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In view of differential geometry, the state space of thermodynamic parameters is investigated. Here the geometrical

structures of the denormalized thermodynamic manifold are considered. The relation of their geometrical metrics is

obtained. Moreover an example is used to illustrate our conclusions.
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1. Introduction

Thermodynamics and statistical mechanics reflect
the basic structure of the observed macroscopic phys-
ical world. The geometrical structure of the the state
space of thermodynamic parameters was studied by
Gibbs, dated back to the 1870’s.l) Ruppeiner?! ob-
tained the metric tensor via second moments of the
fluctuations of the thermodynamic magnitudes.

Recently, some authors!3—11]

have investigated
the state space of thermodynamic parameters. Espe-
cially, Ingarden,[® Janyszek(”! and other authors have
obtained a Riemannian metric for a thermodynamic
model based on the approach of differential geome-
try to parametric statistics developed by Chentsov, 2
Efron!3l and Amari.'! For a given equilibrium den-

sity operator

p:Z_lexp{—ZﬂiFl}, (1)
i=1

where Fy, Fs,..., F, are linearly independent and

B = (B, ..

(statistical temperature, press, magnetic field) de-

,Bn) is the classical real parameter

scribing the environment of a physical system, and
Z = Trexp{— Y1, B;F;} is a partition function. The
set S = {plp = Z texp(—> ., BiF;), Trp = 1} of
the thermodynamic parameters can be regarded as
a differential manifold equipped with a Riemannian
metric

Gij = Tr[p(9; In p)(aj Inp)], (2)

for the case of commuting operators F;, where Tr de-
notes the trace of the matrix, 0; represents the partial
derivative with respect to parameter [3;.

In Ref.[14], Amari investigated the denormal-
ization of the statistical model. Here we consider
the denormalization of the thermodynamic parametric

model, a more general manifold

S={plp=f(T)p, f(1) >0, Trp =1}, (3)

where f(7) > 0 is an arbitrary-order differentiable
function. Then S is a manifold which contains S as
a submanifold with dimS = dimS + 1. S is called
the denormalization of S. By calculating the covari-
ant derivative and the curvature tensor, we obtain the
relation of the geometrical structures between S and
S. Finally, we use an example to illustrate our con-
clusions.

2. Geometric structure of the

manifold S

Let S be an (n + 1)-dimensional manifold with

the coordinate system [B,7] = [f1,...,0n,7] and
- 9 .
0; = 87@ and 0, 7 being its natural basis.

Let G = (g;;) denote the Riemannian metric, V'
the volume, I';j; the Riemanian connection coefli-
cient, R;;i; the curvature tensor, K;j;; the sectional
curvature and R the scalar curvature of S, where

i,j3,k,l € {1,...,n}. Let (-) denote the geometrical
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metric of § corresponding to that of S and let p, v, A,y
represent the subscripts of the geometrical metric of
g, where p, v, A,y € {1,...,n,n+ 1}. For the case of
commuting operators F;, we consider the Riemannian
metric of S

guu = Tr(ﬁgu In ﬁgy In ﬁ) (4)
Through calculation, we obtain
gi‘l‘ = Ov
Yo, f(1))2. (5)

The Riemannian metric of S and its inverse are given

by

ﬁij = f(T)gij,
and g‘r'r = f(T)_

G- f(r)G ON
0 f(r)7'0-f(7))?
and G~ = fre 0 (6)

0 f(M@f(r)
Since the square of the arc length of S is defined as
ds® = g;;dB;dB;, (7)
the square of the arc length of S is
ds* = §;;d3:dB; + Grrdrdr
= [(Dds® + f() 71O (1) (dr)% (8)
Note that the volume element of S is given by
= /det(G)dS1 A ... AdB,, (9)

we have the volume element of S

dv
det(G)dBi A . .. AdB, AdT
= (f(1) "= 0, f(7)\/det(G)dBi A . .. AdB, Adr.

(10)

|

VX%?Z = %X[(VyZ)N

1 = -1
- 5(87f<7-))

Consequently, from the definition of the Riemannian

connection coefficient

~ 1~ _ =~ ~
F,uu,)\ = §(augu/\ + 81/9#)\ - a)\gpw)a (11)

we obtain

Tij = F(T)Tijge
Fijr = —15 f(T)gij,
3 f(7) ik
Trri =0,
Fror = —3 f(1) 2@ 1(7))
+H() 0 f(1)0:0-f (7). (12)

fi'f“,'r = F‘ri,'r = 07

These expressions enable us to verify that the follow-
ing relations hold for the covariant derivatives of the
Riemannian metric on S and S , which we denote by
V and V, respectively:

-~ 1 ~
V)N(Y = (VX}/)N - §(an(T))_1 <X,V > 87'7

Vi = V5 X = Lf(0) 010X,
V5.0 = |~ 5/ 51 (7)
+(0, /(7)) 710:0: f(7) | Dr, (13)

where X and Y are arbitrary vector fields on S, and
(+)~ denotes (-).

In the following, we consider the curvature tensor
of S. Let X, Y, Z, W be vector fields on S. By using

expression (13), we have

<Y,Z>0,]

— (VxVyZ)~ — %(&f(r))—l < X, (Vy2)~ > B,
SO <V X - @)K <V, 7 >0,
6[)?,1712 = (Vixv12)~ - %(@f(r))_l <[X,Y]™,Z > 0,. (14)

Since the definition of the curvature tensor is

<R(X,Y)Z,W >: = <V3VsZ-ViViZ

-V ZW> (15)

(X,Y]
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substituting expression (14) into expression (15), we = 0. (17)
obtain
o In fact, notice that
<RX,Y)Z,W >
— Y~ o~ ~ [1 ~ ~
=< (RX,Y)Z)~,W > VVs0r = Vg |2 f(1) 0 f(T)Y
1 -~ -
—Zf(f)*1 <Y, Z><X,W>
1 . S
+Zf(7)_1<X,Z><Y,W> 1 s = =
= f(r) < R(X,Y)Z,W >

1 e ~ ~
D)<Y Z><XW > Visfr = gfO7SOXNL a8

1 . .
"‘Zf(T) X TS YW >, (16) W)e can obtain expression (17).
ii
Similarly, for other cases we have o
i) R(0-,Y)Z =0. (19)
é()?, }7)5.,- = %5{%957 — %{,%)}57 — %[;{5,]57- Since

V3 VyZ = V5 {(VYZ)N — %(an(T)) l<v,Z> 57}
= IO BN Ty 2) L <V, 7> V5 (B () D, — 50, <V, 7 > (3:1(r)) 5
= IO ANy 2y - () <V 2 >3,
ViV, 7 = Vo= S0 @5 0D ) = L f0) @ F )V 2)™ — 7)<V, 7 > B,
Vp.Z =0 (20)
hold, we acquire expression (19).
iii)
R(0.,Y)d, = 0. (21)
It is easy to check that
Ve V5.0: = Vg |50 @ef(0) + (B f () 8,8, 1(7) | 8-
~ ~ 1 o~ ~
= O @S + 35T,
~ .~ 1 ~ ~ 1 o~ ~
V5 Vy0r = _zf(7)72(87'f(7-))2y+ 3 ()10, 0, f(T)Y,
Vig. 710 = 0. (22)
\
So we have expression (21). Now, we consider the sectional curvature and the

Taking X = 5}97? = 5[72 = 51.7 and W = 5j, scalar curvature of S. Through a direct calculation,
from expressions (16), (17), (19) and (21), we obtain ~ we have
the components of the curvature tensor ~
B Rijij
Riip = f(T)Rijm — lf(T)(g‘zg‘k — g19ik) Fagis = _ﬁn‘ﬁjj — 9ijGji
1] - 1] ilYy LYk )

_ _ 4 _ (D) Rijij — 15(7)(9139: — 9i3953)

Rijkr = Rirkr = 0. (23) (f(7))*(9:i955 — 9i395i)




No.9 Geometrical description of denormalized thermodynamic manifold 3793

_ 1 _ 1 - B
= (f() " Kijig = 7 (F() (24) = |F()Riji = 71 (1)(9559i = 9:3953)| 9" 9" (f (7))~
1
and = f(O) IR+ (1) (= n?), (25)
R In the case of n = 2, from expressions (3) and (25) it
= RWMQ‘”YE”)‘ follows that

Fr)-1 Bz FHWnZ 80InZ

~ T)

R:W 81821nZ 8%821nZ 8182211’1Z -
02InZ 0,057 93InZ

f(r)™
2

From expression (26), we can see that Ris given in the  Through calculation, we acquire the independent com-
terms of the second and third derivatives of InZ and  ponent of the curvature tensor
the function f(7). In physics, it means that R depends

i ) #RmmZ HBInZ 9i0,InZ
on the second and third moments of the variables Fj

1
—_ 2 2
and function f(7). Ri212 = 1det(G) 010:InZ 820, InZ 0,05 In Z
9B2InZ 0,027z 9Bz
2
3. Example — exp(2(B1 + fB2)) (31)

4(exp(B1) + exp(f2) + exp(B1 + (2))3

Here we use an example to verify our conclusions ~ As a consequence, the sectional curvature and the

above. Consider the set S = {p|p = Z lexp[—  scalar curvature of S are given respectively by
23:1 B;F;]} with two thermodynamical degrees of Kigty = Rigiz 1
freedom, and the matrices F; given by det(G) 4
010 1 -10 and 5 )
Fr=|010|, B=|o0 o0oo0f|. (27 =@t = g (82)
000 -1 10 Under the coordinate system (81, B2, T), we obtain the

Riemannian metrics of S

Taking f(7) = 7 > 0 yields
77'(9% InZ 77’8182 InZ 0

2 ~
§:{ﬁ|ﬁ:TZ_1€Xp [_262E‘|} (28) G = —Talazan —T@%an 0
i=1 0 0 71
An equilibrium density p € S can be represented as G 0
-1 (33)
) —f2 =f2—0F1 0 0 7
P = xXp 0 -6 0 ) (29)  From
Pa —P 0 EMVA’Y = (5Vf;i>\ - atfﬁx)ﬁa
where the partition function of p is Z = exp(—03) + F(Lory Ljix = Dury TN (34)
exp(—f2) + 1. Under the coordinate system (51,02), e obtain the geometrical metrics of S corresponding
the Riemannian metric of S is given by to those of S:
~ 1
G = (gij) = (37,3] ln Z), nglg = TR1212 — ZTdet(G) = 0,
det(G) = 812 In Za% Inz - (6162 In Z)Q j%l‘rl’r = ]5;1217' = EZIQT = E172‘r = EQ’T‘QT = 07
exp(2(61 + B2))

_ ~ _ 1
" (exp(B1) + exp(B2) + exp(By + 52))3 (30) Kio1o = 7 ' Ki912 — 17‘ L—o. (35)
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The scalar curvature of S is given by

Pz 03InZ 930,InZ

4. Conclusions

In the present paper, we consider the denormal-
ization of the space of thermodynamic parameters in
view of differential geometry. By calculating the co-
variant derivative and the curvature tensor, we obtain
the relation of their geometrical structures. Finally,

we use an example to illustrate our conclusions.

R=_" 00,10 Z 920, InZ 6,021n Z
2det(G)2 | 172 172 172
02InZ 0105mZ 93nZ
T
2
~-0 (36)
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