system!’” and the
problems of atmospheric physics.['8=2! In this paper,
using a special singularly perturbed method, we study
a class of the initial boundary value problem for the
reaction equations with two parameters. The investi-
gation of the nonlinear reaction equations with two pa-
rameters plays an important role in the study of some
specific branches of physics such as fluid dynamics,
condensed matter physics, atmospheric physics and

ecology and so on.['422-29]
Now we consider the following nonlinear
problem:!8:*]
ou 82u ou
‘UE —6@ N aix - f(a?,u),
t>0, z€(0,1), (1)
ou
1 1)) =0 3
g(u( )s ({91’( )) , (3)
u=h(z), t=0, (4)

where ¢, p are positive small parameters. The prob-
lem (1)—(4) is a singularly perturbed problem for the
nonlinear boundary condition with two small param-
eters.

We need the following hypotheses:

[Hi] e/p? — 0 as p — 0;

[Hy] The functions f, g,
ciently smooth functions with respect to their argu-

and h are suffi-

ments in corresponding regions and g, # 0, A =
n0), g(h(1), ha(1)) = 0;

[H3] There is a positive constant d, such that
of Jou(x,u) < —4.

We first let

E=p, n=_(e/n*)">. (5)
From hypothesis [H;], £ and n are small parameters
too. Then the equation (1) is

ou ,0%u  Ou

- — (&n) w—%zf(%u) (6)
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We now construct the formal asymptotic solution
of problem (1)—(4).

2. Outer solution

Let the outer solution U of problem (1)—(4) be

Uz, &m) =Y Uij(x)e'n’. (7)
4,j=0
Substituting Eq. (7) into Eqgs. (1) and (3), de-
veloping f in &, 7 and equating coefficients of the
same powers of &, 1, for the coefficients of ¢°7° and
€nd, i+ 7 # 0, we obtain

U,

o = —F(@ Uoo), (8)
s (0. 52 ) =0, )
85; + f(z,Uo0)Ui; = Fyj, i+j#0, (10)
o (1), %2 1) ) 051
4o, (Vo). 52 0)) G 1) =
i+ #0. (11)

where Fj;, F‘ij are determined, whose constructions are
omitted. From Egs. (8) and (10), we have

200 (1) = 101, Uoo(1) (12)
P53 (1) = 11, Upo (1)U (1)
CF e, i #0. (13)

Substituting Eqgs. (12) and (13) into Egs. (9) and (11),
we obtain

9(Uoo(1), —f(1,Uno(1)) =0, (14)
.01, 2 (1)
—9u, (Uoo(1), agg)(l))fu(lano(l))] Ui; (1)

= —Gu, (Uoo(l), 85?@)) Fyjlo=1 + Fyj,
itj#0. (15)

We need to also assume that

[H4] There exists a unique simple root Upo(1) = o
of equation (14).

Thus from the hypothesis [Hy], we yield

P(a) = g(av _f(laa)) =0, (16)

P'(a)= {gu (Uoo(l), aggﬁ%”)

g0 (Vo). 52 (1)) 21,001 £ 0. (1)

From Eqs. (14)-(17), we have
Uoo(1) = a, (18)
050) = [P /@1 [, (000 5200
i+ #0. (19)

From Egs. (8), (18) and (10), (19), we can solve solu-
tions Uy (x), i,k =0,1,..
solution (7) for the original problem (1)—(4).

XFij |g=1 + Fij] )

.. Thus we obtain the outer
But it
may not satisfy the initial condition (4) and boundary
condition (2), so that we need to construct the initial
layer and boundary layer corrective terms near ¢t = 0
and x = 0 respectively.

3. Initial layer correction

We introduce a stretched variable! 7 = ¢/u, and
let the solution u be
u="U(z,&n) +V(r,z,&n). (20)

Substituting Eq. (20) into Egs. (6) and (4), we
have

O (2 O
= f(z,U+ V)~ f(z,U), (21)
V=0 = M) = U(z,&,m) - (22)
Let -
V=" vy(ra)Ey. (23)
i,j=0

Substituting Egs. (7), (23) and (20) into
Egs. (21)—(22), developing f in &, n and equating coef-
ficients of the same powers of £, n, for the coefficients
of €99 and &', i+ j # 0, we obtain

o 0

520 B gio = f(z,Uoo + voo) — f(x,Uoo), (24)
V00 |r=0 = h(z) — Upo(z) , (25)
ov; Ov;j

87'] B 63:] — fu(z,Uoo + voo)vij = Gij,
it #0. (26)
Vijlr=0 = —Us(x), i+j#0, (27)

where G;, i+ j # 0, are determined functions, whose
constructions are also omitted. From the hypotheses,
we can obtain v;;, ¢,7 =0,1,2,..., and

vij = O(exp(—ki;T))
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=mwm%w§%iJ=QL%~,@&

where k;;, 4,7 = 0,1,2,..., are positive constants.

Substituting v;; into Eq. (23), we then have the initial
layer corrective term V near ¢ = 0.
4. Boundary layer correction
We lead into a stretched variable
= /(&)

Let the solution of the original problem (1)-(4) be

(29)
=U(z,&n) + V(r,z,6n) +W(t,o,&m).  (30)

Substituting Egs. (29) and (30) into problems (6),
(2), we have

I e et
+V + W) - f(g%f, o, U+ V)] =0, (31)
W(t,0,§,n) = A-U(0,&,n) = V(7,0,£,n).(32)
Let -
W =" wy(t,o)¢y (33)
i,j=0
Substituting Eqs. (7), (23), (33) and (30) into

Egs. (31) and (32
ing coefficients of the same powers of &£, n, for the
coefficients of £97° and &'/, i + j # 0, we obtain

), developing f in &, n and equat-

D*woo | Owey

Oo? do 0, (34)
woo(t,0) = A — Ugo(0) — voo(T,0), (35)
82wij 8wij . .

902 do - Hija ? +.] 7é 07 (36)
wij(t,O) = —Uij(O) — Uij(T, 0), 147 75 0, (37)

where H;j, i+ j # 0, are determined functions, whose
constructions are omitted too. From Egs. (34)—(35)
and (36)—(37), we can obtain w;;, 4,7 = 0,1,2,..,
and

8wij

do

Ay < By 120, x €0,
(6779 |z:0 SASﬂm |w:0a [am_g(

(6799 |t:0 S h((E) S ﬁm ‘t:07

oo,

ox

i <0 o542

= O(BXP(—I%J‘U))

—OGW<%W£P»,iJ—&LZ

where k;j, i,7 = 0,1,2,..
Substituting w;; into (33), we then have the boundary

., (38)
., are positive constants.

layer corrective term W near x = 0.

Thus we can construct the following formal
asymptotic expansion of the solution w for the orig-
inal problem (1)—(4):

m m—+2
= Y (Ui +vi)&' + > wi&'n? +0(0),
i,j=0 4,§=0
<t=pmn=c"?/u<1, (39)
where ¢ = max(¢m+t, pmtl),
Remark Noting Egs. (28), (38), (39) and

e/u? — 0 as u — 0, it is easy to see that there are
two thin layers for the solution, and the thickness of
the boundary layer for W is less than the thickness of
the initial layer for V.

5. Uniform validity

We have the following theorem:

Theorem Under the hypotheses [Hy|-[H4], there
exists a solution u of the singularly perturbed reac-
tion diffusion problem (1)-(4) with two parameters
and the solution may be expanded into the uniformly
valid asymptotic expansion (39) in ¢t > 0, = € £2.

Proof We construct the auxiliary functions a,,
and S,:

Q= Ly — 1,

B = Zm + 1, (40)

where 7 is a positive constant large enough to be cho-
sen below, and

m—+2

Uzj + vij 577J + Z wwgn
,j=0

Obviously, we have

where function y = g(z) is explicit for the implicit function g(y, z) = 0.
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Now we prove that

Oayy, o, Oam
— — — <
1 5 € 92 o flz,am) <0, t>0, z€(0,1), (44)
0B B OBm
P oy ~ € 5.2 o (z,Bm) >0, t>0, z€(0,1) (45)

From the hypotheses [H3], it follows that for £ = u, n = gl/? /i small enough, there exists a positive
constant M, such that

ooy, B ?a,, B ooy, 5 )
" “ 0z2 Oz > @m
0Zm, 0°Z,, 0Z,,

Mat _EaxZ - Ox -/

U, — [0U;; w
< -2 — f(=,Ugo) — Z [ >+ f(a, Uoo)Uij _Fij:| g’ +

(vam) + [f(‘% Zm) - f(.’l?, Zm - TC)]

(91)00 6’000

— f(x,Uoo + voo) + f(x,Uno)

Or < Or or or
1,7=0
i+j#0

i (9’()1']' 811@‘ i 82wOO Owoo

i150

m—+2 2

0 Wi j 8wij i, j
_ "Z—o [ i O _Hw]gn + MC —réc
iTj£0
= (M — T(S)C (46)

Selecting r > M/§, we have proved the inequality (44). Similarly, we can prove the inequality (45) too.
Thus from Egs. (41)—(45), by using the theory of differential inequalities, there is a solution u of the problem
(1)—(4), such that

am <UL B, t>0, €

Thus from Eq. (40), we obtain the final result (39). The proof of the Theorem is completed.
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