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A new method is proposed to transform the time series gained from a dynamic system to a symbolic series which

extracts both overall and local information of the time series. Based on the transformation, two measures are defined

to characterize the complexity of the symbolic series. The measures reflect the sensitive dependence of chaotic systems

on initial conditions and the randomness of a time series, and thus can distinguish periodic or completely random series

from chaotic time series even though the lengths of the time series are not long. Finally, the logistic map and the

two-parameter Henón map are studied and the results are satisfactory.
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1. Introduction

In a study of the information transmission of
the human brain cortex, Xu[1,2] pointed out that the
length of the series of information transmission is short
while the estimation of dynamic parameters such as
correlation dimensions (D2) depends on series of long
length. A series of long length may present a false ap-
pearance because many parameters might be a mixed
result of the parameters in different periods. In fact,
for other time series, Hsieh[3] also pointed out that the
above phenomena existed in economic time series.

Now that the theory of chaos has not been mature
and the algorithm of parameters such as correlation di-
mensions, Lyapunov exponent and K-entropy rely on
the length of time series, many papers have appeared
to define complexity from different aspects.[4−10] How-
ever, all these have some deficiencies, so some improve-
ments still wait to be done.[1]

We can extract least information from a time se-
ries if it is completely random, so Xu[1] proposed a new
definition of complexities C1 and C2 which are differ-
ent from the hierarchical approach by D’Alessandro
and Politi,[6] where the first-order C1 represents the
randomness of the sequence and second-order C2

seems to be correlated to the fractal dimension. Ac-
cording to D’Alessandro and Politi,[6] the bigger C1 is,

the more random the dynamic system is; and the big-
ger C2 is, the more complex the system is. However,
some improvements of the definition and algorithm
suggested by Xu[1] still need to be made because dif-
ferent kinds of time series cannot be distinguished by
the algorithm which still depends on long series.

No significant changes have been made with the
definition of complexities in Ref.[1] but there are some
new definitions of forbidden words. In Refs.[11] and
[12], a discrete information source is considered emit-
ting a series of observable values [x1, x2, . . . , xN ], in or-
der of time; it is possible to split the data into overlap-
ping sets of length d, and study their order patterns,
e.g., x1 < x2 < . . . < xd. Every group of d adjacent
values forms a certain permutation Π. When the se-
ries corresponds to a deterministic variable, there will
be some patterns that cannot be encountered in the
data due to the underlying deterministic structure. In
all cases of deterministic systems the number of for-
bidden patterns is much higher (two orders of magni-
tude) than that expected in the random case. Com-
pared with the complexities suggested by Xu, Amigö’s
algorithm[11] shows the following weak points: (A)
The forbidden patterns correspond to no clear physical
index or meaning while Xu’s complexities correspond
to correlative dimensions. (B) Periodic and chaotic se-
ries cannot be distinguished from each other because
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they are both considered as only deterministic. (C)
The forbidden patterns in Ref.[5] cannot measure the
complexities or determinism of different time series
because the forbidden patterns are only an indicator
of the deterministic nature of the series.

In this paper, a new method is proposed to trans-
form the time series gained from a dynamic system
to a symbolic series which extracts both the overall
and the local information of the time series. Based on
the transformation, the C1 and C2 complexities are
redefined. Based on the new method, different kinds
of time series can be distinguished and the algorithm
depends on much shorter series than the algorithm in
Ref.[1].

2. New measure method and its

applications

Let [Si]Ni=1 be a symbolic sequence obtained from
the dynamic system [xi]Ni=1 (or the time series) and
suppose that N is large enough. For simplicity, let Si

be 0 or 1. Because there are 2n words with length
n, we may take subsequences [Si]n2n

i=1 . Let Na(n) be
the numbers of words with length n in the subse-
quences [Si]n2n

i=1 . Let Nf(n) be the numbers of forbid-
den words with word length n, where forbidden words
mean that some subsequences [Si]n2n

i=1 with length n−
1(s1, s2, . . . , sn−1) can exist in the subsequences but
the subsequences with length n(s1, s2, . . . , sn−1, sn).
Here sn equals 0 or 1. Complexities C1 and C2 are
defined as follows:[1]

C1 = lim
n→∞

log2 Na(n)
n

, C2 = lim
n→∞

log2 Nf(n)
n

.

In Ref.[1], C1 represents the randomness of the
sequence and C2 seems to be correlated to the frac-
tal dimension. Consequently, if the dynamic system
is completely random, we have C1 = 1 and C2 = 0,
which means that random motion is random but not
complex. According to the definitions of C1 and C2,
when we put C1 = 1, we mean that this measure takes
values that converge to 1 over the period under study.
If the dynamic system is in a periodic motion, we have
C1 = 0 and C2 = 0, which means that the normal pe-
riodic motion is neither random nor complex. Com-
plexity C2 might vary with N and two complexities
C ′2s can be compared only when the lengths of the
two sequences are the same. For convenience, we call
the algorithm of C1 and C2 in Ref.[1] algorithm XJH.

In order to compare the new method with the
algorithm XJH where the logistic map is analysed be-
cause of the fact that its dynamic properties vary with
a parameter, we would include the logistic map as one
of the examples in our analysis with the new method
in this paper. The logistic map is given as follows:

xn+1 = uxn(1− xn), (1)

where u is a parameter and u ∈ [0, 4].

2.1.The deficiencies of algorithm XJH

The deficiencies of algorithm XJH are as follows:
(A) The information of the dynamic system

[xi]Ni=1 is too coarse-grained when [xi]Ni=1 is trans-
formed into a symbolic sequence.

It is well known that it is the first and key step to
transform a time series into a symbolic sequence when
we calculate the complexity of the time series. Much
information, especially the local information, would be
lost if the information of the time series is too coarse-
grained and to make the matter worse the dynamic
behaviour of the system may be changed. The present
methods of transformation can be classified into the
mean method and the extreme value method. By the
mean method, we compare each point of the time se-
ries with the mean. If a point is no less than the
mean, we have a symbol 1 and a 0 otherwise; there-
fore we obtain a symbolic sequence of values 0 and 1.
In the extreme value method, we compare every point
of the time series with its next point. If a point is
no less than the next one we obtain a symbol 1 and
a 0 otherwise, and therefore we obtain a symbolic se-
quence of values 0 and 1. The former method neglects
the local information of the time series while the lat-
ter neglects the overall information. With the mean
method, Xu obtained C1 = 1 and that C2 approaches
0 both in the logistic map (1) where u = 4 and in
a completely random system. The logistic system is
a chaotic one when u = 4, which is quite different
from a completely random system because a chaotic
system has close returns[13−15] and can be predicted
accurately in a short time.

(B) As far as C2 is concerned, a periodic system
and a chaotic system are not distinguished from each
other efficiently. According to Ref.[1], C2 should be
equal or near to 0 in a periodic system, but some-
times C2 is near to the value of C2 in a chaotic sys-
tem. Moreover, by algorithm XJH C2 = 0 holds in
a completely random system but the facts are that
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C2 = 0.2902 when N = 1000 and C2 = 0 only when n

is no less than about 1500 (in Ref.[1], N = 2048 and
N = 4096), indicating that algorithm XJH requires a
time series with a long length.

(C) According to Ref.[1], C2 seems to be corre-
lated to the fractal dimension. But in the logistic sys-
tem (1), when u = 4 , C2 is significantly decreased
by using algorithm XJH, and C2 6= 0 in a periodic
system. The result is not satisfactory.

(D) If a periodic system is disturbed by weak
noises, all sequences are possible as N → ∞ in the
disturbed system. By algorithm XJH, C1 = 1 and
C2 = 0 and thus the disturbed system will be regarded
as a completely random system.

2.2.New definitions of complexities C1

and C2

In this section a new method of transformation as
well as a new definition of C1 and C2 is proposed.

2.2.1. Transformation of time series into sym-
bolic sequences

An efficient method of transformation should
meet the following requirements:

(A) The symbolic sequence can reflect the trans-
formation process of the dynamic system as a whole
and in detail.

(B) The symbolic sequence can reflect the sensi-
tive dependence of the chaotic time series under initial
circumstances and the predictability during a short
period.

(C) The C2 complexity can indicate the dimen-
sions of regular fractals and the change of dimensions
when the properties change with the change of param-
eters.

Let (S1S2 . . .) be a semi-dynamic system com-
posed of r symbols as Ar = {1, 2, . . . , r}, where
Si ∈ Ar.

Definition 1 A symbolic series such as
(a1a2 . . . an) will be called a word with length of n,
where ai ∈ Ar and n can be finite or infinite.

Definition 2 A word is called an allowed word
if and only if it appears in (S1S2 . . .), where (S1S2 . . .)
is obtained by transformation from time series of a
dynamic system according to some certain rule. From
symbolic dynamics the distance between two words

(a1a2 . . . an) and (b1b2 . . . bn) is

r =
∑

i=1

1
2i

h(i), (2)

where

h(i) =





0, if ai = bi,

1, if ai 6= bi.

In dynamics, if coarse-grained, the two words with
a certain number (say n) of the same front symbols
can be classified. Because of the probabilistic stability
of chaotic attractors and the asymptotical stability[16]

the number of points in every classification will in-
crease with increasing n. Under the same patterns of
coarse grain, the greater the numbers of classifications,
the more complex the dynamic system is.

2.2.2. The steps of transformation from a time
series to a symbolic sequence

The steps of transformation from a time series to
a symbolic sequence are as follows:

Step 1 Divide the time series [xi]Ni=1 obtained
from a dynamic system into two parts A and B by
the mean and suppose that the points in B are no less
than the mean and the points in A are less than the
mean.

Step 2 Take the symbol of x1 as s1 = 1 (s1 = 3 )
if x1 ∈ A (x1 ∈ B ), where s1 = 1 is the initial value
of the symbolic sequence.

Step 3 The symbol of xi+1(i = 1, 2, . . . , N − 1)
is defined according to the rules as shown in Table 1,
where N1 is the number of symbols.

Table 1. Rules for transformation (N1 = 4).

xi+1 in relations of xi symbols of

time series and xi+1 xi+1

A xi+1 ≥ xi 2

A xi+1 < xi 1

B xi+1 ≥ xi 4

B xi+1 < xi 3

Step 4 Classify A into A1 and A2 and B into B1

and B2 by their means and suppose B2 > B1 > A2 >

A1. Similarly, we obtain Table 2.
Step 5 The above steps 3 and 4 can be continued

if N is large enough. The greater the N and N1 are,
the more accurately the symbolic sequence represents
the information of the time series.
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From the above steps, we see that the transforma-
tion method extracts the information of the dynamic
system both as a whole and in detail.

Table 2. Rules for transformation (N1 = 8).

xi+1 in relations of xi symbols of

time series and xi+1 xi+1

A1 xi+1 ≥ xi 2

A1 xi+1 < xi 1

A2 xi+1 ≥ xi 4

A2 xi+1 < xi 3

B1 xi+1 ≥ xi 6

B1 xi+1 < xi 5

B1 xi+1 ≥ xi 8

B1 xi+1 < xi 7

2.2.3. Proposal of algorithm SD (the algorithm
of symbolic dynamics)

Based on the above transformation method, the
C1 and C2 complexities in algorithm SD are defined
as follows:

Definition 3 Let Na(n) be the number of al-
lowed words with length n in sequences [Si]n2n

i=1 and
N1 the number of symbols in the symbolic sequences.
We have

C1 = lim
n→∞

logN1
Na(n)
n

. (3)

To define C2, in a different sense we determine
(s1, s2, . . . , sn) as a bifurcation word if both the words
(s1, s2, . . . , sn, sn+1) and (s1, s2, . . . , sn, s′n+1) appear
in [Si]n2n

i=1 , where sn+1 and s′n+1 are different from each
other.

Definition 4 Let Ba(n) be the number of the
bifurcation words without repetition. We have

C2 = lim
n→∞

logN1
Ba(n)
n

. (4)

Obviously, a bifurcation word is one of the allowed
words in the system and thus Ba(n) ≤ Na(n) holds.
Ba(n) is the sum of bifurcation words (or subse-
quences) with length n in a system. Bifurcation is
among the most important factors to describe the
complexity of a system.

For a random system, though bifurcation subse-
quences exist, the bifurcations take place with very
small probability because no deterministic factor func-
tions in the system.

For a periodic system, no bifurcation takes place
so we have C2 = 0.

For a periodic system disturbed by weak noises,
the system can be considered as periodic if the noise
is weak enough. From the above analysis, we know
C2 = 0.

An example of a periodic system disturbed with
weak noises is as follows:

xn+1 = uxn(1− xn) + ξn, (5)

where u is a parameter with u ∈ [0, 3.5], and ξn ∼
N(0, 0.0005).

For completely random sequences, because all
subsequences with length n will appear in the sequence
if N is long enough, we have Ma(n) = Nn

1 and thus
C1 = 1. The probability for two of the same subse-
quences to occur in the same time series is no greater

than
1

Nn
1

. According to probability theory we have

lim
n→∞

logN1
Ba(n)
n

= 0.

2.3.The application of algorithm SD to

the logistic map and other time se-

ries

(i) As mentioned in Subsection 2.1(B), in algo-
rithm XJH C2 = 0 holds in a completely random
system but the facts are that C2 = 0.2902 when
N = 1000 and C2 = 0 only when n is no less than
about 1500 (in Ref.[1], N = 2048 and N = 4096),
which means algorithm XJH requires a time series
with long lengths. In order to make a comparison
with Ref.[1], we take the logistic system as an exam-
ple and let N be a number much less than 2048, say
N = 1000. We may as well suppose N1 = 8 and we
must say that it makes little difference if we suppose
N1 = 4. Generally, we may choose a larger value for
N1 if N is large. When calculating C1, we assume
n = 8. For convenience in comparison, we have all
the C1 complexities divided by the C1 of a completely
random system and have all the C2 complexities by
the maximum C2 in the logistic map with u ranging
from 0 to 4.

In order to make a comparison with algorithm
XJH, we take 2048 points and delete 1000 transient
points for computation. By programming with Mat-
lab 7.0, we have the following results which are shown
in Figs.1(a)–1(d).
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Fig.1. The C1 complexities (a) and C2 complexities (b) of the logistic map obtained by algorithm XJH (N = 1000);

The C1 complexities (c) and C2 complexities (d) of the logistic map obtained by algorithm SD (N = 1000).

For logistic maps (1), the systems given by logis-
tic maps (1) are periodic when u < u∞ = 3.56 . . . ,
where u∞ is the infinite periodic point. Logistic sys-
tems begin to enter the region of chaos where, how-
ever, periodic windows exist. At periodic windows,
the logistic systems become periodic again. Values of
u such as 3.73, 3.83, 3.84, 3.85 are periodic windows.
Because algorithm XJH cannot extract efficiently local
or overall information when transforming time series
into symbolic series, we can see from Figs.1(a) and
1(b) that the algorithm is unable to distinguish peri-
odic systems from chaotic systems when 3 ≤ u ≤ 3.63.
It is known that logistic maps (1) are periodic when
u < 3.56 . . . and chaotic when 3.56 . . . ≤ u ≤ 3.63.
In algorithm XJH, either C ′1s or C ′2s remain the same

when 3 ≤ u ≤ 3.63. It is intended by Xu[1] that for pe-
riodic systems, the more C ′2s approach zero, the more
desirable. However, C ′2s for periodic systems by algo-
rithm XJH do not come near enough to zero until N

is no less than about 1500.
(ii) In another example, we discuss a two-

parameter Henón map as follows:

xn+1 = p− x2
n + qyn,

yn+1 = xn, (6)

where p, q, x and y are real numbers, and p and q are
the two parameters.

By programming with Matlab 7.0, we have the
results which are shown in Figs.2(a)–2(e).
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Fig.2. (a) Plot of Henón maps (6) for different values of parameter p; (b) The C1 complexities of Henón maps (6)

by algorithm XJH (N = 1000); (c) The C2 complexities of Henón maps (6) by algorithm XJH (N = 1000); (d) The

C1 complexities of Henón maps (6) by algorithm SD (N = 1000, N1 = 8, n = 8); (e) The C2 complexities of Henón

maps (6) by algorithm SD (N = 1000, N1 = 8, n = 6).

For two-parameter Henón maps (6), the systems
are periodic when p < p∞ = 1.07 . . ., where p∞ is
the infinite periodic point. Henón systems begin to
enter the region of chaos where, however, periodic
windows exist. At periodic windows, the Henón sys-
tems become periodic again. Values of p such as
1.23, 1.24, 1.27, 1.30 are periodic windows. we can
see from Figs.2(b) and 2(c) that the algorithm is un-
able to distinguish periodic systems from chaotic sys-
tems when 0.37 ≤ p ≤ 1.11. In fact, Henón maps (6)
(q = 0.3) are periodic when p < 1.07 . . . and chaotic
when 1.07 . . . < p ≤ 1.11. By algorithm XJH, either

C ′1s or C ′2s remain the same when 0.37 ≤ p ≤ 1.11.
Both in logistic maps (1) and Henon maps (6)

(q = 0.3), algorithm XJH is not very successful in
measuring the complexity of the systems, while with
algorithm SD, the C ′2s for periodic and random sys-
tems are definitely 0, so the C2 complexity can dis-
tinguish chaotic systems from periodic and random
ones. With algorithm SD, the C ′1s are definitely 1 for
random systems and far less than 1 for periodic ones,
so the complexity C1 can distinguish periodic systems
from random ones. With C1 and C2, the complexity
of any system can be measured.
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From the definitions of C1 and C2, we know that
the longer the length of the time series is, the greater
the values N1 and n can take are and the more ac-
curately the C1 and C2 given by algorithm SD can
characterize the complexity of any dynamic system.

3. Conclusions

We conclude that one could use the primitive his-
tory of a sequence, rather than (or in addition to) the
exhaustive one, as a means for evaluating the com-
plexity of a given sequence. With the algorithm SD,

we do not demand a series with length longer than
1000 to evaluate the complexity. Furthermore, with
data becoming longer, N1 and n can take greater val-
ues and the complexity of the system will be better
characterized. The algorithm SD is effective and easy
to carry out in practice.
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