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Based on an equivalent medium approach, this paper presents a model describing the nonlinear propagation of

acoustic waves in a viscoelastic medium containing cylindrical micropores. The influences of pores’ nonlinear oscillations

on sound attenuation, sound dispersion and an equivalent acoustic nonlinearity parameter are discussed. The calculated

results show that the attenuation increases with an increasing volume fraction of micropores. The peak of sound velocity

and attenuation occurs at the resonant frequency of the micropores while the peak of the equivalent acoustic nonlinearity

parameter occurs at the half of the resonant frequency of the micropores. Furthermore, multiple scattering has been

taken into account, which leads to a modification to the effective wave number in the equivalent medium approach. We

find that these linear and nonlinear acoustic parameters need to be corrected when the volume fraction of micropores

is larger than 0.1%.
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1. Introduction

Analytical theories of transmission phenomena
are important to get the acoustic properties of mate-
rials which are used in modern underwater sound ap-
plications. Modeling the absorption of plane acoustic
waves propagating in a viscoelastic medium is an im-
portant technical problem. Since the effects of acous-
tic absorption in a pure viscoelastic medium are not
satisfactory, a medium with a porous structure is in-
troduced to improve the attenuation. Several theo-
retical models are proposed to improve the attenua-
tion. Oberst[1] and Meyer et al [2] introduced reso-
nance by spherical perforations in the viscoelastic lay-
ers using a one-dimensional model. Gaunaurd[3] and
Gaunand and Uberall[4] have extended the analysis
to model the vibrations around one of the holes in
the multi-perforated viscoelastic layer. Biot[5,6] con-
sidered the effect of frequency on the viscous forces
within a porous medium and the kinematic viscos-
ity was replaced by an oscillatory viscosity. His
theory gave birth to a great number of theoretical

works treating different geometries of propagation. In
1990, Ostrovsky[7] introduced a new porous ‘rubber-
like’ medium, which has high attenuation of incident
harmonic wave and strong acoustic nonlinearity. The
finite element method was used to analyze harmonic
wave propagation in viscoelastic gratings with pores
in Refs.[8] and [9].

Most of the above work was based on the lin-
ear theory and some work has been done by us-
ing nonlinear methods.[10−12] The nonlinearity men-
tioned by Ostrovsky[7] was only at the low frequency
area. The micropores oscillate vigorously at the fre-
quency near the resonance range, thus behaving as
a secondary source. Due to the nonlinear nature of
the oscillation, high harmonics, particularly the sec-
ond harmonic component become significant. Con-
sequently, the nonlinearity of the host media is en-
hanced dramatically due to the presence of micro-
pores. Fan et al [13] and Liang et al [14] have the-
oretically studied the nonlinear property of the vis-
coelastic medium containing spherical micropores by
an approach based on an equivalent medium approach
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(EMA). They showed that such a medium can be
highly nonlinear, even for a small density of pores per
unit volume. Liang and Cheng[15] studied the acoustic
localization in weakly compressible elastic media con-
taining random spherical air bubbles. However, the
synthesis of artificial nonlinear media with spherical
pores poses a problem; cylindrical pores are far eas-
ier to fabricate. Ostrovsky[16] studied the nonlinear
properties of an elastic medium with cylindrical pores
at low frequency. The above study is based on EMA.
However, it is shown that the classic theory of EMA
using an ensemble average is a reduction of a complex
system of scatterers and host medium to an ‘effec-
tive medium’. A multiple scattering approach (MSA)
was also used to study the nonlinear phenomena in
porous media. The MSA looks at the mixture in a
microscopic view and assumes that each bubble scat-
ters waves which impinge on it. The wave pressure
at any point of the bubbly liquid is the sum of the
incident wave and the wave scattered by all the scat-
ter bubbles. Foldy originated an MSA half a century
ago.[17] Weston[18] and Miller[19,20] further developed
it and named the scattering effect as the acoustic in-
teraction of the gas bubbles. A lot of experiments and
observations also got adequate explanations using this
approach.[21,22] Several works have been developed to
modify the classical theory by calculating the high or-
der multiple scattering.[21−24] It is interesting to find
that these modifications also progressed in two differ-
ent ways, EMA[19] and MSA.[21,22]

In the present article, our model is supposed to be
a rubberlike medium containing multiple cylindrical
micropores (Fig.1), and investigates nonlinear acous-
tic wave propagation in such a medium at frequencies
close to the resonant frequency of the micropores.

A one-dimensional model for a longitudinal wave
through porous media with cylindrical pores is estab-
lished. Combining the wave equation for the medium
and the dynamic equation for cylindrical pores and us-
ing the perturbation method, we obtain equations for
the fundamental and second harmonic wave. Then,
by treating the medium containing micropores as a
homogeneous medium, we can define the concept of
the equivalent acoustic nonlinear parameter Γ . In
this way, a formula to estimate the equivalent acous-
tic nonlinear parameter Γ of such media is achieved.
The calculated results show that the sound field shows
strong sound attenuation, dispersion and nonlinear
properties. The multiple scattering effects on the
sound velocity, attenuation and equivalent acoustic

nonlinear parameter will also be discussed here. Both
discussions will be demonstrated by several numerical
examples, with some comparison between the two sit-
uations where the multiple scattering effects are con-
sidered or not. Finally we give the conclusions.

Fig.1. The model of a rubberlike medium containing mul-

tiple cylindrical micropores: (a) three dimensions; (b) two

dimensions.

2. Theory

2.1. Longitudinal wave equation for a

porous rubberlike medium

We consider a medium with microbubbles. If
the amount of pores per wavelength is great enough,
such a pore medium can be viewed as an equivalent
continuous medium, and we can obtain the following
equation:[13,24]

∂2σ1

∂x2
− 1

c2
0(1 + jη)

∂2σ1

∂t2
= ρN

∂2U1

∂t2
,

∂2σ2

∂x2
− 1

c2
0(1 + jη)

∂2σ2

∂t2
= ρN

∂2U2

∂t2
. (1)

Here j is imaginary unit, σ means the x component
of stress, U is defined as the volume fluctuation of
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an individual bubble. η =
ηkK ′ +

4
3
ηMM ′

K ′ +
4
3
M ′

refers to

the viscosity of the pure medium, which is very small,

c0 =

√√√√K ′ +
4
3
M ′

ρ
is the velocity of a longitudinal

wave in the pure medium, ρ describes the density of
the media and N is the number density of the micro-
pores, K and M refer to the complex bulk modulus
and the shear modulus of the medium, respectively,
which can be expressed as

K = K ′ + jK
′′

= K ′(1 + jηk),

M = M ′ + jM
′′

= M ′(1 + jηM ), (2)

where ηk and ηM are dissipation factors, and the ‘aver-
aged Hook’ relating strain and stress for a longitudinal
deformation can be written as [7]

σ = (λ + 2µ)(ε−NU) =
(

K +
4
3
M

)
(ε−NU), (3)

where λ, µ are Lame constants, ε is the x component
of strain and we let

σ = σ1 + σ2 + . . . , U = U1 + U2 + . . . , (4)

where σ1, U1 and σ2, U2 are the first-order and second-
order terms, respectively.

2.2.Nonlinear wave equation for a cylin-

drical porous rubberlike medium

Considering the viscosity, we add the term γḂ

to the left of Eqs.(12) and (18) in Ref.[16], and the
following equations can be obtained:

B1ω
2

2
ln

(
qr0ω

2c0

)
+

µB1

r2
0ρ
− jπω2

4
B1−γjωB1 =

σ1

ρ
, (5)

2ω2B2 ln
(

qr0ω

c0

)
+

µ

ρr2
0

B2 − jπω2B2 − j2ωγB2

=
3

2r2
0

(
µ

ρr2
0

− ω2

4

)
B2

1 +
σ2

ρ
, (6)

where B = B1 + B2 + . . . , B = R2 − r2(U = πBl, l is
the length of the sample), r is the Lagrangian (initial)
coordinate, R is its instantaneous coordinate, S = πB

is the variation of the area (or equivalently, the volume
per unit length of the cylinder) in radial displacement
of the particle, r0 is the radius of the micropores, γ

is the introduced parameter to describe the viscosity
coefficient of the medium, q = 1.78.

Solving Eq.(5), we obtain

B1 =

σ1

ρ

ω2

2
ln

(
qωr0

2c0

)
+

µ

r2
0ρ
− jπω2

4
− γjω

. (7)

Substituting Eq.(7) into Eq.(6), we can obtain

B2 =

σ2

ρ

2ω2 ln
(

qr0ω

c0

)
+

µ

r2
0ρ
− jπω2 − j2ωγ

+

3
2r2

0

(
µ

r2
0ρ
− ω2

4

)

2ω2 ln
(

qr0ω

c0

)
+

µ

r2
0ρ
− jπω2 − j2ωγ

×




σ1

ρ

ω2

2
ln

(
qr0ω

2c0

)
+

µ

r2
0ρ
− jπω2

4
− jωγ




2

.

(8)

Substituting Eqs.(7), (8) into Eq.(1), we can ob-
tain the wave equations for fundamental and second
harmonics as follows:

∂2σ1

∂x2
− 1

c2
0(1 + jη)

∂2σ1

∂t2

=−




Nlπσ1

1
2

ln
(

qωr0

2c0

)
+

1
ω2

µ

r2
0ρ
− jπ

4
− j

γ

ω


 ,

(9)

∂2σ2

∂x2
− 1

c2
0(1 + jη)

∂2σ2

∂t2

=− Nlπσ2

2 ln
(

qr0ω

c0

)
+

1
ω2

µ

r2
0ρ
− jπ − j

2γ

ω

− ρNlπDσ2
1 , (10)

where

D =




3
2r2

0ρ
2

(
µ

r2
0ρ
− ω2

4

)

2 ln
(

qr0ω

c0

)
+

1
ω2

µ

r2
0ρ
− jπ − j

2γ

ω




×




1
ω2

2
ln

(
qωr0

2c0

)
+

µ

r2
0ρ
− jπω2

4
− jγω




2

.

2.3. Fundamental frequency

To solve Eq.(9), we assume
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σ1 = σ1A exp[j(ωt− k̄1x)],

k̄2
1 = A1 − jB1. (11)

Thus equation can be solved,

A1 =
k2
0

1 + η2
+ Nlπ




1
2

ln
(

qωr0

2c0

)
+

1
ω2

µ

r2
0ρ[

1
2

ln
(

qωr0

2c0

)
+

1
ω2

µ

r2
0ρ

]2

+
(

π

4
+

γ

ω

)2


 , (12)

B1 =
k2
0η

1 + η2
−Nlπ




π

4
+

γ

ω[
1
2

ln
(

qωr0

2c0

)
+

1
ω2

µ

r2
0ρ

]2

+
(

π

4
+

γ

ω

)2


 , (13)

where k0 =
ω

c0
, k̄1 = k1− jα1, c1 = ω/k1, α1 =

√√
A2

1 + B2
1 −A1

2
. Here c1 means the dispersive sound velocity

of the longitudinal wave and α1 describes the attenuation coefficient of the fundamental frequency.

2.4. Second harmonic

Equation (10) is an inhomogeneous differential equation. The general solution of this kind of equation is
the sum of the general solution of the associated homogeneous equation and of any particular solution. For the
solution of the homogeneous equation, assuming

σ′2 = σ′2A exp[j(2ωt− k̄2x)],

k̄2
2 = A2 − jB2, (14)

we can obtain

A2 =
4k2

0

(1 + η2)
+

Nlπ

[
2 ln

(
qr0ω

c0

)
+

1
ω2

µ

r2
0ρ

]

[
2 ln

(
qr0ω

c0

)
+

1
ω2

µ

r2
0ρ

]2

+ (π +
2γ

ω
)2

, (15)

B2 =
4k2

0η

(1 + η2)
−

Nlπ

(
π +

2γ

ω

)

[
2 ln

(
qr0ω

c0

)
+

1
ω2

µ

ρr2
0

]2

+
(

π +
2γ

ω

)2 . (16)

With the boundary condition: x = 0, σ2 = 0, we finally obtain

σ2 =
ρNπlDσ2

1A

4k̄2
1 − k̄2

2

[exp(−jk̄2x)− exp(−2jk̄1x)] exp(2jωt). (17)

Like Refs.[13] and [24], we can introduce an equivalent acoustic nonlinear parameter for the second-harmonic
generation

Γ =
c3
0ρ

2πNlD[exp(−2jk̄1x)− exp(−jk̄2x)]
ωx(4k̄2

1 − k̄2
2)

. (18)

For a short propagation distance, the approximation (α2 − 2α1)x ¿ 1, (k2 − 2k1) ¿ 1 can be adopted to
simplify the solution. Therefore the amplitude of the equivalent acoustic nonlinear parameter can be described
as

Γe =
c3
0ρ

2πNlD

ω
√

(2k1 + k2)2 + (2α1 + α2)2
. (19)
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2.5.Modified model considering multi-

ple scattering

Considering the dissipation of the porous media,
we can describe the propagation of the longitudinal
wave as

ρ
∂2ε

∂t2
=

∂2σ

∂x2
+ η

∂

∂t

(
∂2ε

∂x2

)
. (20)

From Eq.(5), we can obtain

U =
σ

ρ
πl/

[
ω2

2
ln

(
qr0ω

2c0

)
+

µ

r2
0ρ
− jπω2

4
−γjω

]
. (21)

Substituting Eq.(22) into Eq.(3), we can obtain the
following equation:

σ = (λ + 2µ)
{

ε−N
σ

ρ
πl/

[
ω2

2
ln

(
qr0ω

2c0

)

+
µ

r2
0ρ
− jπω2

4
− γjω]

}
. (22)

Supposing

A =
ω2

2
ln

(
qr0ω

2c0

)
+

µ

r2
0ρ
− jπω2

4
− γjω. (23)

we can write Eq.(20) as

[
(λ + 2µ)ρA

ρA + Nπl(λ + 2µ)
+ η(jω)

]
∇2ε + ρω2ε = 0. (24)

From Eq.(24), we can obtain

k2 =
ρω2

(λ + 2µ)ρA

ρA + Nπl(λ + 2µ)
+ η(jω)

. (25)

As discussed before, η is very small and can be ignored
here, then

k2 = k2
0 +

2Nπlω2/ ln
(

qr0k0

2

)

ω2 − ω2
0 ln

(
qr0ω0

2c0

)
/ ln

(
qr0k0

2

)
− 2j

(
πω2

4
+ γω

)
/ ln

(
qr0k0

2

) . (26)

According to Kargl’s correction[23] which considers the multiple scattering of micropores, we change all k0 to
km except the first k0 on the right side. Then the above equation can be modified as follows:

k2
m = k2

0 +
2Nπlω2/ ln

(
qr0km

2

)

ω2 − ω2
0 ln

(
qr0ω0

2c0

)
/ ln

(
qr0km

2

)
− 2j

(
πω2

4
+ γω

)
/ ln

(
qr0km

2

) . (27)

From the modified km, we can obtain the modified
sound velocity and attenuation of the porous media;
if we substitute k1 in Eq.(19) with km, we can also
obtain the modified equivalent acoustic nonlinear pa-
rameter. These linear and nonlinear sound parameters
are corrected with multiple scattering.

3. Numerical results

We choose the material silicone for calcula-
tion, which shows representative rubberlike properties

(K/M À 1). The physical parameters of the material
are listed in Table 1.

Table 1. Parameters of the silicone material.

material silicone

density ρ/(kg/m3) 1000

bulk modulus K/Pa 2.89× 109

shear modulus M/Pa 4× 105

K/M 7225

Young’s modulus E/Pa 1.20× 106

Poisson rate σ 0.49976
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3.1.Phase velocity change with fre-

quency

The sound velocity change with frequency at dif-
ferent radii of pores can be seen in Figure 2. The
radius is respectively set to be 0.1 mm, 0.2 mm
and 0.3 mm with the volume fraction of the pore
NU=0.1%. The parameter η referring to the viscosity
of the pure media can be ignored. The phase velocity
is seen to decrease at very low frequencies and then
increases rapidly until reaching its maximum in the
vicinity of the resonant frequency. Beyond the reso-
nant area, the influence of the pores vanishes and the
phase velocity almost returns to the same value as the
host medium. With the increase of the radius, the
resonant frequency shifts lower and the sound veloc-
ity at the resonant frequency decreases. The change of
the sound velocity and the right shift of its peak with
increasing volume fraction are presented in Fig.3.

Fig.2. Normalized sound velocity change with frequency

at different radii of pores (volume fraction is 0.1%), the

solid curve represents radius 0.1 mm, the dashed curve

represents radius 0.2 mm and the dotted curve represents

radius 0.3 mm.

Fig.3. Normalized sound velocity change with frequency

at different volume fractions of pores (radius is 0.2 mm),

the solid curve represents volume fraction 0.1%, the

dashed curve represents volume fraction 0.2% and the dot-

ted curve represents volume fraction 0.3%.

3.2.Attenuation change with frequency

The attenuation change with frequency at differ-
ent radii can be seen in Fig.4 with the same parame-
ters as those in Fig.2. The attenuation is at a maxi-
mum near the resonant frequency of the pores because
of the nonlinear oscillation of the pores. As a result,
the coherent field is strongly attenuated. Beyond the
resonant area, the attenuation shall gradually reach
the same values as the no-pore media, as the microp-
ores’ effect can be negligible beyond the resonant fre-
quency. With the increase of the radius, the peak posi-
tion of the attenuation shifts to a lower frequency and
the value decreases. This parameter of sound atten-
uation change with volume rate of pores can be seen
in Fig.5. We can find that the attenuation increases
with the increase of the volume rate of pores.

Fig.4. Sound attenuation change with frequency at differ-

ent radii of pores (volume fraction is 0.1%), the solid curve

represents radius 0.1 mm, the dashed line represents radius

0.2 mm and the dotted curve represents radius 0.3 mm.

Fig.5. Sound attenuation change with frequency at differ-

ent volume fractions of pores (radius is 0.2 mm), the solid

curve represents volume fraction 0.1%, the dashed curve

represents volume fraction 0.2% and the dotted curve rep-

resents volume fraction 0.3%.
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3.3. Equivalent acoustic nonlinearity pa-

rameter

From Fig.6, it is found that the spectrum of the
equivalent acoustic nonlinear parameter reaches its
maximum at about the half of the resonant frequency
of the micropores, which means that the mixture
medium achieves the strongest nonlinearity around
this frequency range (for example, when the radius
of pore is 0.2 mm, the resonant frequency is 10 kHz,
and the peak of the equivalent acoustic nonlinear pa-
rameter occurs near 5 kHz). Actually, the enhanced
area also includes the range of resonant frequency of
the pore. With the increase of radius, the equivalent
acoustic nonlinear parameter decreases with its peak
shifting to a lower frequency. Obviously, the equiva-
lent acoustic nonlinear parameter increases when the
volume fraction of the pores increases.

Fig.6. Equivalent nonlinear parameter change with fre-

quency at different radii of pores (volume fraction is 0.1%),

the solid curve represents radius 0.1 mm, the dashed curve

represents radius 0.2 mm and the dotted curve represents

radius 0.3 mm.

3.4.The effect of multiple scattering

When the volume fraction of pores is very small
(NU=0.0001%), a comparison of sound velocity and
attenuation between the correction of considering mul-
tiple scattering from Eq.(27) and the previous result
from Eq.(26) indicates that the multiple scattering ef-
fect can be ignored, hence there is no difference be-
tween the no-correction curve and the correction curve
(Figs.7 and 8). But the effect plays a negligible role
when the volume fraction increases (Figs.9–12). The
larger the volume fraction of the pore is, the greater

the effect of the multiple scattering on the sound pa-
rameters is. The peak value increases remarkably due
to the multiple scattering, which enhances the effects
of these pores’ nonlinear oscillations. Figure 13 shows
the equivalent acoustic nonlinear parameter after tak-
ing multiple scattering into account. The increase of
the equivalent acoustic nonlinear parameter after the
correction means that the pore interaction will have a
marked impact on the nonlinearity. Overall, the effect
of multiple scattering does not act when the pores’
volume fraction is very small or pores are sparsely
arranged; however, the influence of pore interaction
will gradually strengthen and then greatly enhance
the sound parameters as the volume fraction of the
pores grows.

Fig.7. Normalized sound velocity based on the two mod-

els (the volume fraction is 0.0001%, radius is 0.2 mm):

the solid curve represents no correction of multiple scat-

tering, the dashed curve represents correction of multiple

scattering.

Fig.8. Sound attenuation based on the two models (the

volume fraction is 0.0001%, radius is 0.2 mm): the solid

curve represents no correction of multiple scattering; the

dashed curve represents correction of multiple scattering.
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Fig.9. Normalized sound velocity based on the two mod-

els (the volume fraction is 0.005%, radius is 0.2 mm): the

solid curve represents no correction of multiple scattering;

the dashed curve represents correction of multiple scatter-

ing.

Fig.10. Sound attenuation based on the two models (the

volume fraction is 0.005%, radius is 0.2 mm), the solid

curve represents no correction of multiple scattering; the

dashed curve represents correction of multiple scattering.

Fig.11. Normalized sound velocity based on the two mod-

els (the volume fraction is 0.1%, radius is 0.2 mm): the

solid curve represents no correction of multiple scattering,

the dashed curve represents correction of multiple scatter-

ing.

Fig.12. Sound attenuation based on the two models (the

volume fraction is 0.1%, radius is 0.25 mm), the solid curve

represents no correction of multiple scattering, the dashed

curve represents correction of multiple scattering.

Fig.13. Equivalent nonlinear parameter based on the two

models (the volume fraction is 0.1%, radius is 0.2 mm), the

solid line represents no correction of multiple scattering,

the dashed line represents correction of multiple scatter-

ing.

4. Comparison

As mentioned before, this kind of model of vis-
coelastic media containing sphere micropores has
previously been investigated. Gaunaurd[3] did a
cylindrical-style work, but his model had one differ-
ence from ours: his model cell has an inner radius ‘a’
and an outer one ‘b’, the inner rim is stress free and
the outer is fixed. Our situation is an inner radius ‘r0’
which is equal to ‘a’ but the outer is permitted to be
infinity (because the size of the medium is much larger
than that of r0) and the boundary conditions are all
stress free. Figure 14 shows his experimental results
of measuring the absorption (or attenuation) coeffi-
cient at various frequencies when a = 0.25 mm (equal
to our r0 = 0.25 mm) and b/a = 3, which can be
compared with Fig.12. The tendencies are nearly the
same for the two models. The difference of the res-
onant frequency may come from the different model
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details we have just discussed. Another parameter of
volume fraction will only affect the value, not the ten-
dency of the curves (shown in Fig.5).

Fig.14. Gaunaurd’s work (original figure is in Ref.[3],

Fig.7).

5. Conclusion

In this paper, the sound velocity, sound attenua-
tion and equivalent acoustic nonlinear parameter of

a rubberlike medium containing cylindrical microp-
ores have been studied theoretically. The results have
revealed that when a viscoelastic medium contains
cylindrical micropores, strong attenuation and strong
dispersion are derived around the resonant frequency.
Nonlinearity of the host medium at frequencies rang-
ing around half of the resonant frequency of individ-
ual pores is greatly enhanced. An equivalent acoustic
nonlinear parameter is defined to estimate the nonlin-
earity of the mixture medium. This model could be
treated as a dilute mixture. When the volume fraction
grows, multiple scattering among the pores is stronger
and a modified model based on Kargl’s correction is
used to calculate the contributions to the parameters.
The modification is necessary according to a compar-
ison of the results of the theoretical calculation.
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