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We propose and implement a quasi-discrete Hankel transform algorithm based on Dini series expansion (DQDHT)

in this paper. By making use of the property that the zero-order Bessel function derivative J ′0(0)=0, the DQDHT

can be used to calculate the values on the symmetry axis directly. In addition, except for the truncated treatment

of the input function, no other approximation is made, thus the DQDHT satisfies the discrete Parseval theorem for

energy conservation, implying that it has a high numerical accuracy. Further, we have performed several numerical

tests. The test results show that the DQDHT has a very high numerical accuracy and keeps energy conservation even

after thousands of times of repeating the transform either in a spatial domain or in a frequency domain. Finally, as

an example, we have applied the DQDHT to the nonlinear propagation of a Gaussian beam through a Kerr medium

system with cylindrical symmetry. The calculated results are found to be in excellent agreement with those based on

the conventional 2D-FFT algorithm, while the simulation based on the proposed DQDHT takes much less computing

time.
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1. Introduction

The two-dimensional fast Fourier transform (2D-
FFT) and its inverse transform are important tools
for dealing with light beam propagation problems.[1−5]

For a problem with cylindrical symmetry, the Hankel
transform (HT) technique is preferred to the 2D-FFT
because the former can be transferred into the one-
dimensional zero-order HT and its inverse transform
(IHT), making the algorithm of HT fast and comput-
ing speed comparable to that of the one-dimensional
FFT. The HT and the IHT are respectively expressed
as follows:[6]

g (ρ) = 2π

∫ ∞

0

rf (r) J0 (2πρr) dr,

and

f (r) = 2π

∫ ∞

0

ρg (ρ) J0 (2πρr) dρ, (1)

where r is the radial coordinate; ρ is the spatial fre-
quency; J0 is the zero-order Bessel function of the first

kind; f(r) and g(ρ) can be either real or complex func-
tions and are of axial symmetry mathematically, rep-
resenting the field distributions in a spatial domain
and spatial frequency domain, respectively.

It is very difficult to calculate analytically the
integral equation (1), thus a numerical algorithm
of high performance for HT is needed. Since the
quasi-fast HT (QFHT) was proposed by Siegman in
1977,[7] a number of HT numerical algorithms have
been suggested.[8−19] In optics, particularly in non-
linear transmission optics, we often need to perform
the HT and the IHT algorithms thousands of times
starting from a known analytical expression used as
an input light field. Thus an efficient and fast numer-
ical HT algorithm is needed. In addition, it is more
desirable if the algorithms of the HT and the IHT
can directly calculate the value on the symmetry axis.
To our knowledge, the zero-order quasi-discrete HT
(QDHT) proposed by Yu et al [18] and the pth-order
quasi-discrete HT (pQDHT) proposed by Guizar–
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Sicairos and Gutierrez–Vega,[19] both based on the
Fourier–Bessel expansion, still have high enough nu-
merical accuracies after repeating the transform thou-
sands of times and thus can be applied to the nu-
merical modelling of cylindrically symmetric nonlin-
ear self-focusing.[20] We note that QDHT based on the
Fourier–Bessel series has two deficiencies: first, they
cannot be used to calculate the values on the symme-
try axis directly, the values on the symmetry axis are
usually obtained by additional approximate methods
or by imminent methods; second, the Fourier–Bessel
series is conditionally convergent in a closed interval
[0, R] and is divergent at the end R, thus the HT based
on the Fourier–Bessel series has a larger error in the
region near the end R for the input function which is
not zero at the end, implying that the HT algorithm
is somewhat inefficient for calculating divergent beam
propagations. Here, we propose a new quasi-discrete
Hankel transform algorithm based on the Dini series
expansion (DQDHT) which is uniformly convergent
in the closed interval [0, R]. The DQDHT can be
used not only to calculate the values on the symmetry
axis directly, but also to investigate the cases where
it is needed to repeat the transform a large number
of times due to its high accuracy, and thus it is more
suitable for dealing with light transmission problems.

2. Derivation of the numerical al-

gorithm

Numerical calculations are usually performed in
a finite range, such as QFHT[7] and QDHT.[18] Simi-
larly, we assume that f(r) and g(ρ) in Eq.(1) satisfy
the following conditions:

f (r > b) = 0, and g (ρ > β) = 0, (2)

where b and β are the truncated radii of the spatial
variable and the spatial frequency variable, respec-
tively.

Now consider the problem of eigenvalue of the sec-
ond kind of homogeneous boundary condition. Trans-
form functions f(r) and g(ρ) in Eq.(1) can be rewrit-
ten in the form of the Dini series, respectively[21]

f (r) =
2
b2

∞∑
n=0

fnJ−2
0 (αn)J0

(αnr

b

)
,

and

g (ρ) =
2
β2

∞∑
n=0

gnJ−2
0 (αn)J0

(
αnρ

β

)
, (3)

where the coefficients fn and gn are given respectively
as

fn =
∫ b

0

rf (r) J0

(αnr

b

)
dr =

1
2π

g
( αn

2πb

)
,

and

gn =
∫ β

0

ρg (ρ) J0

(
αnρ

β

)
dρ =

1
2π

f

(
αn

2πβ

)
, (4)

where αn (n = 0, 1, 2, . . . ) are the real nonnega-
tive roots of the zero-order Bessel function derivative
J′0(x), with α0 = 0.

Let S = 2πbβ, r = αnb/S and ρ = αnβ/S. Given
N satisfying αN = S, the coefficients fn and gn in
expression (4) are identically equal to zero for n > N

according to condition (2). Consequently, the sum of
infinite terms in expression (3) is turned into the sum
of N+1 terms. Thus, substituting Eq.(4) into expres-
sion (3), we obtain the corresponding formulae of the
discrete HT and IHT as

g
( αm

2πb

)
=

1
πβ2

N∑
n=0

f

(
αn

2πβ

)
J−2
0 (αn)J0

(αnαm

S

)
,

f

(
αn

2πβ

)
=

1
πb2

N∑
m=0

g
( αm

2πb

)
J−2
0 (αm)J0

(αnαm

S

)
. (5)

In order to reduce the multiplication times in expressions (5), we define the vectors G(m) and F (n) as
G (m) = g

( αm

2πb

) ∣∣J−1
0 (αm)

∣∣ β,

and

F (n) = f

(
αn

2πβ

) ∣∣J−1
0 (αn)

∣∣ b, (6)
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and thus expression (5) is simplified into

G (m) =
N∑

n=0

cmnF (n),

and

F (n) =
N∑

m=0

cnmG (m), (7)

where cnm are the elements of an (N+1)-dimensional
transformation matrix C and given by

cnm =
2
S

∣∣J−1
0 (αn)

∣∣ ∣∣J−1
0 (αm)

∣∣ J0

(αnαm

S

)
. (8)

To preserve the self-consistency of expression (7), the
matrix C defined by expression (6) needs to be an
orthogonal matrix, namely it satisfies CC = I (I is
the corresponding identity matrix) or its determinant
det[C] = ±1. While C is the function of the single
parameter S, i.e. C = C(S). So, it is very important
to correctly choose S to make C an orthogonal ma-
trix. According to QDHT[18] and pQDHT[19] methods
based on the Fourier–Bessel expansion, it can be found
that for S = jN+1(Jn is nth zero of the zero-order
Bessel function), C is also an approximate orthogo-
nal matrix. Further analysis demonstrates that the
accuracy will be improved by the following modified
expression

S = 2
∣∣J−1

0 (αk)
∣∣
√√√√1 +

N∑
n=1

J−2
0 (αn) J2

0

(
αkαn

JN+1

)
,

(k = 0, 1, . . . , N) , (9)

which can be validated by calculating the minimum
value of ||det[C]|−1|. For N = 10, and k = 0 or 2, the
value of ||det[C]|−1| from expression (9) is 8.57×10−4

or 8.16×10−5, while the value from S = jN+1 is
2.21×10−2. This shows that S from expression (9)
makes the matrix C approach an orthogonal matrix
much more. k is a parameter for adjusting the accu-
racy of the result and only related to the sample point
number N . For a given N , we find that ||det[C]| − 1|
reaches its minimum when k = Int(N/4) (Int(.) de-
notes the getting integer operator) by the numerical
method. Thereby, in the following numerical calcula-
tion, k is exclusively taken as Int(N/4).

An important feature of the DQDHT is that it is
energy preserving, i.e. in the algorithm the Parseval
theorem is satisfied

∫ ∞

0

r |f (r)|2 dr =
∫ ∞

0

ρ |g (ρ)|2 dρ. (10)

To prove this, substituting expression (3) into
Eq.(10), using expression (7), and performing some
algebraic calculation, we can obtain the discrete ex-
pression for the Parseval theorem as follows:

2
S2

N∑
n=0

|F (n)|2 =
2
S2

N∑
m=0

|G (m)|2 , (11)

which means that DQDHT can be transformed repeat-
edly and the conservation of energy is satisfied in both
the space domain and the spatial frequency domain.

3. Test and verification of the al-

gorithm

The numerical accuracy of DQDHT is tested by
codes written in C++, where N(N + 1)/2 double pre-
cision memory unit can be saved by storing data in
the triangle matrix, due to C being real symmetric
matrixes. The zeros of the Besssel function and its
derivative can be calculated by directly solving the
nonlinear equation or referring to Ref.[22].

First, we test the DQDHT by using the contin-
uous function f(r) = r2 exp(−πr2) as an input func-
tion. Its exact expression of zero-order HT in the in-
terval [0, ∞) is given as follows:

g (ρ) = exp
(−πρ2

) (
1− πρ2

)
/ π. (12)

Thereby, we define the absolute error in the space
frequency domain as |g−g∗|, where g∗ (ρ) is the trans-
formation value of DQDHT and we represent the max-
imum absolute error as MaxE, the minimum as MinE,
and the absolute value of the mean error |g−g∗|/N as
MeanE. Taking b = β = (S/2π)0.5, the absolute errors
are shown in Table 1. It can be seen that all values
of the absolute errors are very small, suggesting that
the numerical accuracy is rather high for DQDHT us-
ing a continuous function as an input function, even
when the point number N is small. Additionally, the
numerical accuracy can quickly be improved as N in-
creases.

Table 1. Absolute errors of DQDHT for f(r).

N 10 20 30 40

MinE 2.7×10−9 1.7×10−16 8.3×10−18 1.3×10−18

MaxE 1.9×10−7 5.2×10−14 2.8×10−16 1.9×10−16

MeanE 5.1×10−8 9.4×10−15 9.7×10−17 7.8×10−17

Figure 1 shows a comparison between the ex-
act values of function g(ρ) and the corresponding re-
sults for performing the continuous DQDHT 101 times
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when N = 100 and also between their errors. The
curve denotes the analytical results, and the solid cir-
cle denotes the DQDHT results. It can easily be found
that the corresponding MinE, MaxE and MeanE are
respectively 2.17×10−17, 1.80×10−13 and 6.80×10−15,
and the results of DQDHT are in excellent agreement
with the exact values of function g(ρ). In addition,
on a personal computer with Intel Mobile Pentium IV
(1.5 GHz) and EMS memory 512 MB, it takes 0.031 s
to finish 101 times of performing DQDHT. Hence, the
DQDHT can keep very high numerical accuracy after
many times of performing the transformation, and it
takes much less computing time as well.

Fig.1. Comparisons between the exact values from func-

tion g(ρ) and the corresponding results from 101 times of

continuously performing DQDHT (a) and between their

errors (b).

Secondly, we take a top-hat function as an input
function, and f(r) = 1 (0 ≤ r ≤ b). Its exact expres-
sion of zero-order HT is

g (ρ) =





πb2, (ρ = 0) ,

bJ1 (2πbρ) /ρ, (ρ > 0) .
(13)

A comparison between the analytical results from
expression (11) and the results from the DQDHT with
the top-hat function for b = 5, N = 200 is shown
in Fig.2(a), and a comparison of absolute error be-
tween the analytical results and the 200-point QDHT
and DQDHT as a function of ρ is plotted in Fig.2(b).
The lines denote the analytical results and the sym-
bols represent the results from QDHT and DQDHT.
In Fig.2(a), it is obvious that the analytical results and
the results from DQDHT are in good agreement with
each other. In Fig.2(b), it can be seen that the abso-
lute errors are very small, in addition, the solid circle
curve is under the sold square curve in the entire spa-
tial frequency interval, indicating that the DQDHT
based on Dini series expansion is more accurate than
the QDHT based on Fourier–Bessel series expansion.

For the former, the absolute error is below about 10−5

while that for the latter is above about 10−3. It can
also be seen that due to the fact that the value of
the spatial spectral function is approximately equal to
zero at ρ=17.13, the absolute error for the DQDHT
has a minimum value about 10−10.

Fig.2. Comparisons between analytical results from HT

and results from DQDHT, with a top-hat function used

as an input function, for b = 5, N = 200 (a), and between

their absolute errors from the analytical results and the

results of QDHT and DQDHT (b).

4. Application of DQDHT to

beam propagation

In an optical system, the light beam usually prop-
agates through varieties of elements and media. It is
always necessary to divide the numerical simulation of
the propagation process into lots of calculation steps
among which the output results of the previous step
are treated as the input value for the immediately next
step, especially for numerical simulation of the optical
beam propagation process in a periodic or nonlinear
medium, where thousands of repetitions of the nu-
merical calculation are needed. For the generic two-
dimensional (2D) simulation of optical propagation,
the 2D fast Fourier transform (2DFFT) and its inverse
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Fourier transform are commonly applied. In propaga-
tion of optical beams through systems with cylindrical
symmetry, the Hankel transform and its inverse trans-
form, instead of the 2D Fourier transform and its in-
verse transform, are applied due to the fact that the
former takes much less computing time. However, a
higher numerical accuracy of the computation of HT
and IHT is needed in relation to that of 2DFT and
2DIFT. That is, an efficient and accurate numerical
HT algorithm is crucial for HT applied to optical field
propagation and especially to its nonlinear propaga-
tion where the HT and the IHT need to be computed
thousands of times starting from a known analytical
expression used as an input function.

What follows is that a Super–Gaussian beam with
spatial chirp is taken as an example to show that the
DQDHT given above is very suitable for the numerical
simulation of optical beam propagation. Assume that
the analytical expression used as an input function is

E(r) = E0 exp
[
−1

2

(
r2

w2

)m

+ i cr2

]
, (14)

where E0, w, m and c denote the amplitude, the
spatial width, the order and the chirp of the Super–
Gaussian light beam, respectively. In the follow-
ing numerical calculation, we take E0 = 1, w = 1,
m = 20, c = 0.01, the radius of the calculation re-
gion b = 5, and the number of the sample points
N = 256. The variations of the intensity and en-
ergy with HT pair number are shown in Figs.3 and
4. After a number of HT pairs, it can be seen
from Fig.3 that the values of on-axis intensity ac-
cord well with its initial values (Fig.3(a)), and that
energy conservation still holds (Fig.3(b)). In or-
der to further demonstrate that the DQDHT above

Fig.3. Variations of on-axis intensity and total energy of

a chirped 20-order Super-Gaussian light beam with HT

pair number. Panel (a) shows a comparison between the

on-axis intensity from DQDHT and the initial one; and

panel (b) indicates the variation of the total energy of the

light beam with HT pair number.

is very accurate, in Fig.4(a) a comparison is made be-
tween the intensity distribution after 500 HT pairs
and the exact intensity distribution of a chirped 3-
order Super–Gaussian light beam. It is found that
both results are in good agreement with each other.
Additionally, Fig.4(b) shows the absolute errors be-
tween them, and it is obvious that the errors are rather
small, indicating that the DQDHT is very accurate.

Fig.4. (a) Comparison between intensity distribution af-

ter 500 HT pairs and initial intensity, distribution of the

chirped 3-order Super–Gaussian light beam; and (b) be-

tween their absolute errors.

Furthermore, to demonstrate that the proposed
DQDHT is suitable for the simulation of nonlinear
propagation, we take the numerical simulation of the
self-focusing of a Gaussian light beam propagating
through a nonlinear Kerr medium for example. In
the nonlinear Kerr medium, the complex amplitude
of the total optical field is governed by the follow-
ing nonlinear Schrödinger equation in the paraxial
approximation:[1−5,20,23]

2 i k0
∂A

∂ z
+∇2

⊥A + 2k2
0

n2

n0
|A|2 A = 0, (15)

where A is the complex amplitude of optical field,
∇2
⊥ = ∂2/∂x2+∂2/∂y2 denotes the transverse Laplace

operator, z is the coordinate variable of propagation
axis, n0 is the linear refractive index, n2 is the nonlin-
ear coefficient, k0 is the wavenumber in the vacuum.
The second and third terms on the left-hand side of
Eq.(15) account for diffraction and Kerr nonlinearity,
respectively. Generally, the symmetric split-step fast
Fourier transform method (SSFFT) is used to numeri-
cally simulate the nonlinear propagation, in which the
algorithm of each step can be written as[23]

A (x, y; z + h) = =−1 exp
(

D̂
h

2

)
= exp

(
N̂h

)
=−1

× exp
(

D̂
h

2

)
=A (x, y; z) , (16)
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where = and =−1 denote the 2DFFT and its inverse
Fourier transform, respectively, h denotes the step
length of calculation, D̂ and N̂ represent the linear
and the nonlinear operators, respectively, which are
defined as

D̂ = i
1

2k0
∇2
⊥, and N̂ = i k0

n2

n0
|A|2 . (17)

For the case of cylindrical symmetry, the Fourier
transform and the inverse Fourier transform can both
be replaced with the Hankel transform. Thereby, the
complex amplitude of the output optical field can be
worked out from that of the incident optical field by
repeating the operation in expression (16).

To this end, we numerically calculate expression
(16) by the 2DFFT and the proposed DQDHT sepa-
rately and make a comparison between the obtained
results. In the numerical calculation, the incident
light beam is modelled as a Gaussian light beam with
m = 1, E2

0 = 1.0, w = 2.5, and c = 0. Set the
wavelength of the optical field λ = 1.32, the linear
refraction index n0 = 1 and the nonlinear coefficient
n2 = 0.02. The propagation distance z and the prop-
agation step number are taken to be 25λ and 500
respectively. The calculation regions are sampled as
512×512 in 2DFFT and 256 in DQDHT, separately.
The obtained results are shown in Figs.5 and 6. From
Fig.5, it is clearly seen that at a distance of 21.75λ,
i.e. z = 21.75λ, the Gaussian light beam collapses due
to the nonlinear self-focusing effect. The results based
on the 2DFFT and the inverse Fourier transform are
found to be in good agreement with those based on the
proposed DQDHT. In addition, for a given computer,
the time consumed by the above numerical calculation
based on 2DFFT is 764.68 s, while the time consumed
by that based on DQDHT is only 3.76 s. This sug-
gests that for the simulation of optical beam nonlinear

Fig.5. Variation of the on-axis intensity of the optical

beam with propagation distance.

propagation in a system with cylindrical symmetry,
substituting DQDHT for 2DFFT can greatly enhance
the efficiency of the numerical calculation.

Fig.6. Intensity distributions (a) on the focus (z =

21.75λ) and (b) in front of the focus (z = 21λ).

5. Conclusions

Based on Dini series expansion, a discrete expres-
sion for the zero-order Hankel transform in an arbi-
trary finite-range is derived, and thereby a DQDHT
is proposed. By making use of the property that the
first zero of the zero-order Bessel function derivative
is zero, the proposed DQDHT can be applied to di-
rectly working out the on-axis values starting from a
known analytical expression used as an input function
with cylindrical symmetry. In addition, except for the
truncated treatment of the input function, no other
approximation is made, which leads the DQDHT to
possess higher numerical accuracy and keep the dis-
crete form of the Parseval theorem of energy conser-
vation holding, and makes it suitable for thousands of
repetitions of HT and IHT algorithms.

The numerical accuracy of the DQDHT is tested
in a frequency domain by using two different input
functions (a continuous function and a top-hat func-
tion) and in a spatial domain by using a chirped
Super–Gaussian function. The results show that the
DQDHT has a rather high numerical accuracy and
can keep energy conservation holding even after thou-
sands of times of performing the transform either in
the frequency domain or in the spatial domain. At
the same time, the numerical simulation of a Gaus-
sian light beam propagating through a nonlinear Kerr
medium system with cylindrical symmetry is per-
formed, based on the proposed DQDHT and the con-
ventional 2DFFT algorithm, separately. Both results
are found to be in excellent agreement with each other,
while the simulation based on the proposed DQDHT
takes much less computing time.
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The general fast HT algorithm reported in the
literature usually has a larger approximation in the
truncated area. So it can neither directly be used to
calculate the values on the symmetric axis nor keep
the energy conservation holding simultaneously. How-
ever, the DQDHT proposed by us can not only di-

rectly be used to calculate the values on the symmetric
axis, but also can keep the energy conservation hold-
ing and require less computing time as well, therefore
it is more suitable for the numerical simulation of an
optical beam propagating through systems with cylin-
drical symmetry.
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