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The shortcomings of traditional methods to find the shortest path are revealed, and a strategy of finding the self-

organizing shortest path based on thermal flux diffusion on complex networks is presented. In our method, the shortest

paths between the source node and the other nodes are found to be self-organized by comparing node temperatures. The

computation complexity of the method scales linearly with the number of edges on underlying networks. The effects of

the method on several networks, including a regular network proposed by Ravasz and Barabdési which is called the RB

network, a real network, a random network proposed by Ravasz and Barabdsi which is called the ER network and a

scale-free network, are also demonstrated. Analytic and simulation results show that the method has a higher accuracy

and lower computational complexity than the conventional methods.
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1. Introduction

The theory of complex networks is an effec-

tive tool to study the complex systems in the

[1.2] such as social networks,® metabolic

[5

real world,
networks, !4 citation networks,!®! etc. As topological
information on such complex networks is becom-
ing more and more available through computer-aided
techniques, there is growing interest in the investiga-
tion of properties of such networks.[6=2% At the same
time, many achievements of complex network studies

are applied to real networks(?!!

because they can pro-
vide meaningful theoretical guidance to solving many
problems of real networks.

In complex networks, two remote nodes can be
connected by many paths. Among these paths, the
shortest one plays an important role in traffic flow
on the underlying networks. So far, many algorithms
to find the shortest path have been proposed. As
a comprehensive diffusion-based method, the break-
first-search (BFS) method has high accuracy.®) How-
ever, in the BF'S the shortest path is obtained by com-
prehensively comparing the lengths of various paths,

thereby increasing the load on networks(29:22 and may
lead to congestion. In order to avoid such circum-
stances, Yang and Garcial?®l have proposed a direct
BFS method in recent years, but in the method all
nodes are required to know the statistical information
about their neighbouring nodes in advance. There-
fore, the load induced by the direct BFS is still heavy
on networks.[??l The random walk (RW) algorithm[2°l
is a local search approach. It can largely reduce the
load on networks, but it is slow and inaccurate. Some
researchers have applied the RW algorithm to hierar-
chical networks,29 random networks,2% small world
networks,[2224=27 and scale-free networks.!*2:23-29]
Their results show that the searching speed is much
slower than that of BFS and the accuracy depends
on the topological features of the networks.?8=31] In
order to improve the speed of the RW algorithm,
Adamic proposed the highest degree method?? which
is similar to the RW algorithm. In the highest degree
method, a walker always walks to its neighbouring
node with the highest degree, which makes the method

have a higher speed and accuracy than the RW algo-
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rithm on average,?2! but it is still much slower and less
accurate than BFS.[B! Jeong and Berman!3?! applied
the highest degree method to scale-free networks in
which the degree distribution obeys a power-law with
a tunable exponent . Results in Ref.[32] show that
the accuracy of the method depends greatly on het-
erogeneity in the node degree.[32:33]

In the present paper, we introduce a physical
method based on the thermal flux diffusing mecha-
nism to find the shortest path on complex networks,
which we refer to as self-organizing path finding strat-
egy. In the method, the temperature of a node in-
creases quickly through the path to the neighbouring
node with the highest temperature, which is in ac-
cordance with the greedy principle of temperature in-
creasing. Therefore, the method has high accuracy
and low computational complexity. The method is
also faster than BFS in manipulation because it finds
the shortest paths from the source node to the other
nodes in a parallel fashion. For a network with n
nodes and m edges, let the diffusion time be t and
integral interval be At, then the shortest path from
the source node to all the other nodes can be found in
time O(mt/At).

The rest of this paper is organized as follows. In
Section 2, we present the thermal flux diffusing model
of complex networks. In Section 3, we describe in de-
tail the implementation of our method. In Section 4,
we apply it to various networks, and compare its per-
formance with those of other existing methods. Fi-
nally, we give the conclusion and discussion in Section
5.

2. Thermal flux diffusing in com-

plex networks

The thermal flux diffusing model of complex net-
works is described by using a simple network. With-
out loss of generality, we focus on the simple case in
which two nodes have only one edge between them if
they are connected as shown in Fig.1, in which node 4
is connected with node j by the edge Ii.

In the model, edge I is defined as an edge ele-
ment with density p. The diffusing time is ¢, and the
temperature at location s on edge [ is T which is
denoted by function Ty = Ts(s,t). The heat flux at
location s is ¢, and the heat flux injected from the
outside of the network is §s. The rate of heat flux is

Vs.

s

Fig.1. Thermal flux diffusing model of a complex network.

According to the first law of thermodynamics that
the thermal energy is conserved,®¥ we specify this as
the edge element, and then the thermal dynamic equa-
tion of the point at location s on the edge is

T, T 0T, -
‘/s 7 4s = 4s, 1
pc(at+ alk>+5‘lkq q (1)

where ¢ is a heat coefficient. Next, Fourier’s law is
[20]

used to link the heat flux ¢, to the thermal gradient,
and g5 can be denoted as

0T,
2
13 @)

where K is the conductivity coefficient of edges. Using

QS:_K

expression (2), Eq.(1) can be written as

oT, . OT, ) T\ -
'°"‘< o Wazk) ~ (Kaz> =& B

For a network with medges, we consider the net-

work as a volume. Pre-multiplying Eq.(3) by a virtual
change in temperature 675, the dynamic equation of
the network can be written as

/m (PC((STS) (agf + %Zﬁ)
i, (o7 (9 )| Yo

- / (6T )dud (m). (4)

Then, in Fig.1, the temperature at any location s

on edge [, is
T
]_ (1 — S) Tz

o T
2) (1+9) T; =5t )

where S}, is defined as the temperature distribution
function of the edge ly. Ts = T; when s = —1, and
T; = T; when s = 1. The derivative of expression (5)
with respect to time can be written as

. 0T, .
T, = I ST (6)
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0T, has the form

6T, = ST, (7)
Let B = % Now, the variational state-
k

ment of Eq.(4) can be combined with expression (5)
through Eq.(7) to yield

- / (6T%) " K BT BT d (m)
- [ 67" Siad(m). 3)

where Vs, p and c are assumed to be constant over the
edge for simplicity. Ty, T, and 6T}, are nodal quanti-
ties and do not vary over the edge, so that they may
also be removed from the integral. All quantities are
premultiplied by the arbitrary vector 6T}, thus it may
be dropped from the resulting equation. Thus, Eq.(8)
may be reduced into the form of a dynamical equation

as follows:

CiTy(t) + KETi(t) = Qi (1), (9)
where

Ci(t) = pc/ S8y, d (m), (10)

K,ﬁ(t):/ (pcSV.B — K, B*B)d (m),  (11)

_ / ~SpE BT (t)d(m).  (12)

In expression (12), T..(t) = [Tci(t) T.;(t) },
where T,;(t) is the temperature load on node i from
the outside of the network at time ¢ (here, except on
the source node, all temperature loads equal zero, i.e.
T.i(t) = 0). The node temperature at any time ¢t can
be obtained by reading node temperature vector Tj.
For a network with n nodes and m edges, the computa-
tional complexity of constructing the model is O(m).
Let the diffusing time be ¢ and integral interval be
At, then the number of steps of iteration is O(t/At).
Hence, all node temperatures can be obtained in time
O(mt/At).

3. Self-organizing path finding
strategy

The cross-sectional area of the edge between
nodes i and j is set to be S. At a diffusing time
moment t,, we define ¢;; as the transient thermal flux
from node i to node j. At/t, < 1/5 should be satisfied

to ensure the accuracy of discrete simulation. 34
Ti(tp) — T;(tp)
qij = —K( P Sl JAP Aij. (13)
k

The node temperature vector T}, can be obtained
by solving Eq.(9), and the transient thermal flux ma-
trix g; composed of element g;; can be calculated from
expression (13). g¢;; > 0 indicates that the thermal
flux is transmitted from node j to node ¢, and ¢;; < 0
otherwise.

In order to describe in detail the implementation
of our method, we consider a simple random network
shown in Fig.2(a). We define node 1 as the source node
and set its temperature to be 1000 °C, and the temper-
atures of other nodes are initialized to be 0 °C. Simu-
lation parameters are taken to be K = 100 W/m-°C,
p = 144 kg/m3, ¢ = 0.2 J/kg-°C, the length of the
edges in the model is set to be 1 m, and the cross-
sectional area of the edges 1 m?, ¢, 1.5 h, and At
0.25 h. The element ¢;; in matrix g, is calculated from
expression (13), and the result is shown in Fig.2(b).
According to the greedy principle of temperature in-
creasing, the element with a maximal value in vector
q; indicates the neighbouring node that transmits the
maximal thermal flux to node i. The edge between
them is on one of the shortest paths from node i to the
source node. Figure 2(a) shows a connected diagram
composed of thick edges, which reveals the shortest
paths from the source node to the other nodes.

Actually, there is more than one shortest path
from the source node to some nodes in Fig.2(a). For
example, there are two shortest paths from node 1 to
node 3: one is 1—2—3 (denoted by node ID) and the
other is 1—5—3. In Fig.2(b), accordingly, there are
two equal maximal elements in each of the thermal
flux vectors of nodes 3 and 8. In this case, node 1 se-
lects one of them at random to indicate one link of its
shortest path. One point should be noted, i.e. differ-
ent simulation parameters will lead to different values
of the elements in the thermal flux matrix, but this
has no influence on the results.
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node number 1

qt =

2 3 4 5 6 7 8 9 10

24.885> 0 0 <26625> 0 < 2213> 0 0 0 ]
0 <5597> 0 088 0 0 < 636> 0 0
-8597 0 023 -3.68 134 0 0 0 0
0 -172 0 0 1356 -1123 2243 0 0786
—-0.886 5597 0 0 <4785> 0 636 < 4.246°4.685]
0 -134 -1356 -4785 0 0 —0785 1.032 0
0 0 < 723> 0 0 0 0 0 0
836 0 2243 -434 0785 0 0 0 1258
0 0 0 —4246 -124 0 0 0 0
0 0 -1.786 —4.685 0 0 -1258 0 0

Fig.2. Results obtained by applying our method to a simple random network. Panel (a) shows a random

network in which the connected network is composed of thick edges, revealing the shortest paths from the

source node (denoted by a solid circle) to other nodes, and panel (b) indicates node transient thermal flux

matrix g; (kW/m?), where the element framed with a hexagon in each node vector indicates the link selected

by a node.

Compared with the RW method and the highest
degree method, our method has advantages, i.e. high
speed and accuracy. Unlike the shortest path obtained
by a comprehensive comparison among various path
lengths in BFS, in our method the shortest path is
obtained by a local comparison among node temper-
atures, thereby significantly reducing the complexity
of computation. Moreover, such processes can be im-
plemented in parallel, which makes our method faster
than BFS in computation.

4. Simulation

In order to test the performance of our method
on networks with various topologies, we first apply it
to a regular RB network[®® with two hierarchical lev-
els proposed by Ravasz and Barabési and a real net-
work (the Santa Fe Institute collaboration network!3¢!
which has a large diameter). Then, for a homoge-
neous network we use the Poisson random network
model given by Erdés and Rényi.” Finally, scale-free
network®®l in which the degree distribution obeys a
power-law with an exponent ranging from 2.1 to 2.9 is
used to test the accuracy of our method. The simula-
tion parameters used in the applications are the same
as those described in Section 3.

4.1. RB network

We first apply our method to an RB[*®! network
of 25 nodes with two hierarchical levels proposed by
Ravasz and Barabési. The central node 1 is defined as

the source node. The shortest paths from the source
node to the other nodes are shown in Fig.3.

1
ot o 12 13
o6 11
1009 D14 015
qg2--H4
03 05
- 017018 02 23\O
& 21
19 20 24525

Fig.3. Results obtained by applying our method to an
RB network of 25 labelled nodes with two hierarchical lev-
els. A connective network composed of the edges in black
colour reveals the shortest paths from the source node to
the other nodes.

As shown in Fig.3, the shortest path from the
source node to any node may be detected correctly
with our method. The largest path length between
nodes in the network is 2 (from nodes 1 to 6, 11, 16,
and 21, respectively). For the regular and hierarchical
topology of the network, each of the thermal flux vec-
tors of nodes 6, 11, 16, and 21 has four equal maximal
elements, which can be selected at random to indicate
a link of its shortest path.

4.2. Santa Fe Institute collaboration net-
work

Now we consider a real collaboration network
of scientists at the Santa Fe Institute, an interdisci-



No.9

A self-organizing shortest path finding strategy on complex networks

3787

plinary research centre in Santa Fe, New Mexico. The
271 vertices in this network represent scientists resi-
dent at the Santa Fe Institute during any part of the
calendar years 1999 or 2000 and their collaborators. 3%
An edge is drawn between a pair of scientists if they
coauthored one or more articles in the same time pe-
riod. The largest component of the collaboration net-
We select this net-
work as a test network because it has a large diame-

work consists of 118 scientists.

ter. We define the node in grey colour as the source
node. A connective network that reveals the shortest
paths from the source node to the other nodes is shown
in Fig.4. The shortest paths found by our proposed
method accord with the real ones.

Q=0 o
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Al ] o2
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Q Q. =&
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O ?‘. .0.0..
O Y =0
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o2 ’.0.
o A o ©
O
SSSYIN
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Fig.4. Results obtained by applying our method to the
Santa Fe collaboration network, where the source node is
in grey colour. The shortest paths from the source node to
the other nodes are denoted by the edges in black colour.

4.3. Poisson random network and scale-
free network

For a homogeneous random network we use the
model given by Erdés and Rényi (ER network).37 We
consider a network with N nodes where two nodes
are connected with a connection probability p. The
largest connected component in the ER network is
shown to always exist for p > 1/N.[3 The scale-free
network is generated by using the method given by
Newman!3®! in which the degree distribution obeys a
power-law with an exponent - ranging from 2.1 to
2.9. The largest connected component always exists
for 2 < X < 3.48.38] The degree distribution of this
largest connected component is nearly the same as
that in the original network. The widely used D,y
(the average distance)®~38] is used here as a metric

to evaluate the searching performance. The shorter
the D,y is, the better the performance will be.[3)

Figure 5 shows the performance of our proposed
method for homogeneous random networks with 500,
1000, 1500, 2000, and 2500 nodes separately. The
connection probability (p) is taken to be 0.004, i.e.
p = 0.004. We also make a comparison between our
results and the results obtained from the two tradi-
tional methods (the typical RW method[?! and the
Highest Degree*l method).

7000
2 —— random walk
Q@ 6000 —o— highest degree
¢ 5000 —— self-organization
E
& 4000
o
& 3000
<
€ 2000
=
£ 1000
=

0
500 1000 1500 2000 2500

Number of nodes

Fig.5. Curves for Dayg obtained in these ER networks
versus number of nodes. The three curves show the re-
sults obtained by the self-organizing method (triangles),
the highest degree method (squares) and the RW method
(diamonds) separately.

In such homogeneous networks, the temperatures
of nodes distribute naturally according to the length
of their shortest paths from the source node. Hence,
as Fig.5 shows, the self-organization method performs
best in the networks from 500 nodes to 2500 nodes in
size. As network size increases, our method becomes
more efficient than the RW and highest degree meth-
ods.

Next we compare the methods by showing how
they perform on scale-free networks with power-law
exponents ranging from 2.1 to 2.9, as shown in Fig.6.
We observe that the scale-free networks become ho-
mogeneous in node degree as the value of exponent v
increases. Then, the probability of the walker in the
RW and the highest degree walking to the node with
a larger degree is reduced, so the accuracy of the two
methods decreases dramatically as v increases. For
using the greedy principal of temperature increasing,
our method has a high accuracy on networks with var-
ious topologies. Because the results obtained by our
method are the same as those of BF'S, there is no need
to show the results of BFS again in Figs.5 and 6.
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6000 P ” path lengths in BFS, in our method the shortest path
—o— random wa
Q%f 5000| —o— highest degree is obtained by a local comparison of node tempera-
© —+— self-organization tures, thereby significantly reducing the complexity of
& 4000 . .
s computation. Moreover, such processes can be im-
T 3000 plemented in parallel, which makes our method faster
D
§° 2000 | than BFS in computation. Finally, we give several
% illustrative applications, including a regular hierarchi-
é 1000 //A cal network, a real network, a random network and a
0 scale-free network. The results show that our method

2.1 2.3 2.5 2.7 2.9
Power-law exponent -y
Fig.6. Comparison among the methods in the scale-free
network on 2000 nodes, with different values of power-
law exponent. The average distance is obtained for each
method in the scale-free network as a function of power-

law exponent. All path lengths systematically increase

with the increase of the value of power-law exponent -~y
due to the fact that the average degree of the network
decreases with ~.

5. Conclusion and discussion

In this paper, we present a method for finding
the self-organizing shortest path on complex networks
based on thermal flux diffusing. As a fully local-
ized diffusion-based method, our method has higher
speed and accuracy than the RW method and the
highest degree method. Unlike the shortest path ob-

tained by a comprehensive comparison among various

is fast and accurate on various topology complex net-
works.

However, shortcomings to our method also ex-
ist. First, for the successful implementation of our
method, all the nodes must reach a certain tempera-
ture higher than 0 °C, so ¢t must run over a certain
time. Second, the value of t/At is an important pa-
rameter which can influence the accuracy and speed in
computation. On one hand, if the value of t/At is too
small, the result would be inaccurate because it can-
not satisfy the condition of numerical simulation.?"!
On the other hand, since all node temperatures can
be obtained in time O(mt/At), large t/At will reduce
the speed. Our future work is to improve the ther-
mal flux diffusion model to avoid the influence of the
above simulation parameters and apply this method
to real networks, such as biology networks, metabolic

networks, communication networks, etc.
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