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molecular lattice with the interaction
between Frenkel excitons and phonons∗

Xu Quan(徐 权)a)b)† and Tian Qiang(田 强)b)

a)Department of Physics, Daqing Normal University, Daqing 163712, China

b)Department of Physics, Beijing Normal University, Beijing 100875, China

(Received 19 March 2009; revised manuscript received 22 April 2009)

We investigate the interactions of lattice phonons with Frenkel exciton, which has a small radius in a two-

dimensional discrete molecular lattice, by the virtue of the quasi-discreteness approximation and the method of multiple-

scale, and obtain that the self-trapping can also appear in the two-dimensional discrete molecular lattice with harmonic

and nonlinear potential. The excitons’ effect on the molecular lattice does not distort it but only causes it to localize

which enables it to react again through phonon coupling to trap the energy and prevent its dispersion.
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1. Introduction

The first application of the localized theory of the
nonlinear lattice to the biological field was in 1973
when Davydov proposed a novel mechanism for the
localization and transport of vibrational energy in
protein.[1] Referring to the simplified structure of an
α-helix region of protein, this mechanism can be de-
scribed classically as follows. Vibrational energy of
the stretching oscillators localized on the helix acts
to distort the structure of the helix through phonon
coupling. The helical distortion reacts again through
phonon coupling to trap the energy and prevents its
dispersion. This effect is called self-localization or self-
trapping.

In the following decades, the biological mecha-
nism was studied in detail by Davydov and his col-
leagues, and significant progress was made in the
studies of biological mechanism. The effects of the
phonon coupling on the transport of a single exciton
in the helical molecular chain were discussed in the
study of the solitons in a molecular system,[2,3] and
the conclusion was that the exciton transfers along
this structure as a soliton. Shortly thereafter, many
results were presented in, for example, biology and
quantum mechanics,[4] quantum theory of muscular

contraction,[5] solitons and energy transfer along pro-
tein molecules,[6] solitons bioenergetics and the mech-
anism of muscle contraction[7] etc. A more perfect
soliton theory of a molecular system was found. This
soliton is known as Davydov’s soliton.

The polaron suggested by Landau[8] and studied
by many scholars[9−12] has been used over the past
half-century to denote a wide variety of excitations
that are self-localized through interactions with lat-
tice phonons. But Davydov’s soliton is a exciton not
a polaron, and it only corresponds to a polaron in
the following fields. First, all of them are to large
to be suitable for the continuum limit approximation.
Besides, the self-localization arises from their inter-
actions with the coustic modes of the lattice. Finally,
their anharmonic energies are smaller than the phonon
bandwidth, hence their couplings are weak.

From the 1970s to 1990s, the Davydov’s solitons
in a nonlinear molecular lattice were studied to the
full. In 1982, Scott modified Davydov’s model and
added ten dipole–dipole coupling terms to represent
the helical symmetry, and reached a conclusion that
such solitons should appear under normal physiolog-
ical conditions through the numerical method and
the continuum limit approximation.[13] Lomdahl et al
pointed out that the random displacements produced
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by thermal motions are so much larger than the dis-
placements needed to form the coherent soliton pat-
tern that the solitons cannot be formed at the temper-
ature relevant to the biological procedure.[14] Wang
et al obtained that the exact equations can reduce
to the usual nonlinear Schrödinger equation in the
continuum limit approximation, when they studied
Davydov’s theory of energy transferring in a biolog-
ical molecular system.[15] They also discussed the ini-
tial states and the soliton formation process, and time
and length scales governing soliton coherence proper-
ties were determined. In 1992, Scott systematically
studied the behaviour of Davydov’s soliton,[16] and
formed a more perfect theoretical system of Davydov’s
soliton. Thereafter the thermal stability of Davydov’s
soliton was studied to the full.[17−19]

In the 21st century, the Hamiltonian and the wave
function in the Davydov theory have simultaneously
been improved and extended, based on some physical
and biological grounds and results from other mod-
els. The equations of motion for the improved Davy-
dov model with a quasicoherent two-quantum state
and a new interaction term in the Hamiltonian de-
scribe bioenergy transport along the molecular chains
in protein molecules by a soliton mechanism. Some el-
ementary properties of the soliton, including the non-

linear coupling energy and greatly increased binding
energy of the soliton, are also given. The results
obtained suggest that the model could be a candi-
date for a bioenergy transport mechanism in protein
molecules.[20] But most scholars focus their interests
on the interactions of a single electron with lattice
phonons, when they study the quasi-discrete and dis-
crete molecular systems.[21−25] Thus the studies on the
interactions of the excitons with lattice phonons only
remain at the condition of the Wannier–Mott exciton
which has a large radius. This paper focus its interests
on the interactions of lattice phonons with Frenkel ex-
citons which has a small radius, by the virtue of the
quasi-discreteness approximation and the method of
multiple-scale in Ref.[26]–[28].

2. The self-trapping in a two-

dimensional discrete harmonic

molecular lattice

We first consider a two-dimensional discrete har-
monic molecular lattice. By taking into account
the interaction between the lattice and its nearest-
neighbours, the Hamiltonian of the system with a har-
monic potential is given by

H = Hex + Hph + Hex−ph = Jl

∑

l,m

[
2 |ψl,m|2 − ψ∗l,m (ψl+1,m + ψl−1,m)

]

+ Jm

∑

l,m

[
2 |ψl,m|2 − ψ∗l,m (ψl,m+1 + ψl,m−1)

]

+
∑

l,m

[
p2

l,m

2M
+

1
2
kl (ul+1,m + ul−1,m − ul,m)2

]
+

∑

l,m

[
1
2
km (ul,m+1 + ul,m−1 − ul,m)2

]

+ χl

∑

l,m

[
|ψl,m|2 (ul+1,m − ul−1,m)

]
+ χm

∑

l,m

[
|ψl,m|2 (ul,m+1 − ul,m−1)

]
, (1)

where ψl,m is the wave function of the exciton at (l,m)th site, and Jl, Jm are matrixes transferring between
neighbour sites; M , ul,m, pl,m denote the mass, displacement and momentum, respectively; kl, km are Hook
coefficients. The last term in the Hamiltonian denotes the interactions of lattice phonons with the excitons. χl,
χm describe the parameters of the strength of the interaction between the excitons and phonons.

The nonlinear vibration equation of the system is obtained by ṗl,m = ül,m = −∂H/∂ul,m and i ψ̇l,m =
∂H/∂ψ∗l,m

Mül,m = kl (ul+1,m + ul−1,m − 2ul,m) + km (ul,m+1 + ul,m−1 − 2ul,m)

+ χl

(
|ψl+1,m|2 − |ψl−1,m|2

)
+ χm

(
|ψl,m+1|2 − |ψl,m−1|2

)
,

i ψ̇l,m = −Jl (ψl+1,m + ψl−1,m − 2ψl,m)− Jm (ψl,m+1 + ψl,m−1 − 2ψl,m)

+ χl (ul+1,m − ul−1,m) ψl,m + χm (ul,m+1 − ul,m−1) ψl,m. (2)
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According to the method of multiple-scale and the quasi-discreteness approximation, we assume

ul,m (t) = εu(1) (ξl, ζm, τ, φl,m) + ε2u(2) (ξl, ζm, τ, φl,m) + . . . =
∞∑

γ=1

εγu(γ) (ξl, ζm, τ, φl,m) =
∞∑

γ=1

εγu
(γ)
lm,lm,

ψl,m (t) = εψ(1) (ξl, ζm, τ, φl,m) + ε2ψ(2) (ξl, ζm, τ, φl,m) + . . . =
∞∑

γ=1

εγψ(γ) (ξl, ζm, τ, φl,m) =
∞∑

γ=1

εγψ
(γ)
lm,lm,

(3)

where ε is a small ordering parameter denoting the relative amplitude of the excitation. Let u
(γ)
lm,lm =

u(γ) (ξl, ζm, τ, φl,m), ψ
(γ)
lm,lm = ψ(γ) (ξl, ζm, τ, φl,m), here ξl = ε (la− λt), ζm = ε (mb− ηt), τ = ε2t are multiple-

scales slow variables. The fast variable φl,m = nqla + mqmb − ωt represents the phase of the carrier wave.
ql, qm, ω are the number and frequency of the carrier wave, respectively. Here a and b are lattice constants. λ

and η are the parameter to be determined later. We perform the Taylor expansion as follows:

u
(γ)
l±1,m = u

(γ)
lm,(l±1)m ± εa

∂u
(γ)
lm,(l±1)m

∂ξl
+

ε2a2

2!

∂2u
(γ)
lm,(l±1)m

∂ξ2
l

± ε3a3

3!

∂3u
(γ)
lm,(l±1)m

∂ξ3
l

+ . . . ,

ul±1,m =
∞∑

γ=1

εγ

[ ∞∑
µ=0

1
µ!

(
±εa

∂

∂ξl

)µ

u
(γ)
lm,(l±1)m

]
,

u
(γ)
l,m±1 = u

(γ)
lm,l(m±1) ± εa

∂u
(γ)
lm,l(m±1)

∂ζm
+

ε2a2

2!

∂2u
(γ)
lm,l(m±1)

∂ζ2
m

± ε3a3

3!

∂3u
(γ)
lm,l(m±1)

∂ζ3
m

+ . . . ,

ul,m±1 =
∞∑

γ=1

εγ

[ ∞∑
µ=0

1
µ!

(
±εa

∂

∂ζm

)µ

u
(γ)
lm,l(m±1)

]
,

ψ
(γ)
l±1,m = ψ

(γ)
lm,(l±1)m ± εa

∂ψ
(γ)
lm,(l±1)m

∂ξl
+

ε2a2

2!

∂2ψ
(γ)
lm,(l±1)m

∂ξ2
l

± ε3a3

3!

∂3ψ
(γ)
lm,(l±1)m

∂ξ3
l

+ . . . ,

ψl±1,m =
∞∑

γ=1

εγ

[ ∞∑
µ=0

1
µ!

(
±εa

∂

∂ξl

)µ

ψ
(γ)
lm,(l±1)m

]
,

ψ
(γ)
l,m±1 = ψ

(γ)
lm,l(m±1) ± εa

∂ψ
(γ)
lm,l(m±1)

∂ζm
+

ε2a2

2!

∂2ψ
(γ)
lm,l(m±1)

∂ζ2
m

± ε3a3

3!

∂3ψ
(γ)
lm,l(m±1)

∂ζ3
m

+ . . . ,

ψl,m±1 =
∞∑

γ=1

εγ

[ ∞∑
µ=0

1
µ!

(
±εa

∂

∂ζm

)µ

ψ
(γ)
lm,l(m±1)

]
. (4)

According to the differential rule, we make the transformation as follows:

d
dt

= −ω
∂

∂φl,m
− λε

∂

∂ξl
− ηε

∂

∂ζm
+ ε2 ∂

∂τ
,

d2

dt2
= ω2 ∂2

∂φ2
l,m

+ 2λωε
∂2

∂φl,m∂ξl
+ 2ηωε

∂2

∂φl,m∂ζm
− 2ωε2 ∂2

∂φl.m∂τ
+ λ2ε2 ∂2

∂ξ2
l

+ η2ε2 ∂2

∂ζ2
m

+ 2ληε3 ∂2

∂ξl∂ζm
− 2λε3 ∂2

∂ξl∂τ
− 2ηε3 ∂2

∂ζm∂τ
+ ε4 ∂2

∂τ2
. (5)

Substituting Eqs.(3), (4) and (5) into Eq.(2) and comparing the powers of ε in Eq.(2), we have

ε :





ω2
∂2u

(1)
lm,lm

∂φ2
l,m

− kl

M

(
u

(1)
lm,(l+1)m + u

(1)
lm,(l−1)m − 2u

(1)
lm,lm

)
− km

M

(
u

(1)
lm,l(m+1) + u

(1)
lm,l(m−1) − 2u

(1)
lm,lm

)
= 0,

− iω
∂ψ

(1)
lm,lm

∂φl,m
+ Jl

(
ψ

(1)
lm,(l+1)m + ψ

(1)
lm,(l−1)m − 2ψ

(1)
lm,lm

)
+ Jm

(
ψ

(1)
lm,l(m+1) + ψ

(1)
lm,l(m−1) − 2ψ

(1)
lm,lm

)
= 0,

(6)
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ε2 :





ω2
∂2u

(2)
lm,lm

∂φ2
l,m

− kl

M

(
u

(2)

lm,(l+1)m + u
(2)

lm,(l−1)m − 2u
(2)
lm,lm

)
− km

M

(
u

(2)

lm,l(m+1) + u
(2)

lm,l(m−1) − 2u
(2)
lm,lm

)

=
kla

M

∂

∂ξl

(
u

(1)

lm,(l+1)m − u
(1)

lm,(l−1)m

)
+

kmb

M

∂

∂ζm

(
u

(1)

lm,l(m+1) − u
(1)

lm,l(m−1)

)
− 2ωλ

∂2u
(1)
lm,lm

∂φl,m∂ξl
− 2ωη

∂2u
(1)
lm,lm

∂φl,m∂ζm

+
χl

M

(∣∣∣ψ(1)

lm,(l+1)m

∣∣∣
2

−
∣∣∣ψ(1)

lm,(l−1)m

∣∣∣
2
)

+
χm

M

(∣∣∣ψ(1)

lm,l(m+1)

∣∣∣
2

−
∣∣∣ψ(1)

lm,l(m−1)

∣∣∣
2
)

− i ω
∂ψ

(2)
lm,lm

∂φl,m
+ Jl

(
ψ

(2)

lm,(l+1)m + ψ
(2)

lm,(l−1)m − 2ψ
(2)
lm,lm

)
+ Jm

(
ψ

(2)

lm,l(m+1) + ψ
(2)

lm,l(m−1) − 2ψ
(2)
lm,lm

)

= −Jla
∂

∂ξl

(
ψ

(1)

lm,(l+1)m − ψ
(1)

lm,(l−1)m

)
− Jmb

∂

∂ζm

(
ψ

(1)

lm,l(m+1) − ψ
(1)

lm,l(m−1)

)
+ i λ

∂ψ
(1)
lm,lm

∂ξl
+ i η

∂ψ
(1)
lm,lm

∂ζm

+χl

(
u

(1)

lm,(l+1)m − u
(1)

lm,(l−1)m

)
ψ

(1)
lm,lm + χm

(
u

(1)

lm,l(m+1) − u
(1)

lm,l(m−1)

)
ψ

(1)
lm,lm, (7)

ε3 :





ω2
∂2u

(3)
lm,lm

∂φ2
l,m

− kl

M

(
u

(3)

lm,(l+1)m + u
(3)

lm,(l−1)m − 2u
(3)
lm,lm

)
− km

M

(
u

(3)

lm,l(m+1) + u
(3)

lm,l(m−1) − 2u
(3)
lm,lm

)

=
kla

2

2M

∂2

∂ξ2
l

(
u

(1)

lm,(l+1)m + u
(1)

lm,(l−1)m

)

+
kmb2

2M

∂2

∂ζ2
m

(
u

(1)

lm,l(m+1) + u
(1)

lm,l(m−1)

)
+

kla

M

∂

∂ξl

(
u

(2)

lm,(l+1)m − u
(2)

lm,(l−1)m

)

+
kmb

2M

∂

∂ζm

(
u

(2)

lm,l(m+1) − u
(2)

lm,l(m−1)

)
− 2ωλ

∂2u
(1)
lm,lm

∂φl,m∂ξl
− 2ωη

∂2u
(1)
lm,lm

∂φl,m∂ζm

+
χla

M




∂
∣∣∣ψ(1)

lm,(l+1)m

∣∣∣
2

∂ξl
+

∂
∣∣∣ψ(1)

lm,(l−1)m

∣∣∣
∂ξl

2

 +

χmb

M




∂
∣∣∣ψ(1)

lm,l(m+1)

∣∣∣
2

∂ζm
+

∂
∣∣∣ψ(1)

lm,l(m−1)

∣∣∣
∂ζm

2



+2ω
∂2u

(1)
lm,lm

∂φl,m∂τ
− λ2

∂2u
(1)
lm,lm

∂ξ2
l

− η2
∂2u

(1)
lm,lm

∂ζ2
m

+ 2λη
∂2u

(1)
lm,lm

∂ξl∂ζm

+
χl

M

(
ψ

(1)

lm,(l+1)mψ
(2)∗
lm,(l+1)m + ψ

(1)∗
lm,(l+1)mψ

(2)

lm,(l+1)m − ψ
(1)

lm,(l−1)mψ
(2)∗
lm,(l−1)m − ψ

(1)∗
lm,(l−1)mψ

(2)

lm,(l−1)m

)

+
χm

M

(
ψ

(1)

lm,l(m+1)ψ
(2)∗
lm,l(m+1) + ψ

(1)∗
lm,l(m+1)ψ

(2)

lm,l(m+1) − ψ
(1)

lm,l(m−1)ψ
(2)∗
lm,l(m−1) − ψ

(1)∗
lm,l(m−1)ψ

(2)

lm,l(m−1)

)

− i ω
∂ψ

(3)
lm,lm

∂φl,m
+ Jl

(
ψ

(3)

lm,(l+1)m + ψ
(3)

lm,(l−1)m − 2ψ
(3)
lm,lm

)
+ Jm

(
ψ

(3)

lm,l(m+1) + ψ
(3)

lm,l(m−1) − 2ψ
(3)
lm,lm

)

= −1

2
Jla

2 ∂2

∂ξ2
l

(
ψ

(1)

lm,(l+1)m + ψ
(1)

lm,(l−1)m

)

−1

2
Jmb2 ∂2

∂ζ2
m

(
ψ

(1)

lm,l(m+1) + ψ
(1)

lm,l(m−1)

)
− Jla

∂

∂ξl

(
ψ

(2)

lm,(l+1)m − ψ
(2)

lm,(l−1)m

)

−Jmb
∂

∂ζm

(
ψ

(2)

lm,l(m+1) − ψ
(2)

lm,l(m−1)

)
+ i λ

∂ψ
(2)
lm,lm

∂ξl
+ i η

∂ψ
(2)
lm,lm

∂ζm

− i
∂ψ

(1)
lm,lm

∂τ
+ aχl

∂

∂ξl

(
u

(1)

lm,(l+1)m + u
(1)

lm,(l−1)m

)
ψ

(1)
lm,lm + bχm

∂

∂ξl

(
u

(1)

lm,l(m+1) + u
(1)

lm,l(m−1)

)
ψ

(1)
lm,lm

+χl

(
u

(2)

lm,(l+1)m − u
(2)

lm,(l−1)m

)
ψ

(1)
lm,lm + χm

(
u

(2)

lm,l(m+1) − u
(2)

lm,l(m−1)

)
ψ

(1)
lm,lm

+χl

(
u

(1)

lm,(l+1)m − u
(1)

lm,(l−1)m

)
ψ

(2)
lm,lm + χm

(
u

(1)

lm,l(m+1) − u
(1)

lm,l(m−1)

)
ψ

(2)
lm,lm. (8)

Equations (6) have the solutions as follows:

u
(1)
lm,lm = u10 (ξl, ζm, τ) + u1 (ξl, ζm, τ) ei φlm + u∗1 (ξl, ζm, τ) e− i φlm ,

ψ
(1)
lm,lm = ψ1 (ξl, ζm, τ) ei φlm + ψ∗1 (ξl, ζm, τ) e− i φlm . (9)
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Substituting Eqs.(9) into Eq.(7) and eliminating the secular terms, we have

ω = 4Jl sin2 qla

2
+ 4Jm sin2 qmb

2
= 2

√
kl

M
sin2 qla

2
+

km

M
sin2 qmb

2
,

λ = 2Jla sin(qla) =
2kla

ωM
sin(qla), η = 2Jmb sin(qmb) =

2qmb

ωM
sin(qmb). (10)

ω2
∂2u

(2)
lm,lm

∂φ2
l,m

− kl

M

(
u

(2)
lm,(l+1)m + u

(2)
lm,(l−1)m − 2u

(2)
lm,lm

)
− km

M

(
u

(2)
lm,l(m+1) + u

(2)
lm,l(m−1) − 2u

(2)
lm,lm

)
= 0,

− iω
∂ψ

(2)
lm,lm

∂φl,m
+ Jl

(
ψ

(2)
lm,(l+1)m + ψ

(2)
lm,(l−1)m − 2ψ

(2)
lm,lm

)
+ Jm

(
ψ

(2)
lm,l(m+1) + ψ

(2)
lm,l(m−1) − 2ψ

(2)
lm,lm

)

=2 i (χl sin(qla) + χm sin(qmb))u1ψ1e2 i φlm . (11)

Equations (11) have the following solutions

u
(2)
lm,lm = u20 (ξl, ζm, τ) + u2 (ξl, ζm, τ) ei φlm + u∗2 (ξl, ζm, τ) e− i φlm ,

ψ
(2)
lm,lm = ψ2 (ξl, ζm, τ) ei φlm + ψ∗2 (ξl, ζm, τ) e− i φlm

+ i
[

χl sin(qla)
ω + Jl (cos(2qla)− 1)

+
χm sin(qmb)

ω + Jm (cos(2qmb)− 1)

]
u1ψ1e2 i φlm . (12)

In fact we can let u20=u2=ψ2= 0, because they can be transformed into the lowest-order solutions (9).
Substituting them and u

(1)
lm,lm, ψ

(1)
lm,lm into Eqs.(8) and eliminating the secular terms, we have

2χla

M

∂ |ψ1|2
∂ξl

+
2χmb

M

∂ |ψ1|2
∂ζm

+
(

kla
2

2M
− λ2

)
∂2u10

∂ξ2
l

− 2λη
∂2u10

∂ξl∂ζm
+

(
kmb2

2M
− η2

)
∂2u10

∂ζ2
m

= 0,

i
∂u1

∂τ
+

kla
2 cos(qla)−Mλ2

2Mω

∂2u1

∂ξ2
l

− λη

ω

∂2u1

∂ξl∂ζm
+

kmb2 cos(qmb)−Mη2

2Mω

∂2u1

∂ζ2
m

−
{

χ2
l sin2(qla)

Mω [ω + Jl (cos(2qla)− 1)]
+

χ2
m sin2(qmb)

Mω [ω + Jm (cos(2qmb)− 1)]

}
u1 |ψ1|2 = 0,

i
∂ψ1

∂τ
+ Jla

2 cos(qla)
∂2ψ1

∂ξ2
l

+ Jmb2 cos(kmb)
∂2ψ1

∂ζ2
m

− aχl
∂u10

∂ξl
ψ1 − bχm

∂u10

∂ζm
ψ1

+
[

2χ2
l sin2(qla)

ω + Jl (cos(2qla)− 1)
+

2χ2
m sin2(qmb)

ω + Jm (cos(2qmb)− 1)

]
ψ1 |u1|2 = 0. (13)

When η = 2Jmb sin(qmb) = 0, Eqs.(13) can be written as follows:

2χla

M

∂ |ψ1|2
∂ξl

+
2χmb

M

∂ |ψ1|2
∂ζm

+
(

kla
2

2M
− λ2

)
∂2u10

∂ξ2
l

+
kmb2

2M

∂2u10

∂ζ2
m

= 0,

i
∂u1

∂τ
+

kla
2 cos(qla)−Mλ2

2Mω

∂2u1

∂ξ2
l

+
kmb2

2Mω

∂2u1

∂ζ2
m

− χ2
l sin2(qla)

Mω [ω + Jl (cos(2qla)− 1)]
u1 |ψ1|2 = 0,

i
∂ψ1

∂τ
+ Jla

2 cos(qla)
∂2ψ1

∂ξ2
l

+ Jmb2 ∂2ψ1

∂ζ2
m

− aχl
∂u10

∂ξl
ψ1 − bχm

∂u10

∂ζm
ψ1 +

2χ2
l sin2(qla)

ω + Jl (cos(2qla)− 1)
ψ1 |u1|2 = 0.

(14)

Letting u1 = γψ1 and taking
2Mλ2 − kla

2

4χla

∂u10

∂ξl
= − kma

4χm

∂u10

∂ζm
= |ψ1|2 into account, we have

i
∂u1

∂τ
+

kla
2 cos(qla)−Mλ2

2Mω

∂2u1

∂ξ2
l

+
kmb2

2Mω

∂2u1

∂ζ2
m

− χ2
l sin2(qla)

Mω [ω + Jl (cos(2qla)− 1)] γ2
|u1|2 u1 = 0,

i
∂ψ1

∂τ
+ Jla

2 cos(qla)
∂2ψ1

∂ξ2
l

+ Jmb2 ∂2ψ1

∂ζ2
m

+
[
4χ2

m

km
− 4χ2

l a
2

2Mλ2 − kla2
+

2χ2
l γ

2 sin2(qla)
ω + Jl (cos(2qla)− 1)

]
ψ1 |ψ1|2 = 0.

(15)
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Let Λ1=
kla

2 cos(qla)−Mλ2

2Mω
, ∆1=

kmb2

2Mω
, Γ1=− χ2

l sin2(qla)
Mω [ω + Jl (cos(2qla)− 1)] γ2

, Λ2=Jla
2 cos(qla), ∆2=Jmb2,

Γ2=
4χ2

m

km
− 4χ2

l a
2

2Mλ2 − kla2
+

2χ2
l γ

2 sin2(qla)
ω + Jl (cos(2qla)− 1)

, Eq.(15) can transform into

i
∂u1

∂τ
+ Λ1

∂2u1

∂ξ2
l

+ ∆1
∂2u1

∂ζ2
m

+Γ1 |u1|2 u1 = 0, i
∂ψ1

∂τ
+ Λ2

∂2ψ1

∂ξ2
l

+ ∆2
∂2ψ1

∂ζ2
m

+ Γ2 |ψ1|2 ψ1 = 0. (16)

When Λ1∆1 > 0, Λ1Γ1 > 0 and Λ2∆2 > 0, Λ2Γ2 > 0, Eqs.(16) have the solutions as follows:

u10 = ±A0/B0 tanh
[
B0

√
(la− λt)2 + m2b2

]
, u1 = ±A0 sech

[
B0

√
(la− λt)2 + m2b2

]
· eiΩt,

ψ1 = ±C0 sech
[
B1

√
(la− λt)2 + m2b2

]
· eiΩt. (17)

Thus, Eq.(2) has the following solutions

un = ±A0/B0 tanh
[
B0

√
(la− λt)2 + m2b2

]

±A0 sech
[
B0

√
(la− λt)2 + m2b2

]
· cos [qlla + qmmb− (Ω + ω) t] ,

ψ1 = ±C0 sech
[
B1

√
(la− λt)2 + m2b2

]
· cos [qlla + qmmb− (Ω + ω) t] , (18)

where A0 =

√
Ω (Ω − 2λ/)

2 (Λ1 + ∆1)Γ1
, B0 =

√
Ω (Ω − 2λ/l)
2 (Λ1 + ∆1)

, C0 =

√
Ω (Ω − 2λ/l)
2 (Λ2 + ∆2)Γ2

, B1 =

√
Ω (Ω − 2λ/l)
2 (Λ2 + ∆2)

. The

solutions (18) can be shown in Fig.1.

Fig.1. The localized modes in the two-dimensional discrete molecular lattice, (a) motional discrete

breathers in the molecular lattice t = 0, (b) motional discrete breathers in the molecular lattice t = T/2,

(c) motional discrete exciton-breathers t = 0, (c) motional discrete exciton-breathers t = T/2.
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From Fig.1 we know that motional discrete breathers can exist in the two-dimensional discrete molecular
lattice with the interactions of excitons with phonons at quasi-discreteness approximation, while Davydov’s
solitons can be transformed into discrete exciton-breathers and move in the molecular lattice. The difference
from the conclusion at continuum limit approximation[29] is that the discreteness of the lattice makes the
periodicity ofthe localized mode dominance, which is a discrete breather not a soliton. The difference from the
conclusion in the one-dimensional discrete molecular lattice is that the excitons’ effect on the molecular lattice
does not distort the molecular lattice.

3. The self-trapping in a two-dimensional discrete molecular lattice

with cubic nonlinear potential

The nonlinear vibration equation of the system is

Mül,m = kl (ul+1,m + ul−1,m − 2ul,m) + km (ul,m+1 + ul,m−1 − 2ul,m)

+ αl

[
(ul+1,m − ul,m)2 − (ul−1,m − ul,m)2

]
+ αm

[
(ul,m+1 − ul,m)2 − (ul,m−1 − ul,m)2

]

+ χl

(
|ψl+1,m|2 − |ψl−1,m|2

)
+ χm

(
|ψl,m+1|2 − |ψl,m−1|2

)
,

i ψ̇l,m = −Jl (ψl+1,m + ψl−1,m − 2ψl,m)− Jm (ψl,m+1 + ψl,m−1 − 2ψl,m)

+ χl (ul+1,m − ul−1,m) ψl,m + χm (ul,m+1 − ul,m−1) ψl,m. (19)

By the same procedure as above, we obtain

2χla

M

∂ |ψ1|2
∂ξl

+
2χmb

M

∂ |ψ1|2
∂ζm

+
(

kla
2

2M
− λ2

)
∂2u10

∂ξ2
l

− 2λη
∂2u10

∂ξl∂ζm
+

(
kmb2

2M
− η2

)
∂2u10

∂ζ2
m

+4αla [cos(qla) (cos(qla)− 1) + sin(qla)]
∂ |u1|2

∂ξl
+ 4αmb [cos(qmb) (cos(qmb)− 1) + sin(qmb)]

∂ |u1|2
∂ζm

= 0,

i
∂u1

∂τ
+

kla
2 cos(qla)−Mλ2

2Mω

∂2u1

∂ξ2
l

− λη

ω

∂2u1

∂ξl∂ζm
+

kmb2 cos(qmb)−Mη2

2Mω

∂2u1

∂ζ2
m

+
2αla

ω
(cos(qla)− 1)u1

∂u10

∂ξl

+
2αmb

ω
(cos(qmb)− 1) u1

∂u10

∂ζm
−

{
χ2

l sin2(qla)
Mω [ω + Jl (cos(2qla)− 1)]

+
χ2

m sin2(qmb)
Mω [ω + Jm (cos(2qmb)− 1)]

}
u1 |ψ1|2

−
[
2αlM

klω
cot

qla

2
sin(2qla) (cos(qla)− 1) +

2αmM

kmω
cot

qmb

2
sin(2qmb) (cos(qmb)− 1)

]
|u1|2 u1

−
[
4αlM

klω
cot

qla

2
sin3(qla) +

4αmM

kmω
cot

qmb

2
sin3(qmb)

]
|u1|2 u1 = 0,

i
∂ψ1

∂τ
+ Jla

2 cos(qla)
∂2ψ1

∂ξ2
l

+ Jmb2 cos(kmb)
∂2ψ1

∂ζ2
m

− aχl
∂u10

∂ξl
ψ1 − bχm

∂u10

∂ζm
ψ1

+
[

2χ2
l sin2(qla)

ω + Jl (cos(2qla)− 1)
+

2χ2
m sin2(qmb)

ω + Jm (cos(2qmb)− 1)

]
ψ1 |u1|2

+
[
2αlMχl

kl
cot

qla

2
sin(2qla) +

2αmMχm

km
cot

qmb

2
sin(2qmb)

]
u2

1ψ
∗
1 = 0. (20)

When η = 2Jmb sin(qmb) = 0, Eqs.(20) can be transformed into

2χla

M

∂ |ψ1|2
∂ξl

+
2χmb

M

∂ |ψ1|2
∂ζm

+
(

kla
2

2M
− λ2

)
∂2u10

∂ξ2
l

+
kmb2

2M

∂2u10

∂ζ2
m

+4αla [cos(qla) (cos(qla)− 1) + sin(qla)]
∂ |u1|2

∂ξl
+ 8αmb

∂ |u1|2
∂ζm

= 0,

i
∂u1

∂τ
+

kla
2 cos(qla)−Mλ2

2Mω

∂2u1

∂ξ2
l

− kmb2

2Mω

∂2u1

∂ζ2
m

+
2αla

ω
(cos(qla)− 1) u1

∂u10

∂ξl

− 4αmb

ω
u1

∂u10

∂ζm
− χ2

l sin2(qla)
Mω [ω + Jl (cos(2qla)− 1)]

u1 |ψ1|2 +
8αlM

klω
cot

qla

2
sin2 qla

2
sin(qla) |u1|2 u1 = 0,
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i
∂ψ1

∂τ
+ Jla

2 cos(qla)
∂2ψ1

∂ξ2
l

+ Jmb2 cos(kmb)
∂2ψ1

∂ζ2
m

− aχl
∂u10

∂ξl
ψ1 − bχm

∂u10

∂ζm
ψ1

+
2χ2

l sin2(qla)
ω + Jl (cos(2qla)− 1)

ψ1 |u1|2 +
2αlMχl

kl
cot

qla

2
sin(2qla)u2

1ψ
∗
1 = 0. (21)

Let u1 = γψ1, and
2Mλ2 − kla

2

4χla+8Mαlaγ2 [cos(qla) (cos(qla)− 1) + sin(qla)]
∂u10

∂ξl
= − kmb2

4χmb + 16Mαmbγ2

∂u10

∂ζm
=

|ψ1|2, we have

i
∂u1

∂τ
+

kla
2 cos(qla)−Mλ2

2Mω

∂2u1

∂ξ2
l

− kmb2

2Mω

∂2u1

∂ζ2
m

+
8αla (cos(qla)− 1)

{
χla+2Mαlaγ2 [cos(qla) (cos(qla)− 1) + sin(qla)]

}

ω (2Mλ2 − kla2) γ2
|u1|2 u1+

4αm

(
4χm + 16Mαmγ2

)

kmωγ2
|u1|2 u1

− χ2
l sin2(qla)

Mω [ω + Jl (cos(2qla)− 1)] γ2
|u1|2 u1+

8αlM

klω
cot

qla

2
sin2 qla

2
sin(qla) |u1|2 u1 = 0,

i
∂ψ1

∂τ
+ Jla

2 cos(qla)
∂2ψ1

∂ξ2
l

+ Jmb2 cos(kmb)
∂2ψ1

∂ζ2
m

− a2χl

{
4χl+8Mαlγ

2 [cos(qla) (cos(qla)− 1) + sin(qla)]
}

2Mλ2 − kla2
|ψ1|2 ψ1

− χm

(
4χm + 16Mαmγ2

)

km
|ψ1|2 ψ1 +

2χ2
l γ

2 sin2(qla)
ω + Jl (cos(2qla)− 1)

|ψ1|2 ψ1 +
2αlMχlγ

2

kl
cot

qla

2
sin(2qla) |ψ1|2 ψ1 = 0.

(22)

Let Λ1=
kla

2 cos(qla)−Mλ2

2Mω
, ∆1=− kmb2

2Mω
, Λ2=Jla

2 cos(qla), ∆2=Jmb2,

Γ1 = − χ2
l sin2(qla)

Mω [ω + Jl (cos(2qla)− 1)] γ2
+

8αla (cos(qla)− 1)
{
χla+2Mαlaγ2 [cos(qla) (cos(qla)− 1) + sin(qla)]

}

ω (2Mλ2 − kla2) γ2

+
4αm

(
4χm + 16Mαmγ2

)

kmωγ2
+

8αlM

klω
cot

qla

2
sin2 qla

2
sin(qla),

Γ2 =
2χ2

l γ
2 sin2(qla)

ω + Jl (cos(2qla)− 1)
− a2χl

{
4χl+8Mαlγ

2 [cos(qla) (cos(qla)− 1) + sin(qla)]
}

2Mλ2 − kla2

+
2αlMχlγ

2

kl
cot

qla

2
sin(2qla)− χm

(
4χm + 16Mαmγ2

)

km
.

Equations (22) can be rewritten as follows:

i
∂u1

∂τ
+ Λ1

∂2u1

∂ξ2
l

+ ∆1
∂2u1

∂ζ2
m

+Γ1 |u1|2 u1 = 0,

i
∂ψ1

∂τ
+ Λ2

∂2ψ1

∂ξ2
l

+ ∆2
∂2ψ1

∂ζ2
m

+ Γ2 |ψ1|2 ψ1 = 0. (23)

When Λ1∆1 > 0, Λ1Γ1 > 0 and Λ2∆2 > 0, Λ2Γ2 > 0, Eqs.(23) have the following solutions

u10 = ±A0/B0 tanh
[
B0

√
(la− λt)2 + m2b2

]
,

u1 = ±A0 sech
[
B0

√
(la− λt)2 + m2b2

]
· eiΩt,

ψ1 = ±C0 sech
[
B1

√
(la− λt)2 + m2b2

]
· eiΩt. (24)

Thus, Eqs.(19) have the solutions as follows:

un = ±A0/B0 tanh
[
B0

√
(la− λt)2 + m2b2

]

±A0 sech
[
B0

√
(la− λt)2 + m2b2

]
· cos [qlla + qmmb− (Ω + ω) t] ,

ψ1 = ±C0 sech
[
B1

√
(la− λt)2 + m2b2

]
· cos [qlla + qmmb− (Ω + ω) t] , (25)
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where A0 =

√
Ω (Ω − 2λ/l)
2 (Λ1 + ∆1)Γ1

, B0 =

√
Ω (Ω − 2λ/l)
2 (Λ1 + ∆1)

, C0 =

√
Ω (Ω − 2λ/l)
2 (Λ2 + ∆2)Γ2

, B1 =

√
Ω (Ω − 2λ/l)
2 (Λ2 + ∆2)

.

The solutions (25) can also be shown in Fig.1 and that is that motional discrete breathers exis in the two-
dimensional discrete cubic nonlinear molecular lattice with the interactions of excitons with phonons at quasi-
discreteness approximation, while Davydov’s solitons can also be transformed into discrete exciton-breathers
and move in it.

4. The self-trapping in a two-dimensional discrete molecular lattice

with quartic nonlinear potential

The nonlinear vibration equation of the system is

Mül,m = kl (ul+1,m + ul−1,m − 2ul,m) + km (ul,m+1 + ul,m−1 − 2ul,m) + βl

[
(ul+1,m − ul,m)3 + (ul−1,m − ul,m)3

]

+ βm

[
(ul,m+1 − ul,m)3 + (ul,m−1 − ul,m)3

]
+ χl

(
|ψl+1,m|2 − |ψl−1,m|2

)
+ χm

(
|ψl,m+1|2 − |ψl,m−1|2

)
,

i ψ̇l,m = −Jl (ψl+1,m + ψl−1,m − 2ψl,m)− Jm (ψl,m+1 + ψl,m−1 − 2ψl,m)

+ χl (ul+1,m − ul−1,m) ψl,m + χm (ul,m+1 − ul,m−1) ψl,m. (26)

By the same procedure as above, we obtain

2χla

M

∂ |ψ1|2
∂ξl

+
2χmb

M

∂ |ψ1|2
∂ζm

+
(

kla
2

2M
− λ2

)
∂2u10

∂ξ2
l

− 2λη
∂2u10

∂ξl∂ζm
+

(
qmb2

2M
− η2

)
∂2u10

∂ζ2
m

= 0,

i
∂u1

∂τ
+

kla
2 cos(qla)−Mλ2

2Mω

∂2u1

∂ξ2
l

− λη

ω

∂2u1

∂ξl∂ζm
+

kmb2 cos(qmb)−Mη2

2Mω

∂2u1

∂ζ2
m

−
{

χ2
l sin2(qla)

Mω [ω + Jl (cos(2qla)− 1)]
+

χ2
m sin2(qmb)

Mω [ω + Jm (cos(2qmb)− 1)]

}
u1 |ψ1|2

−
(

24
βl

Mω
sin4 qla

2
+ 24

βm

Mω
sin4 qmb

2

)
u1 |u1|2 = 0,

i
∂ψ1

∂τ
+ Jla

2 cos(qla)
∂2ψ1

∂ξ2
l

+ Jmb2 cos(kmb)
∂2ψ1

∂ζ2
m

− aχl
∂u10

∂ξl
ψ1 − bχm

∂u10

∂ζm
ψ1

+
[

2χ2
l sin2(qla)

ω + Jl (cos(2qla)− 1)
+

2χ2
m sin2(qmb)

ω + Jm (cos(2qmb)− 1)

]
ψ1 |u1|2 = 0. (27)

When η = 2Jmb sin(qmb) = 0, Eqs.(27) can be transformed into

2χla

M

∂ |ψ1|2
∂ξl

+
2χmb

M

∂ |ψ1|2
∂ζm

+
(

kla
2

2M
− λ2

)
∂2u10

∂ξ2
l

+
kmb2

2M

∂2u10

∂ζ2
m

= 0,

i
∂u1

∂τ
+

kla
2 cos(qla)−Mλ2

2Mω

∂2u1

∂ξ2
l

+
kmb2

2Mω

∂2u1

∂ζ2
m

− χ2
l sin2(qla)

Mω [ω + Jl (cos(2qla)− 1)]
u1 |ψ1|2

−
(

24
βl

Mω
sin4 qla

2
+ 24

βm

Mω

)
u1 |u1|2 = 0,

i
∂ψ1

∂τ
+ Jla

2 cos(qla)
∂2ψ1

∂ξ2
l

+ Jmb2 ∂2ψ1

∂ζ2
m

− aχl
∂u10

∂ξl
ψ1 − bχm

∂u10

∂ζm
ψ1 +

2χ2
l sin2(qla)

ω + Jl (cos(2qla)− 1)
ψ1 |u1|2 = 0.

(28)

Let u1 = γψ1 and
2Mλ2 − kla

2

4χla

∂u10

∂ξl
= − kma

4χm

∂u10

∂ζm
= |ψ1|2, we have
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i
∂u1

∂τ
+

kla
2 cos(qla)−Mλ2

2Mω

∂2u1

∂ξ2
l

+
kmb2

2Mω

∂2u1

∂ζ2
m

−
[

χ2
l sin2(qla)

Mω [ω + Jl (cos(2qla)− 1)] γ2

+
(

24
βl

Mω
sin4 qla

2
+ 24

βm

Mω

)]
|u1|2 u1 = 0,

i
∂ψ1

∂τ
+ Jla

2 cos(qla)
∂2ψ1

∂ξ2
l

+ Jmb2 ∂2ψ1

∂ζ2
m

+
[
4χ2

m

km
− 4χ2

l a
2

2Mλ2 − kla2
+

2χ2
l γ

2 sin2(qla)
ω + Jl (cos(2qla)− 1)

]
ψ1 |ψ1|2 = 0.

(29)

Let Λ1=
kla

2 cos(qla)−Mλ2

2Mω
, ∆1=

kmb2

2Mω
,

Γ1=−
[

χ2
l sin2(qla)

Mω [ω + Jl (cos(2qla)− 1)] γ2
+

(
24

βl

Mω
sin4 qla

2
+ 24

βm

Mω

)]
,

Λ2=Jla
2 cos(qla), ∆2=Jmb2, Γ2=

4χ2
m

km
− 4χ2

l a
2

2Mλ2 − kla2
+

2χ2
l γ

2 sin2(qla)
ω + Jl (cos(2qla)− 1)

, Eq.(29) can be rewritten as

follows:

i
∂u1

∂τ
+ Λ1

∂2u1

∂ξ2
l

+ ∆1
∂2u1

∂ζ2
m

+Γ1 |u1|2 u1 = 0,

i
∂ψ1

∂τ
+ Λ2

∂2ψ1

∂ξ2
l

+ ∆2
∂2ψ1

∂ζ2
m

+ Γ2 |ψ1|2 ψ1 = 0. (30)

When Λ1∆1 > 0, Λ1Γ1 > 0 and Λ2∆2 > 0, Λ2Γ2 > 0, Eqs.(30) have the solutions as follows:

u10 = ±A0/B0 tanh
[
B0

√
(la− λt)2 + m2b2

]
,

u1 = ±A0 sech
[
B0

√
(la− λt)2 + m2b2

]
· eiΩt,

ψ1 = ±C0 sech
[
B1

√
(la− λt)2 + m2b2

]
· eiΩt. (31)

Thus, Eqs.(26) have the following solutions

un = ±A0/B0 tanh
[
B0

√
(la− λt)2 + m2b2

]

±A0 sech
[
B0

√
(la− λt)2 + m2b2

]
· cos [qlla + qmmb− (Ω + ω) t] ,

ψ1 = ±C0 sech
[
B1

√
(la− λt)2 + m2b2

]
· cos [qlla + qmmb− (Ω + ω) t] , (32)

where A0 =

√
Ω (Ω − 2λ/l)
2 (Λ1 + ∆1)Γ1

, B0 =

√
Ω (Ω − 2λ/l)
2 (Λ1 + ∆1)

, C0 =

√
Ω (Ω − 2λ/l)
2 (Λ2 + ∆2)Γ2

, B1 =

√
Ω (Ω − 2λ/l)
2 (Λ2 + ∆2)

.

The solutions (32) can also be shown in Fig.1, that is that motional discrete breathers can exist in the
two-dimensional discrete quartic nonlinear molecular lattice with the interactions of excitons with phonons
at quasi-discreteness approximation, while Davydov’s solitons can also be transformed into discrete exciton-
breathers and move in it.

5. The self-trapping in a two-dimensional discrete molecular lattice

with cubic & quartic nonlinear potential

The nonlinear vibration equation of the system is
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Mül,m = kl (ul+1,m + ul−1,m − 2ul,m) + km (ul,m+1 + ul,m−1 − 2ul,m)

+ αl

[
(ul+1,m − ul,m)2 + (ul−1,m − ul,m)2

]

+ αm

[
(ul,m+1 − ul,m)2 + (ul,m−1 − ul,m)2

]
+ βl

[
(ul+1,m − ul,m)3 + (ul−1,m − ul,m)3

]

+ βm

[
(ul,m+1 − ul,m)3 + (ul,m−1 − ul,m)3

]

+ χl

(
|ψl+1,m|2 − |ψl−1,m|2

)
+ χm

(
|ψl,m+1|2 − |ψl,m−1|2

)
,

i ψ̇l,m = −Jl (ψl+1,m + ψl−1,m − 2ψl,m)− Jm (ψl,m+1 + ψl,m−1 − 2ψl,m)

+ χl (ul+1,m − ul−1,m) ψl,m + χm (ul,m+1 − ul,m−1) ψl,m. (33)

By the same procedure as above, we obtain

i
∂u1

∂τ
+ Λ1

∂2u1

∂ξ2
l

+ ∆1
∂2u1

∂ζ2
m

+Γ1 |u1|2 u1 = 0,

i
∂ψ1

∂τ
+ Λ2

∂2ψ1

∂ξ2
l

+ ∆2
∂2ψ1

∂ζ2
m

+ Γ2 |ψ1|2 ψ1 = 0, (34)

where Λ1=
kla

2 cos(qla)−Mλ2

2Mω
, ∆1=− kmb2

2Mω
, Λ2=Jla

2 cos(qla), ∆2=Jmb2,

Γ1 = − χ2
l sin2(qla)

Mω [ω + Jl (cos(2qla)− 1)] γ2
+

8αla (cos(qla)− 1)
{
χla+2Mαlaγ2 [cos(qla) (cos(qla)− 1) + sin(qla)]

}

ω (2Mλ2 − kla2) γ2

+
4αm

(
4χm + 16Mαmγ2

)

kmωγ2
+

8αlM

klω
cot

qla

2
sin2 qla

2
sin(qla)−

(
24

βl

Mω
sin4 qla

2
+ 24

βm

Mω

)
,

Γ2=
2χ2

l γ
2 sin2(qla)

ω + Jl (cos(2qla)− 1)
− a2χl

{
4χl+8Mαlγ

2 [cos(qla) (cos(qla)− 1) + sin(qla)]
}

2Mλ2 − kla2

+
2αlMχlγ

2

kl
cot

qla

2
sin(2qla)− χm

(
4χm + 16Mαmγ2

)

km
.

When Λ1∆1 > 0, Λ1Γ1 > 0 and Λ2∆2 > 0, Λ2Γ2 > 0, Eqs.(34) have the solutions as follows:

u10 = ±A0/B0 tanh
[
B0

√
(la− λt)2 + m2b2

]
,

u1 = ±A0 sech
[
B0

√
(la− λt)2 + m2b2

]
· eiΩt,

ψ1 = ±C0 sech
[
B1

√
(la− λt)2 + m2b2

]
· eiΩt, (35)

Thus, Eqs.(33) have the following solutions

un = ±A0/B0 tanh
[
B0

√
(la− λt)2 + m2b2

]

±A0 sech
[
B0

√
(la− λt)2 + m2b2

]
· cos [qlla + qmmb− (Ω + ω) t] ,

ψ1 = ±C0 sech
[
B1

√
(la− λt)2 + m2b2

]
· cos [qlla + qmmb− (Ω + ω) t] , (36)

where A0 =

√
Ω (Ω − 2λ/l)
2 (Λ1 + ∆1)Γ1

, B0 =

√
Ω (Ω − 2λ/l)
2 (Λ1 + ∆1)

, C0 =

√
Ω (Ω − 2λ/l)
2 (Λ2 + ∆2)Γ2

, B1 =

√
Ω (Ω − 2λ/l)
2 (Λ2 + ∆2)

.

The solutions (32) can also be shown in Fig.1, that is that motional discrete breathers can exist in the
two-dimensional discrete cubic and quartic nonlinear molecular lattice with the interactions of excitons with
phonons at quasi-discreteness approximation, while Davydov’s solitons can also be transformed into discrete
exciton-breathers and move in it.
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6. Conclusions

In this paper we investigate the interactions of
lattice phonons with the Frenkel exciton (the exci-
ton with a small radius) in a two-dimensional discrete
molecular lattice, by virtue of the quasi-discreteness
approximation and the method of multiple-scale, and
obtain the following conclusions:

(i) When the interactions of lattice phonons with
Frenkel excitons are taken into account, the self-
trapping (or self-localization) can also appear in the
two-dimensional discrete molecular lattice. Motional
discrete breathers can exist in the two-dimensional
discrete molecular lattice with the interactions of ex-
citons with phonons at quasi-discreteness approxima-
tion, while Davydov’s solitons can be transformed into
discrete exciton-breathers and move in the molecular
lattice.

(ii) The difference from the conclusion at contin-

uum limit approximation[29] is that the discreteness of
the lattice makes the periodicity of the localized mode
dominance. The difference from the conclusion in the
one-dimensional discrete molecular lattice is that the
excitons’ effect on the molecular lattice does not dis-
tort the molecular lattice but only cause it to localize.

(iii) When consider the two-dimensional discrete
molecular lattice with cubic nonlinear potential, quar-
tic nonlinear potential, and cubic and quartic po-
tential, the conclusions are the same as in the two-
dimensional discrete molecular lattice with harmonic
potential.

Therefore, we conclude that the self-trapping can
also appear in the two-dimensional discrete molecular
lattice with harmonic and nonlinear potential. The ex-
citons’ effect on the molecular lattice does not distort
the molecular lattice but only causes it to localize and
the localization can also react again through phonon
coupling to trap the energy and prevent its dispersion.
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