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A control approach where the fuzzy logic methodology is combined with impulsive control is developed for con-

trolling some time-delay chaotic systems in this paper. We first introduce impulses into each subsystem with delay

of the Takagi—-Sugeno (TS) fuzzy IF-THEN rules and then present a unified TS impulsive fuzzy model with delay for

chaos control. Based on the new model, a simple and unified set of conditions for controlling chaotic systems is derived

by the Lyapunov—Razumikhin method, and a design procedure for estimating bounds on control matrices is also given.

Several numerical examples are presented to illustrate the effectiveness of this method.
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1. Introduction

In recent years, fuzzy logic control in dynamical
systems has attracted increasing attention due to its
applicability in the case of uncertainty. It has become
one of the most useful approaches to designing a con-
troller for complex systems, and the Takagi—Sugeno
(TS) fuzzy model control design plays an important
role in the applications. The TS fuzzy dynamic model
was given by Takagi and Sugeno,l) and represents
nonlinear dynamic systems by fuzzy IF-THEN rules
in which the local dynamics in different state space re-
gions is represented by linear models. Therefore, the
so-called parallel distributed compensation (PDC)[?3]
control design scheme emerged in which an linear feed-
back control was designed for each corresponding lo-
cal linear model. The overall controller is nonlinear
in general. The manipulation of controlling nonlin-
ear dynamic systems based on the TS fuzzy model
always can be divided into two steps. (i) Represent
the nonlinear system by a TS fuzzy system; (ii) de-
sign a controller for the fuzzy system. Based on the
PDC scheme, much research on the control of fuzzy
systems has been carried out. In Refs.[4]-[6] many
well-known chaotic systems were represented by TS
fuzzy models and the local linear controller for the
synchronization and the secure communication prob-

lems of these chaotic fuzzy systems based on different

driving signals were designed. At the same time, im-

[7-16] were used to stabilize linear and

pulsive controls
nonlinear systems. Impulsive control has been demon-
strated to be an effective control method through nu-
merical simulations. Impulsive control is an attractive
method in the sense that it may be simpler to imple-
ment and involve cheaper control mechanisms. There
are many investigations on impulsive fuzzy control or
synchronization of different chaotic systems without
delays based on TS fuzzy model.['7—20]

Recently, the delayed chaotic system has been

[19—24]

considered by many researchers. Time-delay

chaotic systems are frequently encountered in engi-
neering, biology, economy, and other disciplines.[2%:26]
The control and synchronization of time-delay sys-
tems have received increasing attention.27:28] How-
ever, there are few results in respect of impulsive con-
trol of time-delay chaotic systems.

In the present paper, an impulsive control scheme
for time-delay chaotic systems based on the TS fuzzy
model is introduced which has the advantages of both
fuzzy control and impulsive control. Some typical
chaotic systems illustratively demonstrate the effec-
tiveness of the proposed control scheme.

The rest of this paper is organized as follows. In
Section 2 are given a basic theory on an impulsive
differential system with delay, and a description of

fuzzy modelling methodology for a TS fuzzy system
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with delay and the impulsive fuzzy control model for
controlling a complex system with delay. In Section 3,
theoretical stability analysis of impulsive fuzzy chaotic
systems is developed, while, in Section 4, several nu-
merical simulations of chaotic systems are carried out
based on the proposed method. Finally, in Section 5,
some concluding remarks are made.

Notation Throughout this paper, R, repre-
sents non-negative real numbers, R"™ denotes the n-
dimensional Euclidean space, R™*™ is the set of n xm
real matrices, I is the identity matrix of appropri-
ate dimensions. The notation X > 0 (respectively,
X > 0) for X € R™™ means that the matrix X
is real symmetric positive definite (respectively, posi-
tive semi-definite). Apax(P) and Apin(P) denote the
biggest eigenvalue and the smallest eigenvalue of the
matrix P respectively.

2. Preliminaries

2.1. Basic theory of impulsive differen-
tial system with delay

Given constant 7 > 0, we equip the linear space
PC, = {3 1 [-1.0] — RU(T) — BtV e
[a,b); ¥(t7) exists in R™,Vt € (a,b], and ®(t~) =
1 (t) for all but at most a finite number of points
t € (a,b]}, with the norm || - || defined as ||¢|| =

SUP_r<s<0 ()]l
Consider the following impulsive system:

x'(t) = F(t,z), t # t,
Aa:(tk):Ik(tk.,mt;), kGN:{l,Q,...},
Lty = ¢7 (1)

where F,I;; : R x PC, — R", ¢ € PC;; 0 <
to < t1 < ... < tp < i
Ax(t) = z(t) — x(t™); z, x4~ € PC, are defined
as xi(s) = z(t + s), and x;-(s) = x(t~ + s) for
—7 < 5 <0, respectively.

.., with lim ¢t = oo;
k—o0

We assume that functions F, I,k € N satisfy
all necessary conditions for the global existence and
uniqueness of solutions for all t > tg. Denote the solu-
tion of Eq.(1) as ®(t) = (¢, to, @) where xz, = ¢p. We
further assume that all the solutions (z(t)) of Eq.(1)
are continuous except at tg,k € N, at which x(t) is
right continuous, i.e. x(t) = x(ty),k € N.

Definition 2.11°! Function V : Ry x R — R,
is said to belong to class v if

(i) V is continuous in each of the sets [tr_1,tx) X
R™ and for each * € R", t € [ty_1,tk),k € N,
lim(t,y)ﬂ(t;)m) V(t,y) = V(t,,x) exist; and

(ii) V (¢, ) is locally Lipschitzian in all x € R",
and for all ¢t > tg, V(¢,0) = 0.

Definition 2.20%°!
R™ — R, the upper right-hand derivative of V' with

Given a function V' : R4 x

respect to system (1) is defined as
DYV (t,4(0)

= limsup l[V(t + h,v(0) + hEF(t,4))
h—0+ h

—V(t,%4(0))],

for (t,4) € Ry x PC,.

Definition 2.312%1 The trivial solution of system
(1) is said to be globally exponentially stable if there
exist some constants « > 0 and M > 1 such that for
any initial data z;, = ¢

|l (t,to, )| < M]||g|le™70), ¢ > ¢,

where (t,¢) € Ry x PC,.

Now, we present the Razumikhin-type theorem
on global exponential stability for system (1) which
was obtained in Ref.[29] based on the Lyapunov—
The result
shows that impulses play an important role in sta-

Razumikhin method in the following.

bilizing delay differential systems.

29]  Assume that there exist a func-

Lemma 2.1!
tion V' € v, constants p, cy,ce, A > 0 and o > 7, such
that

(i) allellP < V(t,x) < co||z||P for any t € R4
and z € R™;

(i) DYV (t,p(0)) < cV(t,p(0)), for all t €
[tk—1,tk), k € N, whenever ¢V (t,p(0)) > V(t +
s,(s)) for —7 < s < 0, where ¢ > max{e®®,e?**}
is a constant;

(i) Vit @(0) + Lo p) < dV(tp, @),
where di, > 0,Vk € N are constants;

(iv) 7 <t —tg—1 < aand In(dg) + A+ c)a <
_)\(tk+1 — tk).

Then the trivial solution of system (1) is exponentially
stable and the convergence rate is A/p.

2.2. TS impulsive fuzzy model

The TS fuzzy models!' 3! are described by fuzzy
IF-THEN rules, in which each rule locally represents
a linear system over a certain region of the state space.
The overall system is then an aggregation of these lo-
cal linear system models.
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Specifically, a general TS fuzzy system with delay
is described as follows:

Rule i: IF 2 (t) is M;; and ...

THEN

zp(t) is M)

x'(t) = Az
= ¢a

(0 + Bialt = m(0), i =127,

where M;; is the fuzzy set, r is the number of the IF—
THEN rules, x(t) € R™ is the state vector, A;, B; €
R™ ™ z(t),...,

is a time-varying continuous function representing

zp(t) are the premise variables, 7¢(¢)

time delay with known constant scalar 7 satisfying
0 < To(t) < T, (3)

peC,, C,=C([-r0],R").

Each consequent linear system represented by
A;x(t) + Bx(t — 10(t)) is called a subsystem. The
following final output of the fuzzy system can be ob-
tained by using the singleton fuzzifier, product fuzzy
inference and weighted average defuzzifier:

, " wi (z(t){ Az (t) + Bz (t — To(t
“0-3 ) ) - Bt )}
Ty, = &, (4)
where 2(t) = (z21(¢),...,2p(t)), and w;(t) =

[T;_, Mi;j(z;(t)). For any ¢, M;;(z;(t)) is the grade
of membership of z;(t) in M;;, satisfying the follow-

ing conditions:
Y wi(z(1) >0, wi(2(t) 20, i=12....n
1=

wi(z(t))
2 k=1 wi(2(1))

w;(z(t)), Eq.(4) can be rewritten as
Z ha
Tiy = ¢ (5)

Note that

Z:zl hi(z(t)) =1, hi(z(t)) >0,

for all ¢ , where h;(z(¢)) can be regarded as the nor-
malized weights of the IF-THEN rules.
Now, we consider the following system with delay:

wl(t) = f(tth)v
Ty, = P, (6)

where (t) is the state vector, f : Ry x C; — R" is
continuous, and ¢ € C..

By introducing h;(z(t)) = instead of

t){A;x(t) + Bx(t — m0(t))},

i=1,2,...,7

Suppose that Eq.(6) can be represented by the
TS fuzzy model (4). Let {¢}5° be a discrete time set
and 0 <tg <t1 < ... <t <..
A:B(tk) = a:(tk)
tor at t, then

., with lim % = oc;
k—oo

—x(t;,) is the ‘jump’ of the state vec-

x'(t) = f(t,xy), t # t,
Ax(ty) =Ulty, x(t;)), ke N ={1,2,...},
Ty, = ¢7 (7)

is an impulsive differential system with delay. Similar
to the construction of the impulsive controlled contin-
uous system, if we choose the impulsive controller in
the form of linear feedback, the impulsive controlled
fuzzy model can be expressed as follows:
Rule i: IF 21 (t) is M;1 and ... 2,(t) is My,
THEN

2(t) = Asa(t) + Bsa(t — 70(t)), t # tx
Ail:(t):Diil:(t_)7 t=1tr, k€N, (8)
z, = @,

where D); is the coefficient of the impulsive control.
Then the final output of the system is shown below:

Zh
t) = Z hi(z(t7))Dix(t

)){Aix(t) + Bix(t —m0(t))}, t # tg,

7)7 t =1y, k€N,

Ty, = P. (9)

2.3. Some other lemmas

Lemma 2.2[3% Given a positive definite matrix
G € R™*"™ for any ¢,y € R", then

22Ty < TG 'z + yTGy.

Lemma  2.351 that
{M;}7_, € R™*™ and a positive-semidefinite matrix
Pec R aregiven. If 7  h;=1and 0 <h; <1,
then

T T T T
(Z hM) P (Z hiMZ) <> hiM"PM;.
i=1 =1

i=1

Suppose matrices

3. Design of fuzzy impulsive con-
troller

In this section, we use the stability results pre-
sented in Section 2 to design a fuzzy impulsive con-
troller for the TS fuzzy model (9).
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Theorem 3.1. Suppose that there exist matrix
P > 0, positive constants ¢g,c, A\ > 0 and o > 7 such
that

(a)
ATP { PA, — (c—q)P PB;
BTP -p |
i=1,2,...,r, (10)
where ¢ > max{e®¢, e?**};
(b) 7 <tr —ti—1 <,k € N and
In(d) + A+ c)a < =A(tk+1 — tr), (11)
Amax (P ..
where d = )mg Joax |[I+ D;||?. Then the trivial

solution of system (9) is exponentially stable and the

A
convergence rate is —.
Proof Construct a Lyapunov function candidate

V(x(t)) = 2" (t) Pz(t), (12)

and P > 0 is to be determined.
It is easy to see

)‘rlrlirl(*13)||w(t)|‘2 <V(z(t) < )‘maX(P)Hw(t)HQa (13)

so we can choose ¢; = Apin(P), and ¢a = Apax(P).
The time derivative of V (2(t)) is taken along state
trajectory (9), yielding

V' ((t))

l

IN
Il
)—‘;ﬂ N

h(=(6 )+ Dalt) P (Y

= aT(t) ) hi(2(t))(A] P+ PA;)z(t)
=1

+2a7 () Z hi(z(t))PBx(t — 1o(t)). (14)

By Lemma 2.2, we have

22T (t)PB,x(t — 7o(t))
< 2" (t)PB;P'B} Px(t)

+a& T (t — 79(t))Px(t — 1o(t)). (15)

From expression (3), when ¢V (¢, 2(t)) > V(x(t —
70(t))), substituting inequality (15) into expression
(14) yields

V'(z(t) < (1) Z hi(2(t))(A] P + PA;

+PB;P'BfP 4 ¢qP)x(t). (16)

By the condition of Theorem 3.1(a) and the Schur

complement formula, we have

AP+ PA, + PB;P'B/P +qP <cP. (17)

Hence

V'(@(t)) < eV (x(t)), (18)

when ¢V (t,2(t)) > V(x(t — 10(t))).
From Lemma 2.3 and condition (b) of this theo-

rem, one can see

()T + Daty)

i(=z(t))z(ty) (I + D) P(I + Di)a(t;)

T 112 —\[[2
< Awax(P) Y hi(z(EO)IT + Dil [t
)\max(P) T — — —
= Yo (P) Yo DI+ Di| PV ((t;)) < dV(2(ty)) (19)
\
In terms of inequalities (11), (13), (18) and (19), all  « > 7 such that for 7 <t —t;_1 < a,k € N,
of the conditions of Lemma 2.1 are satisfied, so the In(d) + (A + ) < —Altesr — tr), (20)

trivial solution of system (9) is exponentially stable
and the convergence rate is 3
Let P = I, we can obtain the following theorem.

Theorem 3.2 Let A\p = maxj<i<r Amax(A; +
Al), d = maxi<i<, [[I + Di|[?, b = maxi<;<, || Bil|-

Suppose that there exist positive constants ¢, A and

where ¢ = Ay + 2b,/g, and ¢ > max{e®®, e?**}.
Then the trivial solution of system (9) is expo-
nentially stable and the convergence rate is —.
Proof Let V(z(t)) = =T (t)z(t) = ||=(t)]]?, the
time derivative of V(x(t)) is taken along state trajec-
tory (9), yielding
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Vi(@(t) = 2"(t) Y hi(z(8)) (AT + Adz(t) + 22" (1) Y hi(=2(8)) Biz(t — 7o(t))
i=1 i=1
< AaVi(z(t) + 2[[= ()] Z hi(z()[|Bil| - [t — 7o(2))]]
< MV (@(t) + 207/ V (@(1) V'V (2t — 70(1)))
< AV (@(2)) + 2b/qV ((t) = eV (x(t), (21)

when ¢V (¢, 2(t))
[tk717tk>7k € N.
Like the proof of inequality (19), we derive

Vi(z(te)) < dV((ty)).

> V(x(t — 70(t))) and t €

(22)

From inequalities (20), (21) and (22), we can ob-
tain Theorem 3.2 immediately.

Remark 3.1. The inequality (10) is a non-linear
matrix inequality (NLMI). Let § = ¢ — ¢, then we will
have § and P by solving the following problem, i.e.
by minimizing 6, subject to P > 0 and

ATP 4+ PA, - 0P PB;

0,i=1,2,...
B'P -P

< ,7.(23)
Algorithm

% In order to solve inequality (23), by

choosing any positive scalar # big enough in ad-

vance, by solving the linear matrix

ATP + PA, - 0P PB;,

B'P -P

based on the LMI technique, and by using the binary-

inequality

search method for constant 6, we can obtain suitable
values of 6 and P.
% Choosing a suitable form of the number ¢ and
solving the equation ¢ — ¢ = 6 to find the value of c.
% Choose a suitable impulsive interval o accord-
ing to the needs of the actual applications and a con-
stant A. In terms of the condition (b) of Theorem 3.1,

l

compute the bound on d and estimate the bound on
I + D;. We can use the following inequality:

dAmin (P)

I+ Dl <
IIT + Dsl| < Yo (P)

(24)
in order to find the control matrix D);.

Remark 3.2.
form of ¢ in Theorem 3.2 to solve the equation ¢ =
Aa + 2b,/q to obtain the constant c.

We can also choose a suitable

4. Experimental results

In this section, we illustrate the effectiveness
of our results by showing several simulation results
through employing the Lorenz system and Chen sys-
tem with delays.

Example 4.1. Lorenz system with delay®¥ is
given as

2y (t) = Blaa(t — 1o(t)) — 21(t)),
zy(t) = nri(t) — x2(t) — z1(t)xs(t),

vy(t) = w1 (t)za(t) — yas(t —70(t),  (25)

where 3,7 and n are constants. Assume that z(¢) €
[—¢,¢] and ¢ > 0. Let the premise variable be z1(¢),
the system (25) can be exactly represented by follow-
ing TS model:

Rulel : IF zq(t) is My, THEN 2'(t) = Ajz(t) + Bix(t — 70(t)),

Rule2 : IF xq(t) is My, THEN 2'(t) = Asx(t) + Bax(t — 19(t)).

Here

T *ﬂ 0 O
Al = n -1 _C )
T3 0 C 0

Ay =

-3 0 0 0B 0
n =1¢|, Bi=Bx=|00 0 |,
0 —CO 00 —y
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1 t — — T
Mi(@i(t) = = <1+ 1 ( ))7 and M (a1 (1) = If we choose 79(t) =0.044, ¢(s) = (8,4,1)",

2 ¢ and —0.044 < s < 0, the chaotic behaviour
1 1— z1(t) is shown in Fig.1(a). Setting 7 =0.044 and
2 ¢ a=0045=¢t, — ¢ and choosing ¢ = e*¢, we

In the present paper, 8 = 10, ~ = 8/3, and ' k kfl’ e ’

= 28. By Eq.(9), choosing hi(z1(1)) = Mi(z1(t)), can solve the equation ¢ — e*¢ = 44.1687 to ob-
; tain ¢ = 57.4136. From inequality (11), we ob-

= 1,2, we can obtain an impulsive fuzzy control
model of system (25).

According to Theorem 3.1, using the al-

gorithm given above and through compu-
tation, we can obtain 60=44.1687, P =
131.1666 —100.1625 —0.0000
—100.1625 224.3585  0.0000 andAmL(P):
' ' ' ’ )\min(P)
—0.0000  0.0000 101.9042
4.2833.
30 (a)
20
10
g 0
—-10
—-20

—40

50
40

30
10 20

To —20
—40 0 T3

tain d< 0.0755, by using inequality (14), we have
[II + D;|| < 0.1328, i = 1,2. Especially, by choosing
D, = D, = diag(—0.8675,—0.8675, —0.8675), 0 <
A < 0.044, ||I + D;|| = 0.1325, then d = 0.0752. By
using ¢ = 57.4136, ¢ = e™° = 13.2449 and P, and by
performing computation, we can find all of the condi-
tions of Theorem 3.1 are satisfied. The simulation of

impulsive fuzzy control is given in Fig.1(b).

—-20

Fig.1. Chaotic behaviour and impulsive fuzzy control of Lorenz system with delay 7 = 0.044. (a) Chaotic attractor
of Lorenz’s system with 7 = 0.044, (b) Impulsive fuzzy control begins at t = 0.45 with 7 = 0.044, a = 0.045.

Remark 4.1. If Theorem 3.2 is used for system
(25), computation yields Ay = 18.4109 and b = 10.
But for ¢ > max{e®¢,e?**} > e if a > 0.0283404,
then the equation ¢ = Axy+2b,/q has no real root. So
we may not use Theorem 3.2 to obtain the control ma-
trix D; when 7 > 0.0283404. We can use Theorem 3.1
to design the control matrix D; for 0 <7 < 0.0467203.
However, when 7 < 0.0283403, we find that the re-
sult in Theorem 3.2 is less conservative than that in
Theorem 3.1 through careful calculation. For some
examples, setting 7 = 0.0283403, and o =ty —tx—1 =
0.028340301, we obtain ||I + D;|| < 0.2835 by using
Theorem 3.2 and ||I + D;|| < 0.2445 by using Theo-
rem 3.1. Moreover, for 7 = 0.014 and oo = t, —tp_1 =
0.015, we obtain ||I + D;|| < 0.7038 by using The-
orem 3.2 and ||I + D;|| < 0.3418 by using Theorem

3.1. For 1o(t)= 0.014, ¢(s) = (8,4,1)T, and —0.044 <
s < 0, the chaotic behaviour is shown in Fig.2(a).
Choosing Dy=Dy= diag(—0.2965, —0.2965, —0.2965)
and ||I + D;|| =0.7035, the simulation of impulsive
fuzzy control is given in Fig.2(b).

Example 4.2. The Chen system with delay is

given as

8

1(t) = B(a2(t) — z1(1)),
25(t) = (n — Bz (t) + nwa(t) — z1(t)zs(t — 10(t)),
z3(t) = w1 (t)w2(t — 70(t)) — yw3(t), (27)

where 3, ~ and 7 are constants. Assume that
x1(t) € [-¢,¢] and ¢ > 0. Let 8 = 35,7y =3,n = 28,
and ¢ = 40, In a way similar to the discussion of Ex-
ample 4.1, we can give the fuzzy model of system (27)
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50
——
40 --- X9
— x3
30
20
s
10
—10
—20
0 0.2 0.4 0.6 0.8

Fig.2. Chaotic behaviour and impulsive fuzzy control of Lorenz system with delay 7 = 0.014, (a) Chaotic attractor

of Lorenz’s system with 7 = 0.014, (b) Impulsive fuzzy control begins at ¢t = 0.45 with 7 = 0.014, « = 0.015.

like that of system (25), where A; =

3 8 0 00 0 000
n—8n 0 |,B1= 00{,31{004,
00— 0¢ 0 0-C0

1 xl(t)
M) = 1 (14 ) nd Ma(er()) =

1 (1 _ 331@))
2 ¢ )

Using Theorem 3.1, we can give the impulsive
fuzzy control matrix D; for 0 < a < 0.0029661804.
When Theorem 3.2 is used for system (27), compu-

tation yields Ay = 61.9420 and b = 40. By solv-

—40 0 x3

ing the equation c¢

= Aa+20,/q, where q = e,
we can give the control matrix D, for 0 < a <
0.00732930036. 0.0064 and
a =ty — tg—1 = 0.0065, according to Theorem 3.2,
we obtain ¢ = 231.9571 and ||I + D;|| < 0.4705.
Choosing Dy=Dy= diag(—0.53, —0.53, —0.53), || +
D;|| =047, and 0 <A< 0.1788, we easily find all of
the conditions to be satisfied. So the trivial solution

Especially, for 7 =

of the impulsive fuzzy control system is exponentially
stable with the convergence rate A/2. The simulations
of the chaotic behaviour and impulsive fuzzy control
are given in Fig.3.

Fig.3. Chaotic behaviour and impulsive fuzzy control of the Chen system with delay 7 = 0.0064. (a) Chaotic

attractor of Chen’s system with 7 = 0.0064, (b) Impulsive fuzzy control begins at ¢t = 0.26 with 7 = 0.0064, o =

0.0065.
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5. Conclusion

In this paper, an impulsive TS fuzzy framework
for controlling TS fuzzy chaotic systems is proposed
through combining impulsive control technique with
intelligent fuzzy logic methodology. The proposed
control method has many advantages, such as, small
impulse control, fuzzy intelligence and unified con-
trol method. Some criteria have been derived based

on the Lyapunov-Razumikhin method to guarantee
the global exponential stability of the impulsive fuzzy
model. The design procedures for estimating the
bound of control matrices proposed in this paper have
the virtues of simplicity and computational attractive-
ness. The effectiveness of our method has been demon-
strated through numerical simulations of chaotic sys-
tems with time-delay including the Lorenz system and

Chen system.
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