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In this paper, an improved impulsive lag synchronization scheme for different chaotic systems with parametric

uncertainties is proposed. Based on the new definition of synchronization with error bound and a novel impulsive

control scheme (the so-called dual-stage impulsive control), some new and less conservative sufficient conditions are

established to guarantee that the error dynamics can converge to a predetermined level, which is more reasonable and

rigorous than the existing results. In particular, some simpler and more convenient conditions are derived by taking the

same impulsive distances and control gains. Finally, some numerical simulations for the Lorenz system and the Chen

system are given to demonstrate the effectiveness and feasibility of the proposed method.
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1. Introduction

Chaos synchronization has gained extensive at-
tention among scientists from different research fields
over the past decade. A variety of control methods
have been developed to achieve chaos synchroniza-
tion between two identical chaotic systems with dif-
ferent initial conditions, which include linear and non-
linear feedback controls,[1,2] backstepping control,[3]

sliding mode control,[4] adaptive control,[5−7] active
control,[8−10] nonlinear observer approach,[11,12] im-
pulsive control,[13−15] etc. Among them, impulsive
synchronization provides an efficient method to deal
with the dynamical systems which cannot be con-
trolled by continuous control. In the synchronization
process, the response system receives the information
from the drive system only at discrete time instants.
This drastically reduces the amount of synchroniza-
tion information transmitted from the drive system
to the response system and increases the efficiency of
bandwidth usage, which makes this method more ef-
ficient and thus useful in a great number of real-life

applications.[15,16]

In practice, it is hardly the case that every compo-
nent of drive and response systems can be assumed to
be identical, especially when chaos synchronization is
applied to secure communication. Thus, some studies
on the synchronization between two different chaotic
systems have been performed.[16−23] In Refs.[16] and
[17], impulsive synchronization schemes for different
chaotic systems with parametric uncertainties were
proposed. Based on the new definition of synchroniza-
tion, the derived criteria can guarantee that the error
dynamics converges to a point below a given bound
ξ > 0. It is worth pointing out that once the error
magnitude ‖e‖ is less than or equal to ξ, the crite-
ria in Refs.[16] and [17] will become unsupported and
during the time interval between any two successive
impulsive instants, the error may be likely to exceed
ξ. Motivated by this, we propose a new definition of
synchronization and a novel impulsive control scheme
(so-called dual-stage impulsive control) to overcome
this possible instability and keep the error below ξ all
along in the present paper.
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The contributions of this paper can be summa-
rized as follows: (1) a kind of dual-stage impulsive
control scheme on robust lag synchronization of differ-
ent chaotic systems with different time-varying para-
metric uncertainties is designed, which is first inves-
tigated to the best of our knowledge; (2) compared
with the existing results, the conditions of this paper
are more reasonable and rigorous, which can provide
a more practical framework for the synchronization of
multi-perturbation chaotic systems.

Notations: Throughout the paper, R, Rn and
Rn×m denote the real number, the n-dimensional Eu-
clidean space and the set of all n × m real matrices,
respectively. N := {1, 2, . . .}. I represents the iden-
tity matrix with an appropriate dimension. ‖·‖ refers
to the Euclidean vector norm or the induced matrix
2-norm.

2. Problem statement

Consider the drive system as follows:

ẋ(t) = (A + ∆A(t))x(t) + f(x(t)), (1)

where x(t) ∈ Rn is the state vector, A ∈ Rn×n is
a known constant matrix, and continuous nonlinear
function f(x(t)) ∈ Rn satisfies the Lipschitz condi-
tion with a Lipschitz constant σ > 0, i.e.

||f(x(t))− f(x̃(t))|| ≤ σ||x(t)− x̃(t)||, (2)

where x(t) ∈ Rn and x̃(t) ∈ Rn.
Due to modelling errors and parametric perturba-

tions, the system parameter may contain uncertainty,
which is often time-varying and unknown. Now, we
assume that the uncertainty satisfies the following as-
sumptions:

Assumption 1 The parametric uncertainty
∆A(t) is in the form

∆A(t) = EF (t)H, (3)

where E and H are known real constant matrices
with appropriate dimensions, and the uncertain ma-
trix F (t) ∈ Rn×n satisfies

‖F (t)‖ ≤ 1. (4)

Assumption 2[16] The parametric uncertainty
∆A(t) does not destroy the chaotic behaviour of the
chaotic system (1).

Considering channel time-delay η, we replace t

with t− η in drive system (1) and obtain

ẋ(t−η) = (A+∆A(t−η))x(t−η)+f(x(t−η)). (5)

We consider the response system as follows:

˙̃x(t) = (Ã + ∆Ã(t))x̃(t) + g(x̃(t)), (6)

where x̃(t) ∈ Rn is the state vector, Ã ∈ Rn×n is a
known constant matrix, and g(x̃(t)) ∈ Rn is a con-
tinuous nonlinear function. The parametric uncer-
tainty ∆Ã(t) satisfies the same assumptions as those
of ∆A(t), i.e. ∆Ã(t) = ẼF̃ (t)H̃ and ||F̃ (t)|| ≤ 1.

Due to the boundedness of the chaotic signals,
there exists a constant ς > 0 such that ‖x̃‖ ≤ ς.

Assumption 3[16] For the nonlinear functions
f(·) and g(·), there exists a positive constant µ such
that the following condition holds:

||f(x̃(t))− g(x̃(t))|| ≤ µ||x̃(t)||. (7)

Suppose that a discrete instant set {tk} satisfies
0 < t1 < t2 < . . . < tk < tk+1 < . . ., lim

k→∞
tk =

∞, k ∈ N , 0 ≤ t0 < t1. At discrete time tk, the state
variables of the drive system are transmitted to the re-
sponse system as the control input, so that the state
variables of the response system are suddenly changed
at these time instants. Therefore, the response system
can be written in the following form:

˙̃x(t) = (Ã + ∆Ã(t))x̃(t) + g(x̃(t)), t 6= tk,

∆x̃(tk) = x̃(t+k )− x̃(t−k )

= x̃(t+k )− x̃(tk)

= −Bke(tk), t = tk, k ∈ N,

x̃(t+0 ) = x̃0, (8)

where e(t) = x(t−η)−x̃(t) = [x1(t−η)− x̃1(t), x2(t−
η)− x̃2(t), . . . , xn(t− η)− x̃n(t)]T is the synchroniza-
tion error, lim

t→t+k

x̃(t) = x̃(t+k ), lim
t→t−k

x̃(t) = x̃(t−k ),

x̃(tk) = x̃(t−k ) implies that x̃(t) is left-continuous at
t = tk, Bk ∈ Rn×n is the impulsive control gain, and
∆x(tk) = x(t+k )− x(t−k ) = 0. Then from Eqs.(5) and
(8), the following error system is obtained:

ė(t) = (A + ∆A(t− η))e(t) + h(t)

+(A− Ã + ∆A(t− η)−∆Ã(t))x̃(t)

+f(x̃(t))− g(x̃(t)), t 6= tk, k ∈ N,

∆e|t=tk
= e(t+k )− e(tk) = Bke(tk), t = tk,

e(t+0 ) = e0, (9)

where h(t) := f(x(t− η))− f(x̃(t)).
Note that the origin e(t) = 0 is not the equilib-

rium point of the error system (9), which implies that
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it is impossible to achieve complete synchronization[24]

between systems (5) and (8). Therefore, the following
definition of synchronization with error bound ξ1 is
employed.

Definition 1 The synchronization between sys-
tems (5) and (8) is said to be achieved with error
bound ξ1 if, for arbitrary initial conditions x0 and
x̃0, the trivial solution of the error system (9) con-
verges to a predetermined neighbourhood of the origin
for any admissible parametric uncertainty that satis-
fies assumptions 1 and 2, i.e. there exist ξ1 > 0 and
T1 > 0 such that synchronization error e(t) converges
to the region Υ1 := {e ∈ Rn : ‖e‖ ≤ ξ1} for all t ≥ T1.

Here our goal is to set the control gain Bk and
the impulsive distance δk = tk − tk−1 (k ∈ N) such
that the error magnitude ‖e‖ converges to a neigh-
bourhood of the origin with a given radius ξ1 (i.e. the
region Υ1) if the error starts with ‖e‖ > ξ1, which
implies the impulsive controlled response system (8)
is synchronized with the drive system (5) for arbitrary
initial conditions.

In Refs.[16] and [17], based on the theory of Lya-
punov stability and impulsive differential equations,
one concludes that the synchronization error e(t) can
enter the region Υ1 if the error starts with ‖e‖ > ξ1

by using the impulsive controller (Bk, δk) (the cor-
responding results can also be seen in the first half
part of the proof of Theorem 1 subsequently). How-
ever, theoretically speaking, after synchronization er-
ror e(t) enters the region Υ1, the designed impulsive
controller (Bk, δk) becomes unsupported. During the
time interval δk between any two successive impulsive
instants as shown in Fig.1, e(t) may be likely to go
away from Υ1. To overcome this possible instability
and keep e(t) within Υ1 all along, in this paper, we
introduce another region Υ2 := {e ∈ Rn : ‖e‖ ≤ ξ2},
where 0 < ξ2 < ξ1. As shown in Fig.2, under the
control gain Bk, if error e(t) starts with ‖e‖ > ξ1,
we choose impulsive distance δ1k such that e(t) enters
Υ1. If error e(t) enters Υ1, we choose impulsive dis-
tance δ2k such that e(t) enters Υ2. After that, during
the time interval δ2k between any two successive im-
pulsive instants, e(t) may be likely to go away from
Υ2, if we can ensure that the maximum value of ‖e‖
is not larger than ξ1 by choosing appropriate values of
Bk, δ1k and δ2k, then our goal is achieved. This con-
trol scheme is so-called dual-stage impulsive control
and the corresponding controller (Bk, δ1k, δ2k) can be

described as follows:

Bk and δk =





δ1k, if ‖e‖ > ξ1,

δ2k, if ‖e‖ ≤ ξ1.
(10)

For simplicity, in the following sections, x(t− η),
x̃(t), h(t), ∆A(t− η), ∆Ã(t) are denoted by x, x̃, h,
∆A, ∆Ã, respectively.

Fig.1. Geometric representation of the portrait of syn-

chronization error via impulsive controller (Bk, δk).

Fig.2. Geometric representation of the portrait of syn-

chronization error via dual-stage impulsive controller

(Bk, δ1k, δ2k).

3. Main results

The following theorem gives the sufficient condi-
tions for robust stability of the error system (9), which
implies that the impulsive controlled response system
(8) is synchronized with the drive system (5) with er-
ror bound ξ1.

Theorem 1 If the control gain and the impul-
sive distance are chosen as those in expression (10)
and there exist constants ρ > 1 and ξ2 > 0 such that

ln(ρβk) + θmδmk ≤ 0, k ∈ N, m = 1, 2, (11)

α1exp(α2δ̄2) ≤ ξ1, (12)
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then the response system (8) is synchronized with the
drive system (5) with error bound ξ1, where θm =
λA + 2σ + 2 ‖E‖ ‖H‖+ 2ξ−1

m ϑ, α1 = ξ2 + ϑδ̄2, α2 =
‖A‖+ ‖E‖ ‖H‖+ σ, ϑ = ς(

∥∥∥A− Ã
∥∥∥ + ‖E‖ ‖H‖+∥∥∥Ẽ

∥∥∥
∥∥∥H̃

∥∥∥+µ), δ̄2 = sup
k∈N

{δ2k}, βk and λA are the

largest eigenvalues of (I +Bk)T(I +Bk) and A+AT,

respectively.
Proof Choose the following Lyapunov function:

V (e) = eTe. (13)

For t ∈ (tk−1, tk], k ∈ N, the time derivative of
V (e) along the solution of (9) is

V̇ (e(t)) = [(A + ∆A)e + h + (A− Ã + ∆A−∆Ã)x̃ + f(x̃)− g(x̃)]Te

+eT[(A + ∆A)e + h + (A− Ã + ∆A−∆Ã)x̃ + f(x̃)− g(x̃)]

= eT(A + AT)e + 2eTh + eT(∆A + ∆AT)e + 2eT(A− Ã + ∆A−∆Ã)x̃ + 2eT(f(x̃)− g(x̃))

≤ (λA + 2σ + 2 ‖E‖ ‖H‖)eTe + 2ϑ ‖e‖ . (14)

To make the error enter the region Υ1, i.e. ‖e‖ ≤ ξ1,
here we are concerned only with the case of ‖e‖ > ξ1,
which implies that ‖e‖ < ξ−1

1 ‖e‖2 = ξ−1
1 V (e(t)), and

therefore expression (14) further becomes

V̇ (e(t)) ≤ (
λA + 2σ + 2 ‖E‖ ‖H‖+ 2ξ−1

1 ϑ
)
V (e(t))

= θ1V (e(t)), (15)

which implies that

V (e(t)) ≤ V (e(t+k−1)) exp[θ1(t− tk−1)],

t ∈ (tk−1, tk], k ∈ N. (16)

On the other hand, from the second equation of
Eq.(9), we obtain

V (e(t+k )) = [(I + Bk)e(tk)]T(I + Bk)e(tk)

= eT(tk)(I + Bk)T(I + Bk)e(tk)

≤ βkV (e(tk)). (17)

Thus, letting k = 1 in the inequality (16), we have

V (e(t)) ≤ V (e(t+0 )) exp[θ1(t− t0)], t ∈ (t0, t1],

which leads to

V (e(t1)) ≤ V (e(t+0 )) exp[θ1(t1 − t0)],

and from expression (17), we further have

V (e(t+1 )) ≤ β1V (e(t1))

≤ V (e(t+0 ))β1 exp[θ1(t1 − t0)].

Similarly, for t ∈ (t1, t2],

V (e(t)) ≤ V (e(t+1 )) exp[θ1(t− t1)]

≤ V (e(t+0 ))β1 exp[θ1(t− t0)].

In general, for any t ∈ (tk, tk+1], from inequality
(11) with m = 1, we have

V (e(t)) ≤ V (e(t+0 ))β1β2 . . . βk exp[θ1(t− t0)]

≤ V (e0)βk exp[θ1(tk − tk−1)]βk−1 exp[θ1(tk−1 − tk−2)] . . .

×β1 exp[θ1(t1 − t0)] exp[θ1(t− tk)]

= V (e0)βk exp(θ1δ1k)βk−1 exp(θ1δ1(k−1)) . . .× β1 exp(θ1δ11) exp[θ1(t− tk)]

≤ V (e0)
ρk

exp[θ1(t− tk)]

≤





V (e0)
ρk

exp(θ1δ1(k+1)), for θ1 > 0,

V (e0)
ρk

, for θ1 ≤ 0.
(18)
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It is easy to see that if the error starts with
‖e‖ > ξ1, the synchronization error can asymptoti-
cally enter Υ1. By a similar analytical procedure (let
m = 2 in the above analysis), it is easy to conclude
that under the impulsive distance δ2k and control gain
Bk, the error can asymptotically enter Υ2 if the error
magnitude satisfies ξ2 < ‖e‖ ≤ ξ1, and the relevant
proof is omitted for avoiding unnecessary redundan-
cies.

To keep the synchronization error e(t) within Υ1

in the case of error going away from Υ2, the appropri-
ate control gain Bk and impulsive distance δ2k have
to be set. In the following, we give the sufficient con-
dition to ensure that the maximum value of ‖e‖ does
not exceed ξ1 even if the synchronization error goes
away from Υ2.

Firstly, in the process of the synchronization error
entering Υ1, we define three special time instants (cf.
Fig.2):

(1) T1, which satisfies ‖e(t)‖ ≤ ξ1 for t ≥ T1,
especially, ‖e(T1)‖ = ξ1.

(2) T2j , the previous impulsive instant before e(t)
goes away from Υ2 for the jth time, which satisfies∥∥e(T+

2j)
∥∥ ≤ ξ2, j ∈ N .

(3) T3j , the next impulsive instant after e(t)
goes away from Υ2 for the jth time, which satisfies
ξ2 < ‖e(T3j)‖ ≤ ξ1, j ∈ N .

Obviously, we can obtain T3j − T2j ≤ δ̄2.
Considering the first equation of system (9) as

follows:

ė(t) = (A + ∆A(t− η))e(t) + h(t)

+(A− Ã + ∆A(t− η)−∆Ã(t))x̃(t)

+f(x̃(t))− g(x̃(t)). (19)

Integrating Eq.(19) from T2j to t, where t ∈ (T2j , T3j ],
yields

e(t) = e(T2j)−
∫ t

T2j

[(A + ∆A(s− η))e(s) + h(s)

+(A− Ã + ∆A(s− η)−∆Ã(s))x̃(s)

+f(x̃(s))− g(x̃(s))]ds. (20)

Taking the norm on both sides of expression (20) gives

‖e(t)‖

≤ ξ2 +
∫ t

T2j

[(‖A‖+ ‖E‖ ‖H‖+ σ) ‖e(s)‖

+ς
(∥∥∥A− Ã

∥∥∥ + ‖E‖ ‖H‖+
∥∥∥Ẽ

∥∥∥
∥∥∥H̃

∥∥∥ + µ
)]

ds

≤ α1 + α2

∫ t

T2j

‖e(s)‖ds. (21)

By using the Grownwell–Bellman inequality,[25] it fol-
lows from inequalities (12) and (21) that

‖e(t)‖ ≤ α1exp[α2(t− T2j)]

≤ α1exp[α2(T3j − T2j)]

= α1exp(α2δ̄2) ≤ ξ1, j ∈ N. (22)

For t ∈ (T3j , T2(j+1)], j ∈ N , it is shown by the first
half part of this proof that the synchronization error
enters Υ2 again. Thus, it is clear that ‖e(t)‖ ≤ ξ1,
∀t ≥ T1. Therefore, we can conclude that the syn-
chronization error e(t) can converge to the region Υ1

if e(t) starts with ‖e(t)‖ > ξ1, which implies that the
response system (8) is synchronized with the drive sys-
tem (5) with error bound ξ1. The proof is completed
here.

In practice, for the sake of convenience, the gain
matrix Bk is always selected as a constant matrix and
the impulsive distances δ1k and δ2k are set to be pos-
itive constants, then we have the following corollary
straightforwardly.

Corollary 1 Assume that δ1k = δ1, δ2k = δ2 and
Bk = B (k ∈ N). If there exist constants ρ > 1 and
ξ2 > 0 such that the following conditions hold:

ln(ρβ) + θmδm ≤ 0, m = 1, 2, (23)

α1exp(α2δ2) ≤ ξ1, (24)

then the response system (8) is synchronized with the
drive system (5) with error bound ξ1, where β is the
largest eigenvalue of (I +B)T(I +B). ϑ, α1, α2 and
θm are defined as those in Theorem 1.

Remark 1 Note that the dual-stage impulsive
control scheme in Corollary 1 can be described as

Bk = B, δk =





δ1, if ‖e‖ > ξ1,

δ2, if ‖e‖ ≤ ξ1,
(25)

which has fixed control gain and switched impulsive
distance. Alternatively, we can also use another ver-
sion of the dual-stage impulsive control scheme with
fixed impulsive distance and switched control gain,
which can be described as follows:

δk = δ, Bk =





B1k = B1, if ‖e‖ > ξ1,

B2k = B2, if ‖e‖ ≤ ξ1,
(26)

where B1 and B2 are the constant control gain ma-
trices. The analytical procedure is similar to those of
Theorem 1 and Corollary 1. In order to avoid unnec-
essary redundancies, the relevant details are omitted.
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Remark 2 To achieve synchronization between
different chaotic systems, complicated continuous con-
trollers are often required to compensate the structure
mismatch.[18−23] Compared with continuous control,
impulsive control studied in the present paper is re-
alized just by linear feedback of the error signal and
only the state information at discrete time instants is
needed, which is more efficient, secure and thus useful
in a great number of applications, especially for secure
communication.

4. Simulation results

In the simulation, the impulsive distances δ1k and
δ2k are set to be positive constants δ1 and δ2, respec-
tively, and the gain matrix Bk is selected as a con-
stant matrix, i.e. Bk = B = diag{d, d, d}, and then
β = (d + 1)2.

In order to observe the synchronization behaviour
in different chaotic systems, we assume that the
Lorenz system[26] drives the Chen system.[27] There-
fore, the drive and the response systems are as follows:

ẋ1 = a1(x2 − x1),

ẋ2 = a2x1 − x1x3 − x2,

ẋ3 = x1x2 − a3x3 (27)

and

˙̃x1 = b1(x̃2 − x̃1),
˙̃x2 = (b2 − b1)x̃1 − x̃1x̃3 + b2x̃2,

˙̃x3 = x̃1x̃2 − b3x̃3. (28)

From systems (9), (27) and (28), the following
compact form of the error system is obtained:

ė = (A + ∆A)e + h + (A− Ã + ∆A−∆Ã)x̃

+f(x̃)− g(x̃), t 6= tk, k ∈ N,

∆e|t=tk
= e(t+k )− e(tk) = Bke(tk), t = tk,

e(t+0 ) = e0, (29)

Let a1 = 10, a2 = 28, a3 = 8/3, b1 = 35, b2 = 28
and b3 = 3. Systems (27) and (28) are chaotic for the
above parameters. Then we have

A =



−a1 a1 0

a2 −1 0

0 0 −a3


 =



−10 10 0

28 −1 0

0 0 −8/3


 ,

Ã =




−b1 b1 0

b2 − b1 b2 0

0 0 −b3


 =



−35 35 0

−7 28 0

0 0 −3


 ,

∆A = −∆Ã = 0.04




sin t 0 0

0 cos t 0

0 0 sin t


 ,

where

E = H = Ẽ = H̃ = 0.2I,

F (t) = −F̃ (t) =




sin t 0 0

0 cos t 0

0 0 sin t


 .

From f(x̃) = g(x̃) = (0,−x̃1x̃3, x̃1x̃2)T, we have
µ = 0.

In this simulation, we choose σ = 27.5 and ς = 60.
By simple computation, we can obtain λA = 28.0512,
‖A− Ã‖ = 57.5257, and ‖E‖‖H‖ = ‖Ẽ‖‖H̃‖ =
0.04. Let ρ = 1.1, ξ1 = 0.5, ξ2 = 0.1022, and
d = −0.98, the ‘unknown’ channel time-delay η = 3 s,
the initial conditions of the drive and response systems
are taken as x0 = (4, 1, 3)T and x̃0 = (3, − 1, 5)T,
respectively. Hence, from inequality (23) in Corollary
1, the estimate of the bound of the stable region is
given by

0 < δ1 ≤ − ln(ρβ)
θ1

= 5.5568× 10−4.

From inequality (24), we further obtain δ2 =
1.1412 × 10−4. Robust impulsive lag synchronization
between the Lorenz system and the Chen system with
impulsive distances δ1 = 5.5×10−4 and δ2 = 1.1×10−4

is shown in Fig.3. As can be seen, the synchronization
has been achieved practically and ‖e‖ is smaller than
ξ1 = 0.5.

Fig.3. Synchronization errors and their magnitude with

δ1 = 5.5× 10−4 and δ2 = 1.1× 10−4.
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5. Conclusions

In this paper, we have investigated the issue of ro-
bust lag synchronization for different chaotic systems
with different parametric uncertainties by using the
dual-stage impulsive control method. Based on the
new definition of synchronization with error bound
and the theory of impulsive differential equations,
some new and less conservative sufficient conditions
are established. Finally, numerical simulations are
given to demonstrate the effectiveness of the method.
It should be pointed out that the method can also
be applied to most typical chaotic systems that can
be described by Eq.(1), and inequalities (2) and (7),

such as the Rössler system, the Lü system, the unified
system, the Liu system, several variants of Chua’s cir-
cuits, etc. Since parameter mismatch caused by differ-
ent structures, different parametric uncertainties and
other internal (or external) perturbations are ubiqui-
tous in both natural and man-made systems, complete
synchronization is always impossible and unnecessary.
Thus, for the synchronization of multi-perturbation
chaotic systems, the idea and the approach developed
in this paper can provide a more practical framework
by keeping the synchronization error within a reason-
able region, which is significant for applications of cre-
ating secure communication systems.
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