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corresponding hierarchies of evolution equations*
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A new eight-dimensional Lie superalgebra is constructed and two isospectral problems with six potentials are

designed. Corresponding hierarchies of nonlinear evolution equations, as well as super-AKNS and super-Levi, are

derived. Their super-Hamiltonian structures are established by making use of the supertrace identity, and they are

integrable in the sense of Liouville.
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1. Introduction

It is of both theoretical and practical value to find
as many new integrable systems as possible and to
elucidate in depth their algebraic and geometric prop-
erties. In practice, it will provide us with dozens of
nonlinear evolution equations, which are of potential
value in physical applications.' 14 Recently, Profes-
sor Ma Wen-Xiu proposed a method to obtain a super-
integrable system in Ref. [15]. The main ideas are to
construct a Lie superalgebra and obtain a super hier-
archy and its Hamiltonian structure by making using
of super-identity. In this paper, we want to construct
another Lie superalgebra which is used to present an-
other two isospectral problems with six potentials and
obtain super-AKNS hierarchy and super-Levi hierar-

chy. In each case a relevant super-Hamiltonian struc-

ture is established by making use of the supertrace
identity. Finally, we illustrate that the two integrable
couplings are Liouville integrable.

Let us recall the general definition of Lie
superalgebra.['fl Let G = Gy W G be a linear space;
we call G a Lie superalgebra after a super commuta-
tor (-,) € G. For arbitrary @,y € G, satisfies the
following:

(i) Super skew-symmetry: (x,y) = —(—1)**(y, z);
(ii) Bilinear: {(ax+by, z) = a{x, 2)+by, z),Ve,y, 2z €
G;
(iii) Super Jacobi identity: {((z,y), z) = (x,(y, z)) +
(—1)*Ply, (2, 2)).
a=0, if x € Gy, B8 =0, if y € Gy,
and

a=1, if ¢ € Gy, s=1, if y e Gy.

Now we first construct the following linear space
G ={e1,eq,e3,€4,€5,€5,€7,€58},

le1, e2] = [e2, 4] = €2, [e1, €3] = [e3,e4] = —e3,[e2,e3] = €1 — eq,[e1,e4] =0,

le1,e5] = [e1,eq] = [e2,e5] = [e2,e7] = [e3,e6] = [e3, €3] = [e4, e7] = [e4, €3] = 0,

[e1,e7] = er,[e1,es] = —esg, [e2, e5] = —e7, [e2, e8] = €5,

[es, e5] = es, [es, er] = —eq, [e4, €5] = —e5, [€4, e6] = e,

les, es5]+ = [es, €6l = [e7, €7]4 = [es, es]4 = [e5, es]+ = [es, e7]+ =0,

les, el = e1, [es, 7] = €2, [es, es]4 = e3, [er, €] = ey (1)

It is easy to prove that the linear space is a Lie superalgebra, where Gy = {e1, es, e3,e4} are even and G; =

{es, eq, €7, es} are odd, and [, -] and [-, -]+ denote the commutator and the anticommutator. The corresponding

loop superalgebra G is given as

G = B(0,1) = B(0,1) ® C[\,A\71]. (2)
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Based on the Lie superalgebra G in Eq. (1) and associated corresponding loop superalgebra G, a direct calcu-
lation gives

0 —ag as 0 ag as 0 0

—as a1 — a4 0 as ar 0 as

as 0 as —a; —asg 0 as 0 ag

ad, — 0 as —as9 0 0 0 as ar (3)

0 —asg 0 as —ay 0 0 as
0 0 ar —ag 0 as —as 0

—ay ag 0 0 0 —ay G 0

as 0 —as 0 as 0 0 —aq

for a = a1e1 + ases + azes + ages + ases + ageg + arer + ages € é, where adab = [a,b],a,b € G, the bracket
[-,] is the Lie superbracket of G. Then we have

str(adaadb) = 2(—a1b4 + aogbs + asby — asby + asbg — agbs — a7bg + agb7). (4)

2. The super-AKNS hierarchy and its super-Hamiltonian structure

Considering the super-isospectral problem as follows
pr=[U,p|, U=Xe;+ujes+ uses — Aeq + uses + uses + user + ugeg, Ay = 0. (5)
Taking
V =Viey + Vaey + Vaes + Vies + Voes + Voeg + Veer + Vaes, Vi= > V"A™™,i=1,2,....8.
m>0

Solving the stationary zero curvature equation V,, = [U, V], gives rise to a solution for V as follows:

foz = V5" —wa V3t +usVi* + ua Va7,
Vot = 30V + il Vi — Vi — ugVi' — us Vi),
Vit = LV — upVi + wa Vg + ug Vg — OV,
Ve = uVy' —un V5" + us Vg + ug V7',

S =0V — V' a3 — us VT,
Vet = us Vit — ug VI — ug Vit — oV, (6)
VIt = oV — wy Vi g VP + us VY,
VI = ugV 4 ua V& — usV§* — OV,
VP=-VP =1LV =V =V =1 =1P =V¢ =0,
Vi =y, Vi = ug, Vit = ug, Vi = ug, VI = us,

V81 = Ug, Vll = 26_1U3U4, ‘/211 = 28_1U5u6.

Denoting

Vi = > (V"er+Vi'ea+ Vites+ Ve + Vites + Vi e+ Vi er + Ves) A", v = v v, (1)
m=0

a direct calculation reads
v o, v = v 4 U, v = 2v e, — 2V es + Vit ey — Vit e + Vit ler — Vit e, (8)
Denote V() = VJgn), then the zero curvature equation

U, - V™ 4+ [U,v™] =0 (9)
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admits the following superintegrable system

uy PATACE 0 200 0 0 vyt
Us -2yt -2 000 0 O vyt
uz vaott 0 001 0 0 o A
Uy = = n+1 = n+1 = JPn+1- (10)
Uy Vs 0 01 0 O 0 Vs
us | 0 000 0 -1 Vartt
ug / o A 0 000 -1 0 S
From the recursion relations in Eqs. (6), a recurrence operation L is given by
7%8 + w20 'y — w20 tus féwg — %m@flug %u2871u4 %U4 — %uzaflus %ugaflug
w0~ 30 — w10 ug —3u10 us 3u10” us — Fus —3u10” 'us 2u107 ue + Sus
L: —Us — u48_1u1 U48_1U2 —8 0 U48_1U5 —Uu2 — u48_1u6
U3871u1 Ug — U3871U,2 0 0 —UuU; — U3871u5 U3871u6
u6871u1 — Uus —u6871UQ —ueailu;g u2 + u6671u4 —0 0
—us0 g ua + us0 ug w1 + us0 tusg —us0 " tuy 0 0

Taking uz = uq = us = ug = 0 in Egs. (6), we can conclude V* = —V;*, then the system reduces to the AKNS
hierarchy. Therefore Eqs. (10) are a super-AKNS hierarchy.
It is easy to compute that

str(advady, ) = 2(Va — V1),
str(advadpy /ou,) = 2V, str(adv adsy /ou,) = 2Va, (11)
str(adv adpy jou,) = —2Ve, str(adv adyy /ou,) = 2Vs,
str(adyadpy jous) = 2V, str(advadyy /ous) = —2V7.
According to the supertrace identity,!'® we have
) 0
o /2(1/;1 = Vi)dz = A7 S\ (2V5, 2V, —2V5, 2V5, 2V, —2v)t. (12)
Comparing the coefficient of A="~2 yields
1)
@ /(‘/zln+2 - Vrln+2)dx = ('Y —n-—= 1) (‘/Ein+17 ‘/2n+1a _V6n+1a ‘/5n+17 V8n+17 _V7n+1)T . (13)

Since str(adyady ) =4 # 0, we have v = 0. Therefore,

(SHTL Vn+2 _ ynt2
P = 51;1» Hyp1 = - / %dx,n > 0. (14)

Hence, the super-AKNS hierarchy has the following super-bi-Hamiltonian structure

6Hn+1 5Hn
u=JP, 11 =J =M n>0 15
t n+ 5u 5’U, ) = ( )
with the super-Hamiltonian operator M defined by
2u10™ tuy 0 — 2u10 Lusy —u10 tus w10 tug — us —u10 tus w10 Yug + us
8 — 2ua0 1y 2u20™ tusg ug + u2d tus —u8 luy —ug + u20 lus —u20 tug
. N u3d 1uy ug — uzd Lug 0 7] —uy —u3zd lus u3d lug
M=JL= —us — uad tuy w10 tug -0 0 us® tus —ug — us® tug
usd Ly —ug —usd tug  —up —us0 tus us0 tuy 0 -0
ug — ugd lug ugd tua ugd tug —ug — ugd tuy 15) 0

3. The super-Levi hierarchy and its super-Hamiltonian structure
Now considering the super-isospectral problem

wr =[U,p], U=qes+res+ (A+r—q)es+uies + uzes + uger + ugeg, Ay = 0. (16)
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Taking
V =Viey + Vaes + Vzes + Viey + Vies + Voes + Vrer + Vieg, V= Z Vit i =1,2,...,8.
m>0

Solving the stationary zero curvature equation V,, = [U, V], gives rise to a solution for V' as follows:

Vite = qVs" = V3 +un V' +upVy',

Vo, = =gV + gV — (A +71 = q)V3' + uw V7' +usVi',
Vi, =V + (A + 7=V —r V] +ug V' + ua V',
Vi =rVa' = qV3" +usVg' +udV7',

Vil = qVg — Vit + wi V' — (A + 7 — ¢V,

Vel = usVg' — Vi 4+ (A +r — Vg —u V[,

Vile = uaVa' — qVg' —usVi*,

Vely = wad V" + 1Vt —u VY,

VP=-VP =L =V ==V =17 =V =0,
Vi =2q, Vi =2r, V& = uy, Vi = ug, Vit = 07 tuq g,
V3 = 07 Y (uz0 tusug — 2qua), V¢ = 07 (ug0 tugug — 2ugr),

V6 =07 uz0 H (ugd tugug — 2urr) + ugd H(uzd tugus — 2qus)].

Denoting

Vﬁ") = Z (Vimey + Vi"es + Viles + Vi"es + Vies + Vi"es + Vier + Vimeg)A"™™, V™ = \nv — VJE"),

m=0

a direct calculation reads
v U, v = v 4 U, V] = —vptle, + Vi ey — Vi les + Vi e, (18)

Taking A, = (V" — V' + Vi — Vi es + (Vg — ViMer — (Vi + Vies, VW = V™ 4 A, then we admit the
following superintegrable system

q V=gV = VPV = V) — Ve Ve VgtV
r \/'3’”r1 +r(Vr =V + V8 = VP 4+ uaVs + uaVs V=t
we || —Zg: —u (V= VR VE V) ha(Vs+V8) | | V| JP,  (19)
(L vg T +ug(V =V + Ve = V3) (Ve — V) Vs
u3 (Ve = Vi)a \Z6
Uyg /) 4 (‘/5 + VS)I _V7n
where
0 0 0 us — u2 0 0
0 0 —U1 — U4g 0 0 0
0 U + Ua 0 0 o 0
T=l w0 ;) 0 0 9 (20)
0 0 -0 0 0 o0
0 0 0 -0 -0 0
From the recursion relations in Egs. (17), a recurrence operation L meets as follows:
L1 Lis Liz Lyg (7" + 28_1’11,1’(1,2)(9_1’LL3 — U2 —(r + 28_1’[1,11@)8_11144
Lor Loo Loz Loy (q - 28_1u1u2)8_1u3 —(q + 23_1'&1’11,2)(9_1164 — Uy
I_ L3i Lzy Lsz L —us0~ ug u20 g + 1 (21)
Ly Lyg Lys L w10 tug + ¢ —u1 0" uy ’
Ls1 Lsy Lsz Lsg Lss =207 g0 tugupd tuy
Leé1 Le2 Lez Lea 20~ ugd™ M uruzd tug L

010202-4



Chin. Phys. B Vol. 19, No. 1 (2010) 010202

where

Liy=(0—7r+00) + (r+0 'uyuy — 0 tugus)(q+7+0) " 1qg+ 0 ujus
+ (r 4+ 20" M ugu0) 07 (g + 1) (g + 7+ 0) " rg — (r + 20 tugug)0 Mg,
Lio=(r+00)+r(g+r+09) Hg+0+1)+0 tugus(qg+7+09)" (g +9)
+ 0 uug(q+ 1+ 0) "+ (r+ 20 uun)d " r — (g +r)(g+r+0) "
Liz =uy +ug + 0 qug + 0 w10 — [r 4+ 0ty (ug — uz) + (r 4+ 20 uqus) (g + 7)) (g + 7+ 0) tuy,
Lig = —us — 0 Yrug — 0 tusd + [r+ Bflul(u4 —ug) + (r+ 28*1u1uQ)(q +7m)](g+r+ 8)*1uz
Loy = (—q—07'q0) + (g — 7+ 0r + 0 tugus) (g +7+0) "¢
+ (¢ — 8q+8 Lugus)[1 = (g4 7 +0)"1q] — (¢ — 20 uqu) " PA(q + 7+ 9) g
Loy =(=0+q—0""0)+ (g — 7+ 0r+0 "ugus)(qg+r+09) ' (qg+0)
— (¢ —9g+ 0 wyus) (g +7+0)7'0 — (¢ — 20 'uaug) (g + 1) (g + 7+ 0) " (g + ) —q,
Log = —[(0r — r + 0 uguy) — (—0q + 0 ugus) + (g — 20 ugus)0 (g + )] (g + 7+ 0) 'y
+ 07 10 — 0 tqug + 0~ g,
Loy = [(Or — r 4+ 0 uguy) — (—0q + 0 ugus) + (¢ — 20 tuguz)0~ (g + 7)) (g + v+ 9) tug
+us + 0 tuzd + 0 tued — dus,
L1 = ug +u20~ g — [ug + w0~ (g +7)(g+7+9)"'q
Lss = ug +u20"'q — [uz + w20~ (g + )] (g + 7+ 8)_1(q +9),
Lyz=0—1+4q+ [uz +u20 (g+7))(g+r+0)""

(
L3y = —[uz +u20” (g + 7)) (g + 7+ 0) ",
Ly = [~us+wd g+ 7)](g+7r+0) g —wd g,
Laz = [~ua +uwd (g +7)(g+7+0)” 1(Q+3)*U15 a,
Lig =[ug — w0 (g +1)](g+r+0)""
Ly = [~us+u 0 g+ m)](g+r+9)  ug+q—r—0,

Ls1 =0 Hud tq(q+ 0 —7) —ui(q+ 0 — 1) — ugd tuqug — 2us0 ugus(q + 7 +0) "
+ [ugd H(—¢* — q0 + qr +uguz + 1> + 10 — uguy) + (10 + u1q — rug)](q +r +0) g},
Lso = 0" Hus0 qq+0 — 1) —ui1(qg+ 0 —7) + 2us0 tugua[07 r — 07 (g + ) (g + 7 +0) ']
+ [ugd H(—¢® — q0 + qr + ugusz + 1 + 10 — uguy) + (10 + u1q — Tug)](q +r +0) " 'rl,
Lsz = =0 H{[us0 7' (=% — g0 + qr + wyuz + 1> + 70 — uguy) + (u10 + urq — rug)|(q + 7+ 9) " tuy
+ ug 0 H(—qug + 110 — urr 4+ u1q) + urug + 2ug0 ugued (g 4+ 1) (g +r + 0) tug b,
Lss = 0" H{[ua0 " (—¢® — q0 + qr + uuz + 12 + 10 — uguy) + (010 + urq — rug)](q +r +0) " 'u
+ ug0H(=ruz — rus + usq — upd) — r(r — q + 0) + 2us0 ugud (g + 1) (g + r + ) tus},
Lss = 07 (uyug + qr + 2040 tugusd ™ tug),
Le1 = 0 {—qus +u30 g(qg + 0 — r) — uyug + 2ususd'q|}

+ 8_1{uQ(7“ +0) — quz + U38_1[2u1u28_1(r — @)+ 1%+ 710 —uguy — ¢* — q0 + uiusl (g +r+ ) lq

Lgo = 1{U35' [—qr — uius + Quiud 1 r — ugug — g% — q0 + ujug)] + us(r +90 —q)}

-0 1{u2(r +0) — quz + uzd~ [Quluza_l(r —q)+ 2 470 — usus — ¢> — q0 + uiuzl (g +r+ 8)_17‘

Loz = —0"'q(0 — 1+ q) + uz0 ' (—qua + w10 — urr + u1q)]

— 0 Hua(r +0) — quz +u30 2ugu20™ (r — q) + 1% + 10 — usug — ¢* — g0 + wruz]} (g + 1+ 9) 'y

Lgs = 8_1[u38_1(u2q — ruz — UsT — u20) — ugug)

+ 0" Hua(r + 0) — quz + uzd 2urusd (r — q) + 1% 4+ 10 — uguy — ¢* — g0 + uyuz)}(q +r +9) " tu

Les = —07 1 (qr + 2u30™ Yuguad ™ uy — ugus).
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According to the supertrace identity,!'% we have
1)
7@ / 2Vidx = AiW%)\’Y (2(V3 —+ Vl), 2(V2 — Vl), —2Vg, 2V5, 2V5, 72V7)T . (22)

Comparing the coefficient of A="~! yields
4 n+1 n n n n n n n n\T
_67,“ ‘/1 dx:('y_n)(‘/?; +V17‘/2 _Vla_v67‘/5vv87_v7) . (23)

Since str(adyady ) = 2 # 0, we have v = 0. Therefore,

(SHn n+1
p, = , Hn:/ L_dz, n>0. (24)
ou n
Taking usz = ug = us = ug = 0 in recursion relations (17) we can conclude Vi* = —V*, then Egs. (19) degrade

into the Levi hierarchy
q 0 9\ [V +Vp 0 9\ [O—r+0 g0 r+0 o | A
U+ = = = .
A\ ), o o) \wp—vp o 0 —q—072q0 —0+q-0"Yro) \vptoypt

Therefore Egs. (19) are a super-Levi hierarchy.

4. Concluding remarks

In this paper, we have obtained a Lie superalgebra, super-AKNS hierarchy and super-Levi hierarchy, as
well as their Hamiltonian structures. The obtained systems are integrable in the Liouville sense. Here, the
super-AKNS hierarchy possessed bi-Hamiltonian structure is different from that Ma presented in Ref. [10]. The
method used in this paper can be generalized to other integrable hierarchies. We will discuss these problems in

the future.
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