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We investigate the interactions of lattice phonons with Frenkel exciton, which has a small radius in a two-

dimensional discrete molecular lattice, by the virtue of the quasi-discreteness approximation and the method of multiple-

scale, and obtain that the self-trapping can also appear in the two-dimensional discrete molecular lattice with harmonic

and nonlinear potential. The excitons’ effect on the molecular lattice does not distort it but only causes it to localize

which enables it to react again through phonon coupling to trap the energy and prevent its dispersion.
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1. Introduction

The first application of the localized theory of the
nonlinear lattice to the biological field was in 1973
when Davydov proposed a novel mechanism for the
localization and transport of vibrational energy in
protein.l! Referring to the simplified structure of an
a-helix region of protein, this mechanism can be de-
scribed classically as follows. Vibrational energy of
the stretching oscillators localized on the helix acts
to distort the structure of the helix through phonon
coupling. The helical distortion reacts again through
phonon coupling to trap the energy and prevents its
dispersion. This effect is called self-localization or self-
trapping.

In the following decades, the biological mecha-
nism was studied in detail by Davydov and his col-
leagues, and significant progress was made in the
studies of biological mechanism. The effects of the
phonon coupling on the transport of a single exciton
in the helical molecular chain were discussed in the
study of the solitons in a molecular system,!?3 and
the conclusion was that the exciton transfers along
this structure as a soliton. Shortly thereafter, many
results were presented in, for example, biology and

quantum mechanics,* quantum theory of muscular

contraction,®! solitons and energy transfer along pro-
tein molecules, ! solitons bioenergetics and the mech-
anism of muscle contraction!” etc. A more perfect
soliton theory of a molecular system was found. This
soliton is known as Davydov’s soliton.

The polaron suggested by Landaul® and studied

[9-12] has been used over the past

by many scholars
half-century to denote a wide variety of excitations
that are self-localized through interactions with lat-
tice phonons. But Davydov’s soliton is a exciton not
a polaron, and it only corresponds to a polaron in
the following fields.

to be suitable for the continuum limit approximation.

First, all of them are to large

Besides, the self-localization arises from their inter-
actions with the coustic modes of the lattice. Finally,
their anharmonic energies are smaller than the phonon
bandwidth, hence their couplings are weak.

From the 1970s to 1990s, the Davydov’s solitons
in a nonlinear molecular lattice were studied to the
full. In 1982, Scott modified Davydov’s model and
added ten dipole-dipole coupling terms to represent
the helical symmetry, and reached a conclusion that
such solitons should appear under normal physiolog-
ical conditions through the numerical method and
the continuum limit approximation.['3) Lomdahl et al
pointed out that the random displacements produced
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by thermal motions are so much larger than the dis-
placements needed to form the coherent soliton pat-
tern that the solitons cannot be formed at the temper-

(14 Wang

ature relevant to the biological procedure.
et al obtained that the exact equations can reduce
to the usual nonlinear Schrodinger equation in the
continuum limit approximation, when they studied
Davydov’s theory of energy transferring in a biolog-
ical molecular system.[*?] They also discussed the ini-
tial states and the soliton formation process, and time
and length scales governing soliton coherence proper-
ties were determined. In 1992, Scott systematically

(16 and

studied the behaviour of Davydov’s soliton,
formed a more perfect theoretical system of Davydov’s
soliton. Thereafter the thermal stability of Davydov’s
soliton was studied to the full.[!7—19]

In the 21st century, the Hamiltonian and the wave
function in the Davydov theory have simultaneously
been improved and extended, based on some physical
and biological grounds and results from other mod-
els. The equations of motion for the improved Davy-
dov model with a quasicoherent two-quantum state
and a new interaction term in the Hamiltonian de-
scribe bioenergy transport along the molecular chains
in protein molecules by a soliton mechanism. Some el-
ementary properties of the soliton, including the non-

H = Hex + th + Hex—ph = Jl Z |:2 W}l,m|2

lm

linear coupling energy and greatly increased binding
The results
obtained suggest that the model could be a candi-

energy of the soliton, are also given.

date for a bioenergy transport mechanism in protein
molecules.?”) But most scholars focus their interests
on the interactions of a single electron with lattice
phonons, when they study the quasi-discrete and dis-
crete molecular systems.[?! =25 Thus the studies on the
interactions of the excitons with lattice phonons only
remain at the condition of the Wannier—-Mott exciton
which has a large radius. This paper focus its interests
on the interactions of lattice phonons with Frenkel ex-
citons which has a small radius, by the virtue of the
quasi-discreteness approximation and the method of
multiple-scale in Ref.[26]-[28].

2. The self-trapping in a two-
dimensional discrete harmonic

molecular lattice

We first consider a two-dimensional discrete har-
monic molecular lattice. By taking into account
the interaction between the lattice and its nearest-
neighbours, the Hamiltonian of the system with a har-

monic potential is given by

- ¢Zm (d}l—i—l,m + ¢l—1,m)

+ Jm Z |:2 W)l,ml2 - W,m (1/)l,m+1 + wl,m—l):|

lm
pz
+Z l + kl (Ui 1,m + w10 — wn)” [+ Z { (Wmt1 + Um—1 — ul,m)2:|
+ X Z [Wl,m|2 (UH—Lm - Ul—l,m)} + Xm Z {|¢l,m|2 (Ul,m+1 - “l,m—l)} , (1)
lm Im

where ¢y ,,, is the wave function of the exciton at (I,m)th site, and J;, J,, are matrixes transferring between
neighbour sites; M, 4 m, pi,m denote the mass, displacement and momentum, respectively; k;, k., are Hook
coefficients. The last term in the Hamiltonian denotes the interactions of lattice phonons with the excitons. x;,
Xm describe the parameters of the strength of the interaction between the excitons and phonons.

The nonlinear vibration equation of the system is obtained by p;n, = i, = —0H /0w, and i%,m =

8H/81/1Zm
Mg, = ki (Wig1,m + W—1.m — 2U1m) + km (ULmt1 + Uim—1 — 2Um)
2 (sl = Wietml®) + X (Wtmsa” = omal?)
101m = —J1 (Vi1 + V1 1m — 200m) — Jm (Drms1 + Drm—1 — 2U1m)
+ X1 (Wi1,m — W—1,m) Yi,m + Xm (Uima1 — Wim—1) Yim- (2)
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According to the method of multiple-scale and the quasi-discreteness approximation, we assume

Ul,m (t) = Eu(l) (5[7 Cma T, d)l,m) +e U(2) (€l7 Cma T, ¢l m . Z E’Y (’Y) fla Cm7 T, ¢l m Z g’yul(;g’lm7
"/—1 =
Vm (8) = 0D (€1, G, b)) + €2 (€1, Gy 7, Brm) + - st (€5 Gns 7 S1m) = D U
=1 (3)

where ¢ is a small ordering parameter denoting the relative amplitude of the excitation. Let ul(;’n) =

u (&, o Ty Prm) lm i = V) (&, Gy Ty B1m), here & = € (la — At), G = € (mb —nt), T = €2t are multiple-
scales slow variables. The fast variable ¢;,, = nga + mgm,b — wt represents the phase of the carrier wave.
q1, Gm,w are the number and frequency of the carrier wave, respectively. Here a and b are lattice constants. A
and 7 are the parameter to be determined later. We perform the Taylor expansion as follows:

(v ()
Oy, irym €202 W, (131ym | 303 0° “zm (1£1)m

v _,m
Uip1,m = Upm, (1£1)m + €O 06 2! o€? 3! 3 o
o] o H )
Ult1,m = 25’7 [Z <i€a<’9£) ul;,(lil)m ’
. . Oty sty €202 P yimar) | €303 Py
Upmt1 = W i(m+1) T €@ Olom 21 a¢2, 3! a3, T
o] 6 H )
UlmE1 = ZEV [Z <i5a34 ) U d(m1) | -
aw('}’) 2 2 82’¢(’Y) 3 a 1/}
v A C)) + Im,(I+1)m gta Im,(I+1)m Im,(l+1)m
Vix1m = Vi (141ym £ €0 o€, - 2 0€? 3! 351 Y

00 9 \*
PVit1,m = ZE’Y [Z (ieaaf) ;;)7(li1)m]’

() () ()
I n gaawl;,l(mil) N 2202 Vi 1ty Lo PPl tmt1)
Iomxl = Fim,l(m=%1) aCm 21 aCTQn 3! acgl B

%) 9 n
Yim+1 = 257 [Z (ieaag) w;;),l(mil)]' (4)

According to the differential rule, we make the transformation as follows:

d_ 000 a0
Y Y T T
@, P o° o° , P 22 0° o4 0F
—_— = 2 2 _ 2 —
R T T T el o R )
92 0? 02 o2
2 3 —9 3 —9 3 47.
2 seac, P agar M acar TF o (5)

Substituting Eqs.(3), (4) and (5) into Eq.(2) and comparing the powers of € in Eq.(2), we have

82“1(1)1 K k
m,lm (€] (1) 1) m (, (1) 1) (1) _
w?— 8¢l - M ( lm,(lJrl) + ulm,(lfl)m - 2ul?n.,hn) - M (ulm I(m+1) + ulm,l(mfl) - 2ulm,lm) =0,
€ ’(m)
1
tm,l 1) 1) 1) 1) -
a¢7mm +J (,(plm,(l-i-l)m + wlm,(l—l)m 2¢lm lm) (wlm I(m+1) + zplm,l(m—l) - 2wlm,lm) =0,
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Puir), ke (@ (2) (2) Em (@ 2) (2)
2 m,tm m
w 8¢z M (ulm,(l+l)m U 1= 1ym 2uy,, lm) M ( U i(m41) T Yim,i(m—1) ~ 2u,, lm)
,m
(1) (1)
ka0 ( (1) W ) + kmb O ( (1) W ) 2w )\32 Im.lm o &u Ui, lm
=M g Ui, (141)ym — Yim,(1—1)m M 9Cm U i(m+1) — Ym,i(m—1) p1.mE wna(m o
2 2
(1) Xm (1) (1)
5 (‘d) (l+1)m‘ ‘w (1= 1)m‘ ) (‘¢lm,l(m+l) - ‘d)lm,l(mfl) )
e’
Wi @ @) @ @)
. m,lm
—lw 8¢l m +Ji < Im,(l+1)m + wlm,(l—l)m 2wlm lm) + Jm (’lz)lm,l(m-&-l) + wlm JA(m—1) 2wlm,lm>
(1) (1)
— 0 (1) (1) 0 (1) (1) . 0 lm,lm . 8/wl'm,,l'm
_Jla% ( lm,(l+1)m - wlm,(lfl)m) - me@ (wlm,l(m+l) - lm,l(mfl)) +1)\ 8£l + 1n 8<m
1 1 1 1 1 1 7
X (“z(nz,(lﬂ)m “5773 (- 1)m> l<m>,lm + Xm (ul(rrz,l(m+1) - u;m?,l(mfl)) l<m),lm7 (7)
*u) k .
2 Im,lm 1 (3) (3) (3) 3) (3) (3)
w ad)l M (ulm (I+1)m + ulm,(lfl)m 2ulm,lm> - M (ulm l(m+1) + ul'm,l(mfl) - 2ulm,lm)
m
kia® & ¢ ) (1)
=30 8§2 ( Ui, (14+1)m Jr“zm,(z—1)m)
kmb® 0* (1) ) ki 0 () @
+ 2M 84—2 Upm J(m+1) + ulm,l(mfl) ﬁ@i& lm (I4+1)m ulm,(lfl)m
1 2 (1
kmb O u? W@ _ our 2 tm.m l(nf m 0 z(n? Im
2M 8Cm Upm, A(m41) lm,l(m—l) 8(251 magl wn 8¢l maCm
o 2 2 2 2
+M g ‘¢lm,(l+1)m 8 ‘d)lm (I-1)m 4 Xmb Xm ‘¢lm I(m+1) 8 )¢lm I(m—1)
M o0& & M OCm OCm
+ azul('llrz Im _ AQ 82ul(71r3 Im _ /'7 82 1(711’3 Im A 82“’1(717'3 Im
OP1,mOT o¢? ¢, 9&0Cm
(1) (2)* (1)= (2) (1) (2)* (1) (2)
+ M ( Im,(I4+1)m "lm,(I+1)m + wlm,(l+l)mwlm,(l+1)m T Pim,(1-1)m Vim,(I—-1)m ~ Fim,(I-1)m lm,(l—l)m)
3
SN Xm (1) (2)* (1)= (2) (2)* (1)
+ M (wlm,l(m+1)wlm,l(m+l) + wlm,l(m+1)wlm,l(m+l) qplm J(m— l)wlm,l(m—l) - wlm,l(m—l)wlm I(m— 1))
l(g)l (3) (3) (3) (3)
m,lm 3 3 3 3
3@ ™ + i ( Im,(l4+1)m + wlm (1-1)m — 2wlm,lm> (wlm I(m+1) + wlm,l(mfl) - lem,lm)
1, 59 () &
= _7‘] 852 ( Im,(I+1)m + wlm,(l—l)m)

2 0
2 (1) (1) (2) (2)
_7J b acz <wlm’l(m+1)+w1myl<m 1) Jzaaé ( Im,(I+1)m lm,(lfl)m)

oui oui
(2) (2) . lm,m | . lm,lm
g (Wohiimen ~ Hidamon) +IA= e 4 in =g

awf”l ) 8
m,lm (1) (1) (1) (1) (1)
“or + axza—& <ulm,(l+l)m + ulm,(lfl)m> Imim T bxmai& (ulm Wmt1) T Y i(m—1)

(2) (2) (1) (2) (2) (1)
+Xi (ulm,(l+1)m - ulm,(lfl)m> Yl im T Xm (ulm,l(m+1) - “zm,z(mq)) Im,lm

(1) (1) (2) (1) (1) (2)
+Xi (ulm,(l+1)m Ui, (1— 1)m> Vi im T Xm (“zm,l(m+1) - ulm,l(m—l)) I, lm.*

Equations (6) have the solutions as follows:

ul(rlrz,lm = U10 (&7 Cm? T) +ux (glv <m7 7—) ei¢lm + 'U;{ (§l7 Cma '7') e i¢lm’
D) = 01 (6 G ) 9 ] (6, G ) e 00,

) (1)
Im,lm



3944 Xu Quan et al Vol. 18

Substituting Eqgs.(9) into Eq.(7) and eliminating the secular terms, we have

qia 2 Gmb kl 2 e km qub
= 4J; sin 4 dm2 _ 9 ey Fm 2 dm?
w = AJysinT = + 4Ty sin” = S G st T
2k, 2qmb .

a ¢ sin(gmb). (10)

A = 2Jasin(gqa) = ]& sin(gia), n = 2J,bsin(gnb) = M

O*ups), ki (2 2) (2) km (. (2) 2) (2)
2 m,lm
Yok, M (“zm @+ 0m T Y, a-1ym ~ 2%m lm) M ( (1) T Yim,1(m-1) QUlmylm) =0
51/)1(33 Im (2) (2) (2) (2)
a¢l m ']l ( Im,(I+1)m + ¢lm ,1—=1)m lem,lm) + Jm ( Im,l(m~+1) + rd}lm,l(m—l) lem lm)
=21 (¢ $in(qa) + Xom Sin(gmb)) urtpre® . (11)
Equations (11) have the following solutions
ul(frz’lm = U20 (51, Cm7 T) + U2 (€l7 §m7 T) ei Prom + U; (€l7 Cma T) e id)lma
l(frz,lm = ’(/}2 (&7 CWH T) ei¢lm + ’(/}; (glv <m7 T) e_i¢lm
) X1 sin(q;a) Xm SiN(qmb) 2i ¢y
PG 12
+ L) i (cos2qa) =1) T @ F T (cos(2gmb) = 1) | 11 (12)

In fact we can let UQO UQ—"(/}Q— 0, because they can be transformed into the lowest-order solutions (9).

Substituting them and ulm > z/)lm m into Eqgs.(8) and eliminating the secular terms, we have

9 2 9 2 2 2 2 2 2
x1a 9 1] n Xmb O |91 n (/fla B )\2) O urg 9\ 9 uyg . (kmb _772) 585210 ~0,

M 9§ M 9, oM 0¢? 960, |\ 2M
) % n kia® cos(qia) — MA? 9%u;y B & 0%uy kmb? cos(qmb) — Mn? 0%u,
Yor 2Mw 92w 050 2Mw aC2,
o X7 sin®(qia) N Xan Si0° () w il = 0,
wlw+ Ji (cos(2qa) — 1)]  Mw [w + Jp, (cos(2¢mb) — 1)]
Oy 2 %Y 2 %Y Ouig Ouyg
i, + Jia® cos(qia) ——- 72 + Jmb? cos(kmb) - ) axy o, U1 — bXm o, Py
2 .2 2 .2
2x; sin“(qia) 2x2, sin”(gmb) " |u1|2 _o. (13)
w+ Ji(cos(2qia) — 1) w+ Jp, (cos(2gmb) — 1)

When n = 2J,,bsin(gm,b) = 0, Egs.(13) can be written as follows:

2Xla8|¢1\2 + 2me(9|¢1|2 + (kla2 _ )\2> (92’LL10 + /{me2 (92U10 _ 0’

M 04 M Oy 2M 3512 2M  0¢2,
. Quy N kia? cos(qia) — M2 0%uy  kp,b? 8%uy X7 sin?(qa) 1% = 0
1o 2Mw 067 " 2Mw 82, Mw [w + Ji (cos(2qua) — 1)) T
0Py 0%y 5 021y 5“10 Ouig 2x7 sin’(q;a) 2
v b _ — by =0.
o T Jia® cos(gua) o} +J a2, 0§ 1 Im Yit w + J; (cos(2qia) — 1)¢1 ] 0(14)
2M)\2 — klaQ 8u10 k‘ma 8u10 2
Letti = d taki = — = int t h
etting u; = v and taking o o6, I O [t)1]” into account, we have
. Ouy N kia? cos(qia) — MA? 0%uy  kp,b% 0%uy 3 X7 sin?(qa) a2 g = 0
Y or 2Mw 08¢  2Mw 9¢},  Mwlw + J; (cos(2qia) — 1)] 2 e
o 2 a 4 2 4 2 2 2 2.2 12
V1 9 0%y T Y1 Xom X[ 0 " X;7”sin(qa) -

Yor St cos(@a) e o&? ¢z, * km  2MMAy — kja?  w + J; (cos(2qia) — 1) (15)
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kia? cos(qia) — M2 kb2 X7 sin?(qa)
Let A= A="" =— No=J,a? Ao=J,,b>
v 2Mw oMW Mww + J; (cos(2qia) — 1)] 427 7 ra” cos(qua), Az ’
4x3 4xja® 2x77* sin®(qia) :
[y="Xm _ . BEq.(15) can transf £
= T — i T w1 i (cos2qua) — 1)) - (15) can transform into
6‘u1 82u1 8211,1 2 awl 82w1 8277/}1 2
i — + A ——5 + A —+T =0, i—+41 Ag—= + T =0. 16
187_+ 18{? + 18§%+ 1| |” wa ) 187+ 285? + 25C%+ 2 [1]” 1 (16)

When A1 A1 >0, A1 > 0 and A2 Ag > 0, Aol > 0, Egs.(16) have the solutions as follows:

Ui = :tAo/BO tanh |:B() \/(la - )\t)2 + m2b2:| , Uy = :tAO sech |:B0\/(la - )\t)Q + m2b2| - ei Qt,

1 = £Cg sech {Bl \/(la — At + meQ} el 2t (17)

Thus, Eq.(2) has the following solutions

un = +Ag/ By tanh {BO\/ (la — At)* + m2b2]

+ Apsech [Bo \/(la — M)+ m262} - cos [qila + gmmb — (2 + w) ],

1 = £Cp sech [Bl \/(la — M)+ meQ} - cos [qila + gmmb — (2 + w) t], (18)

(2 -2))) B - V12 (02 —2)/1) o 2092 —2\/1) B — V2 (02 —=2)\/1) The
2(M+ AT 0 T 2+ 4y Y T N2+ A T T 2(Ay+ Ay)
solutions (18) can be shown in Fig.1.

where Ag =

el t=T/2

20 =20 m
(b)

e t=T/2

’l/)

20 —20 ‘ m
(c) (d)

Fig.1. The localized modes in the two-dimensional discrete molecular lattice, (a) motional discrete
breathers in the molecular lattice ¢ = 0, (b) motional discrete breathers in the molecular lattice t = T'/2,
(c) motional discrete exciton-breathers ¢ = 0, (c) motional discrete exciton-breathers t = T'/2.
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From Fig.1 we know that motional discrete breathers can exist in the two-dimensional discrete molecular
lattice with the interactions of excitons with phonons at quasi-discreteness approximation, while Davydov’s
solitons can be transformed into discrete exciton-breathers and move in the molecular lattice. The difference
from the conclusion at continuum limit approximation(??! is that the discreteness of the lattice makes the
periodicity ofthe localized mode dominance, which is a discrete breather not a soliton. The difference from the
conclusion in the one-dimensional discrete molecular lattice is that the excitons’ effect on the molecular lattice
does not distort the molecular lattice.

3. The self-trapping in a two-dimensional discrete molecular lattice

with cubic nonlinear potential
The nonlinear vibration equation of the system is
Ml = ki (Wit 1,m + W—1.m — 2Um) + km (W mt1 + Um—1 — 2Upm)
+ o {(Ulﬂ,m - ul,m)2 — (W—1,m — Uz,m)ﬂ +am [(ul,m+1 - Ul,m)2 — (U, m—1 — ul,m)2j|
+xi <\¢z+1,m|2 - |¢z-1,m|2> + Xm <|¢z,m+1l2 - |1/Jl,m—1|2> ;

iw.l,m = _Jl (wl—i-l,m + ¢l—1,m - le,m) - Jm (wl,m—i-l + wl,m—l - le,m)
+ X1 (ulJrl,m - ulflﬁn) wl,m + Xm (ul,erl - ul,mfl> wl,m- (19)

By the same procedure as above, we obtain

2x;a8|1/11|2 + 2mea|’(/J1|2 + /{/’lCL2 _ /\2 82u210 _ 2)\77 82U10 + kme 2 82’11,10
M 9 M 9, 2M 0¢; 0&0Cm, 2M a¢z,
- 0 |uy|* - 0 us|*
+4aya[cos(qia) (cos(qia) — 1) + sin(qa)] ¢ + day b [cos(gmb) (cos(gmb) — 1) + sin(g,,b)] ac =0,
l m
COup  Kkia®cos(qra) — MA2 0%u;  An 0%uy kmb? cos(qmb) — Mn? %u;  2qqa Ouig
i— 5 — — 5 (cos(qia) — 1) uq
or 2Mw o¢; w 0§90C¢m 2Mw 0¢2, 0&
200,,b Ou1o X7 sin?(qa) X2, sin?(gb) 9
mb) — 1 — s
(cos(gmb) )w O {Mw [w + Ji (cos(2qia) — 1)] + Mw [w+ Jp, (co8(2¢mb) — 1)] u [¢n]
_ [22‘5534 cot% sin(2qua) (cos(qa) — 1) + 22‘:34 Cotq%b $in(2gmb) (cos(gmb) — 1)] |2 ug
4oq M a . 4o, M mb .
- [ kllw cot% sin®(qia) + [ coth smg(qmb)} lur | uy = 0,
0Py 9 0?1 9 9% Ouip Ouig
: AL kb - — DX e
i + Jia” cos(qia) a2 + Jmnb” cos(k,b) acz axi o6, 1 — by 9, U1
2x7 sin®(qua) 2X 7 5in° (gmb) by 2
U
w+ Jy (cos(2qra) — 1) ' w+ Jom (cos(2qmb) — 1) | 11
20q M 200 M X mb . .
+ [allecotq;a sin(2q;a) + akixcotq;) sm(2qmb)] ui = 0. (20)
l m

When n = 2J,,bsin(g,,b) = 0, Egs.(20) can be transformed into

2Xl(l 8 |’L/)1|2 2me 8 |’(/J1|2 + (k’lCLZ _ /\2> 62u10 kme 62U10

M 0 M 9Cn oM ocz T 2M a2,
: 9 |ua|” 0 ua|®
+4aya[cos(qa) (cos(qia) — 1) + sin(ga)] + 8amb =0,
afl aCm

COur Kkia®cos(qra) — MA? 0%uy kb 0%up . 2cqa Ouig
i— 5> — 5 (cos(qra) — 1) ug

or 2Mw 0¢; 2Mw 0¢2, &

doyb  Ougg X7 sin®(gia) 2 8aM  qa . 5 qa 2
— - t— = =0,
“ 0Cn  Muww+ J; (cos(2qia) — 1)]u1 a4 kw Ot H T sin(qa) jur]"
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O 91 2 91 duig duip
— +J Imb kmb — —bxXm——
i3+ % cos(qua) =5 7e? + 08 (kmb) =5 acz X1 g, 1 — by 3 (0
2x7 sin®(qia) 2, 2aMy;  qa
ot — 2 =0. 21
w+ Jl (COS(qua) — 1)/(/)1 |U1| + kl CO 2 Sln( QIa)ulwl ( )
Let w; — w and 2]\4)\2 —klaz 8U10 _ k‘me aum o
L= v dxra+8Mayay? [cos(qia) (cos(qa) — 1) +sin(qa)] 0& — 4xmb + 16May,by2 0Cm
l4h1]?, we have
) % kia® cos(qra) — MA? 9uy B Emb? 0%uq
" or 2Mw 9e2  2Mw OCZ,
8ala (cos(qia) — 1) {xia+2Mcyav? [cos(qia) (cos(qa) — 1) + sin(gqa)] } s Ao (4xm + 16 Mo, y?) P
w (2M N2 = kya?) 42 ! Keywy2 e
2 g2
X; sin”(qa) > 8a e 2
- ot 12 gip2 12 =0
Muw[w + J; (cos(2qia) — 1)] 2 fua [+ kjw O n 2 sin(qa) jur] " =0,
31/}1 0% 5 %Py a*xi {4x+8Mayy? [cos(gqia) (cos(qia) — 1) + sin(ga)] } 9
—_— b kb —
i + Jya? cos(q1a) == 92 + I b” cos( )8 ) SMN? — oy [v1|™ Y1
X (4Xm + 16 M o,y 2v2~+2 sin?(qia 20 M a .
_ D e gy 4 DR ey 20 88 o gy =0,
km w + J; (cos(2qia) — 1) K 2
(22)
kja? cos(qia) — M2 k., b2
L A = A = A 2 3 A — 2
et 2M(,d ) 1 2M 2— JlCL COb(qla)7 2 me )
o X7 sin® (q1a) +8ala (cos(ga) — 1) {Xla+2Mala'yz [cos(gia) (cos(qra) — 1) + Sin(qla)]}
YT Mwlw + J (cos(2qia) — 1)] 12 w (2M N2 = kya?) 42
4a'm (4X7n + 16M057n72) 8C¥1M qa 2 qia
ti -
+ o2 + " 5 sin 3 sin(ga),
£ 2isin*(ge)  a’x {4x1+8Maiy? [cos(qua) (cos(qa) — 1) + sin(ga)] }
7 Wt Ji(cos(2qa) — 1) 2M A2 — kja?
20y My 2 m (4Xm + 16 Mty y?
+ HTXT cot%sin@qla) _X (4x m7 )
Equations (22) can be rewritten as follows:
8u1 8 uy 6
—+ A4 A r =0,
15+ Mg+ g Tl =
oy 0y 4 2
i— 4+ 41 A I =0. 23
18+28£+2672n+ 2 [Y1]" (23)
When A1 A; >0, A1y > 0 and A3 Ay > 0, A2l > 0, Eqgs.(23) have the following solutions
uyo = +Ay/By tanh [Bo \/ (la — At)* + m2b2] :
u; = +Aqsech [BO\/(la —Xt)? + mzbz} el 9t
1 = £Cj sech [Bl \/(la —\t)® + m%ﬂ el 9t (24)

Thus, Eqgs.(19) have the solutions as follows:

un = +Ag/ By tanh {Bo\/ (la — At)* + m2b2]

+ Apsech [Bo \/(la — M)+ meQ} -cos [gla + ¢mmb — (2 +w) 1],

1 = +£Cp sech [Bl \/(la — M)+ mZbQ} -cos|qla + gmmb — (2 +w) ], (25)
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2 —2)\/1) \/ V@2 [ew@-2) V22201

2(A1+A1>r1’ A1+A) TN 2+ A T T 2(Ay + Ay)

The solutions (25) can also be shown in Fig.1 and that is that motional discrete breathers exis in the two-

where Ag =

dimensional discrete cubic nonlinear molecular lattice with the interactions of excitons with phonons at quasi-
discreteness approximation, while Davydov’s solitons can also be transformed into discrete exciton-breathers
and move in it.

4. The self-trapping in a two-dimensional discrete molecular lattice
with quartic nonlinear potential

The nonlinear vibration equation of the system is

My = ki (Wit1,m + W—1,m — 2Upm) + km (Wmt1 + Wm—1 — 2uim) + 01 [(U1+1,m — ) 4 (w1 — ul,m)3]

+ B [(ul,mﬂ — )’ + (Um—1 — Ul,m)g} +xi (|¢z+1,m\2 - |¢z—1,m\2) + Xm <|¢z,m+1l2 - |z/n,m71|2) ,

i@lelﬂn = _Jl (wH»l,m + 1/1171,m - le,m) - Jm (wl,m+1 + wl,mfl - le,m)
+ X1 (Wi 1m — Wi—1,m) Yim + Xm (Wims1 — Um—1) Yim- (26)

By the same procedure as above, we obtain

) 2 2 2 2 2 2 2 2
x1a 9 |1 n Xmb O |91 n ka” o 3U210_2)\773u10 n amb” o 8U210:O7
M0& M 0G. | \2M o€; 960G\ 2M o2,
) % n kia? cos(qra) — MA? 9uy B ﬁ 0%uy n Emb? cos(qmb) — Mn? 0%u,
Y or 2Mw 9w 050 2Mw ac2,
_ xi sin’(qa) N X 5i0% (gm) wr i
Mww+ J (cos2qa) — 1)] | Mw[w + Jm (cos(2qmb) — 1) J 77
_ ﬂ 4 qa Bim nt me 2
(24Mws 9 +24M B (VA1 |U1| —0,
o 9 2 9% 6u10 Juig
i v + Jya? cos(qa) 92 + Jnb” cos(k,b) acz — 65 1 — bxm "o, 1
2 sin®(qia) 23, 0% (gmb) 2
= U. 2
[w + Ji (cos(2qia) — 1) + w + I, (cos(2g,b) — 1) Yrfml”=0 (27)
When 1 = 2J,,bsin(gm,b) = 0, Egs.(27) can be transformed into
2x1a 0 |¢1|° N 2Xmb 0 1| (R o) P kb PP
M 9 M a, oM oez T 2M acz
] % kia? cos(qia) — M2 0%uy  ky,b% 0%uy 3 X7 sin?(qa) " |2
Yor 2Mw 062 " 2Mw 02,  Mw(w+ J; (cos(2qia) — 1)]
( 4]\%3 4 ‘”2 +24]\54m) uy |ug|® =0,
O > 2 0% Ouig Ouig 2x7 sin®(qia)
— +J Imb - —bXm =0.
Ugr T ol g I g N g g M S et 1 M =0

2M>\2 - kla2 8U10 o kma 5‘u10

2
= — = h
Tva 06 om 0Gy _ talswehave

Let w3 = 91 and
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] % kia? cos(qia) — MA? 0%uy  kp,b% 0%uy 3 X7 sin2(qla)
Yor 2Mw 9e2 " 2Mw 02, [ Mww + J; (cos(2qia) — 1)] 72
<24ﬂl n q;a + 246’”) ] ur|*uy = 0,

O 2 0y 2 0% | [4x2 4xja® 2x77° sin®(qia) 2
A Tmb m =0
15, + J1a” cos(qia) — 5 a¢? + acz + ko Mg —Fa@®  w+ J (cos2qa) — 1) Y1 [ )

kia? cos(qa) — MA? kb2
Let A1= A=
2Mw Y ViR
[ X sin®(gia) L g P S L B
! Mw [w + J; (cos(2qia) — 1)] 72 Mw 2 Mw
42 4x?a? 2x?y? sin?(qa) .
Ay=J,a? Ag=J,b?, Tp=—" — L L Eq.(29 b tt
o=Jia? cos(qa), As » o= SN — i + 5T J (cos@qa) — 1) q.(29) can be rewritten as
follows:

Ouy 0%uq 0?uy

iai“r/l ({952 +Ala<2 +F1|U1| up =0,
Oy Yy 0%y 2
1§+A2 8512 +A2@+FQ |w1| 1 = 0. (30)

When 4141 >0, A1 > 0 and A2 A9 > 0, Aol > 0, Egs.(30) have the solutions as follows:

u19 = +Ap/ By tanh [BO\/(la - )\t)2 + m2b2] ,

= 4+ Ay sech [Bo\/(la - )\t)2 + msz} el 9t

1/}1 = :tCo sech |:Bl \/(ZCL — )\t)2 + m2b2:| . ei Qt. (31)

Thus, Egs.(26) have the following solutions

Up = :tAo/BO tanh |:Bo\/(la - )\t)Q + meQ]

4+ Agsech [Bo \/(la — /\t)2 + m2b2} - cos [qila + gmmb — (2 + w) 1],

1 = +£Cy sech [Bl \/(la —\t)* + meQ} -cos [qla + gmmb — (2 +w) ], (32)

(02 =2)/1) B V(02 =2)\/1) (92 =2)/1) B — V202 =2)\/1)
2(M + AN 0T (/11+A) » Co = 2(Ma+ A" T T 2(A+ Ag)
The solutions (32) can also be shown in Fig.1, that is that motional discrete breathers can exist in the

where Ag =

two-dimensional discrete quartic nonlinear molecular lattice with the interactions of excitons with phonons
at quasi-discreteness approximation, while Davydov’s solitons can also be transformed into discrete exciton-
breathers and move in it.

5. The self-trapping in a two-dimensional discrete molecular lattice

with cubic & quartic nonlinear potential

The nonlinear vibration equation of the system is
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Miiy m = ki (Wi1,m + U—1,m — 2Um) + km (Wmt1 + Um—1 — 2Upm)
+ o [(ul+1,m — tum)” + (W1m — Uz,m)z}
+ [(Ul,mﬂ - Ul,m)2 + (Utm—1 — Ul,m)2] + 6 |:(ul+1,m - uz,m)3 + (ui—1,m — Ul,m)3
+ Bm [(Ul,m+1 — )’ A+ (Um1 — ul,m)3:|
+ X1 (|1/)z+1,m|2 - |wl—1,m|2) + Xm (lwl,erﬂ2 - |1/)z,m—1|2) ;

101m = —Ji (Vri1m + V11m — 200m) — Jm (Drms1 + Vrm—1 — 2%1m)
+ X1 (Ul—i-l,m - ul—l,m) ¢l,m + Xm (ul,m+1 - ul,m—l) 1/)l,m- (33)

By the same procedure as above, we obtain

6U1 6 uy 8

— 4+ A A I =0,
i o7 + 1351 + 1a<2 ~ 1|U1| up =
81/)1 821/11 8 1211 2
i—+ 4 A T =0, 4
i o7 + 285; + 28C72n + Iy [ih1]" o (34)
ka? cos(qia) — MA? kb2
where A= ! é;]\l/[i L A= — Mo , Ag=Jja? cos(qa), Ag=J,b?,
o XlQ sin® (qa) +8ala (cos(qia) — 1) {Xla—i—2M0qa'y2 [cos(gia) (cos(qia) — 1) + Sin(qla)]}
YT Mw [w + Ji (cos(2qia) — 1)] 2 w(2M A2 — kja?) ~?
Ao (4xm + 16Mapy?) 8yM  qa . 4 qa B g4 40 Brm
t— — 24——3g —
+ o2 + " cot=3 sin 5 sin(qia) — < Vo > +24 Mw)
272 sin’(ga) @’ xa {ba+8May® [cos(qia) (cos(qa) — 1) + sin(ga)] }
T w+ Jy (cos(2qa) — 1) 2M A2 — kja?

200 M 1~? m (4xm + 16 M a,y?
+ Xy cot%sin(qua) _X ( X 7 )

ki 2 km

When A1 A; >0, A1 > 0 and As Ay > 0, Aol > 0, Egs.(34) have the solutions as follows:

uio = +Ag/Bp tanh {Bo\/(la - )\t)2 + meQ] ,

= +Agsech [Bo\/(la — M)+ mzbg} -et 2t

1 = £Cy sech [Bl \/(la _ )\t)2 + m2b2} el (35)

Thus, Egs.(33) have the following solutions

U, = +Ag/Bgtanh {Bo\/(la — )\t)2 + m2b2]

+ Ap sech [Bo \/(la — )+ mZbQ} -cos [qla + gmmb — (2 +w) ],

1y = £Cpsech [Bl \/(Za — ) + m2b2} -cos [qla + gmmb — (2 +w) ], (36)

(02 -2\l 02082 —-2)/1 (92— 2002 -2\/1
whore do = [ 2@ L A@=D  _ [2@=) /@23
2(A+4A) Iy 2 (A1 + 4y) 2(As + Ag) Iy 2(As + Ag)
The solutions (32) can also be shown in Fig.1, that is that motional discrete breathers can exist in the
two-dimensional discrete cubic and quartic nonlinear molecular lattice with the interactions of excitons with

phonons at quasi-discreteness approximation, while Davydov’s solitons can also be transformed into discrete
exciton-breathers and move in it.
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6. Conclusions

In this paper we investigate the interactions of
lattice phonons with the Frenkel exciton (the exci-
ton with a small radius) in a two-dimensional discrete
molecular lattice, by virtue of the quasi-discreteness
approximation and the method of multiple-scale, and
obtain the following conclusions:

(i) When the interactions of lattice phonons with
Frenkel excitons are taken into account, the self-
trapping (or self-localization) can also appear in the
two-dimensional discrete molecular lattice. Motional
discrete breathers can exist in the two-dimensional
discrete molecular lattice with the interactions of ex-
citons with phonons at quasi-discreteness approxima-
tion, while Davydov’s solitons can be transformed into
discrete exciton-breathers and move in the molecular
lattice.

(ii) The difference from the conclusion at contin-

uum limit approximation?? is that the discreteness of
the lattice makes the periodicity of the localized mode
dominance. The difference from the conclusion in the
one-dimensional discrete molecular lattice is that the
excitons’ effect on the molecular lattice does not dis-
tort the molecular lattice but only cause it to localize.

(iii) When consider the two-dimensional discrete
molecular lattice with cubic nonlinear potential, quar-
tic nonlinear potential, and cubic and quartic po-
tential, the conclusions are the same as in the two-
dimensional discrete molecular lattice with harmonic
potential.

Therefore, we conclude that the self-trapping can
also appear in the two-dimensional discrete molecular
lattice with harmonic and nonlinear potential. The ex-
citons’ effect on the molecular lattice does not distort
the molecular lattice but only causes it to localize and
the localization can also react again through phonon
coupling to trap the energy and prevent its dispersion.
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